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Abstract—This paper investigates the distribution of scatter-
ers located around the mobile station (MS) for given delay-angle
distributions. The delay-angle distribution function represents
the joint probability density function (PDF) of the time-of-
arrival (TOA) and angle-of-arrival (AOA). Given such a joint
PDF, we first derive a general expression for the distribution of
the scatterers in both polar and Cartesian coordinates. We then
analyze an important special case in which the TOA and the
AOA follow the multiple negative exponential (MNE) and the
uniform distributions, respectively. The considered MNE PDF
is the sum of several decaying exponential functions, which
allows us to describe the TOA in a variety of propagation
environments. For the delay profiles specified in COST 207,
the scatterer distribution is simulated and visualized in scatter
diagrams. The marginal PDF of the distance from the scatterers
to the MS is also computed, illustrated, and confirmed by
simulations. For the MNE TOA PDF, it is shown that the local
scatterers are not symmetrically distributed around the MS
even if the AOAs are uniformly distributed. In addition, the
obtained scattering area is not confined by firm geometric con-
straints, which complies with real propagation environments.
The importance of the work is to provide a novel approach to
channel modelling, in which obtaining the desirable TOA (AOA)
PDF is assured.

Index terms — Channel modelling, spatial configuration,
scatterer distribution, scatter diagram, delay-angle distribution,
multiple negative exponential.

I. INTRODUCTION

IN the area of channel modelling, the distribution of
scatterers is of crucial importance, as it allows us to study

the statistical properties of the received multipath signal,
such as the AOA and TOA distributions. These functions are
essential for determining other characteristic quantities of the
channel, like the Doppler spread, average delay, and delay
spread. The spatial configuration of scatterers also plays a
key role in the characterization of non-stationary channel
models [1]–[4]. A variety of scatterer distributions have been
proposed in the literature (see [5] and [6]). Among them,
the unified disk scattering [6], uniform elliptical [7]–[9], and
the Gaussian scatterer distribution model [10]–[14] are the
most flexible ones, since they describe various propagation
mediums with respect to the TOA and the angle-of-departure
distributions [6].

According to the literature, the conventional approach to
develop a new geometric-based channel model is to start
from a given scatterer distribution and then to derive the
statistical properties of the channel model, such as the AOA
and TOA PDFs. To validate the proposed channel model,
the obtained PDFs must then be validated by empirical
data collected from measured channels. A good match,
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however, cannot always be found due to the restrictions
of the proposed scattering model. As an example, many
measurement campaigns (see, e.g., [15]–[17]) and specified
channel models (see, e.g., [18]) show that the TOA PDF often
follows a sum of negative exponential functions (acronymed
by MNE TOA PDF). However, none of the scattering models
studied in [5] and [6] results exactly in an MNE TOA
PDF. The same disagreement might also arise by comparing
measured AOA PDFs and the ones obtained from predefined
scattering models.

To cope with this issue, we propose a new approach
to design channel models, in which obtaining the desired
TOA (AOA) PDF is incontrovertible. The starting point of
our approach is not a predefined scattering model. Instead,
we start from a given joint PDF of the TOA and AOA,
from which the distribution of the local scatterers is derived.
The given joint (marginal) PDF of the TOA and AOA
can originate from either measured channels or channel
specifications. In this way, we develop a channel model in
which a perfect match is guaranteed between the statistical
properties of the channel model and those of the measured
(specified) channels. In addition, the obtained scattering area
is not confined by firm geometric constraints.

Given the joint PDF of the TOA and AOA, we derive
a mathematical representation for the scatterer distribution
in both polar and Cartesian coordinates. As an exemplary
application, the MNE TOA PDF specified in COST 207 is
employed to derive the distribution of the local scatterers on
the assumption that the AOA is uniformly distributed around
the MS and independent of the TOA. The distribution of
the scatterers in the propagation area is then illustrated in
scatter diagrams. Moreover, the marginal PDF of the distance
from the scatterers to the MS is derived, displayed, and
compared with simulation results. An excellent agreement
between the analytical and simulation results is observed. It
is shown that for the MNE TOA PDF, the local scatterers
are not symmetrically distributed around the MS. Notice
that circularly symmetric scattering models have often been
proposed in the literature (see [5] and [6]).

The rest of this paper is organized as follows. Section II
is devoted to the mathematical description of the problem,
whereas its general and specific solutions are provided in
Section III. The simulation results are illustrated and dis-
cussed in Section IV. Finally, the conclusions are drawn in
Section V.

II. PROBLEM DESCRIPTION

Fig. 1 demonstrates a typical propagation scenario with
some local scatterers. Each plane wave arrives at the MS after
a single-bounce caused by one of the scatterers. It is assumed
that the base station (BS) acts as the transmitter, while the
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MS serves as the receiver. Furthermore, we assume that both
the BS and the MS are equipped with single omnidirectional
antennas. The position of each scatterer can be described by
polar coordinates (r, αR), where r denotes the distance of
the scatterer from the MS, and αR stands for the AOA seen
at the MS.

With reference to Fig. 1, the total path length that an
emitted plane wave travels from the BS via a scatterer to
the MS equals

Ds = r +
√
r2 +D2 + 2rD cos(αR). (1)

The TOA τ ′ at the MS equals τ ′ = Ds/c0, where c0
represents the speed of light. Owing to the random nature of
propagation environments, the TOA τ ′ is a random variable,
whose distribution pτ ′(τ ′) depends on the environment. The
same statement holds for the AOA αR described by the PDF
pαR(αR). It is worth mentioning that τ ′ and αR can often
be considered as independent random variables, as a certain
mathematical relation between the two does not exist in most
of the real propagation scenarios.

Given the joint PDF pτ ′αR(τ ′, αR) of τ ′ and αR, we are
interested in finding the joint PDF prαR(r, αR) of the radius
r and the AOA αR. Notice that the joint PDF prαR(r, αR)
represents the distribution of scatterers in polar coordinates,
which is the first concern of this paper. Providing the Carte-
sian representation pxy(x, y) of the scatterer distribution is
also of interest, as it allows us to visualize the scattering area
in the 2D plane. In what follows, we fulfil the main objectives
of this paper by deriving prαR(r, αR) and pxy(x, y).

III. PROBLEM SOLUTIONS

In this section, we first provide a general solution for the
problem stated in Section II. Subsequently, a specific solution
is presented under the assumptions of the MNE TOA PDF
and the uniformly distributed AOAs.

A. General Solutions

By solving (1) with respect to r, we obtain

r(τ ′, αR) =
(τ ′c0)

2 −D2

2(τ ′c0 +D cos(αR))
. (2)

In the equation above, the radius r is a function of the random
variables τ ′ and αR. Besides this function, the auxiliary
function A(τ ′, αR) = αR is beneficial, allowing us to derive
the joint PDF of the radius r and the AOA αR. It can be
shown that the roots of these functions are given by

τ ′=c−1
0

(
r+

√
r2 +D2 + 2rD cos(αR)

)
and αR = A. (3)

By applying the concept of transformation of two random
variables [19, p. 130], the joint PDF prαR(r, αR) of r and
αR is given by the following expression

prαR(r, αR) = |J |−1

× pτ ′αR

(
c−1
0 (r+

√
r2 +D2 + 2rD cos(αR)), αR

)
(4)

in which |J | stands for the Jacobian of the transformation.
This quantity can be obtained by computing the following
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Fig. 1. A typical multipath propagation scenario with some local scatterers
(⋆).

determinant

|J | =

∣∣∣∣∣ ∂τ ′

∂r
∂τ ′

∂αR

∂αR

∂r
∂αR

∂αR

∣∣∣∣∣
−1

= c0

∣∣∣∣∣1 + r +D cos(αR)√
r2 +D2 + 2rD cos(αR)

∣∣∣∣∣
−1

. (5)

To derive the Cartesian representation pxy(x, y) of the
scatterer distribution from its polar representation in (4),
we use the following transformations x = r cos(αR) and
y = r sin(αR). Applying again the concept of transformation
of random variables, we obtain

pxy(x, y)=c−1
0

∣∣∣∣∣ 1√
x2 + y2

+
1 + Dx

x2+y2√
(x+D)2 + y2

∣∣∣∣∣ (6)

×pτ ′αR

(
c−1
0 (

√
x2+y2+

√
(x+D)2 + y2), arctan

(y
x

))
.

An important special case occurs if the TOA τ ′ and the
AOA αR are independent random variables. In this case,
the joint PDF pτ ′αR(·, ·) in (4) (or equivalently (6)) can be
represented as the product of the marginal PDFs pτ ′(·) and
pαR(·). These marginal PDFs can be obtained either from
measured channels (see, e.g., [15]–[17]) or from specified
channel models (see, e.g., COST 207 final report [18]).

The obtained PDF in (4) (or equivalently (6)) provides
the statistical description of the scattering area from which
obtaining pτ ′αR(τ ′, αR) is assured. A remarkable feature of
the proposed approach is that the obtained scattering area
is not confined by geometric constraints (see (6) or (4)).
However, most of the geometric channel models proposed in
the literature are restricted by tight mathematical boundaries,
which might spoil the performance of the overall system.

B. Specific Solutions

One of the widely addressed TOA PDFs is the negative
exponential distribution function, which has been confirmed
by many measurement campaigns [15]–[17]. Furthermore,
the COST 207 working group developed specifications for
the delay distribution in different propagation areas, showing
that the delay distribution can be formulated by one or two
decaying exponential functions. For instance, the TOA PDF
pτ ′(τ ′) of the channel model associated with a typical urban
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area is specified by the following single negative exponential
function [18]

pτ ′(τ ′) =

{
1

1−e−7 e
τ ′/µs, if 0 ≤ τ ′ < 7µs,

0, otherwise,
(7)

For the bad (complicated) urban area, pτ ′(τ ′) is presented
by the following two decaying exponential functions

pτ ′(τ ′)=


2

3(1−e−5)e
τ ′/µs, if 0 ≤ τ ′ < 5µs,

1
3(1−e−5)e

−τ ′/µs+5, if 5µs ≤ τ ′ < 10µs,

0, otherwise.
(8)

Motivated by the discussion above, we model the TOA PDF
pτ ′(τ ′) by the following sum

pτ ′(τ ′) =

I∑
i=1

aie
−λi(τ

′−τ ′
2i−2)

×
[
u(τ ′ − τ ′2i−2)− u(τ ′ − τ ′2i−1)

]
(9)

which is called the MNE TOA PDF. In the equation above, I
is the total number of exponential functions, the parameters
ai are normalizing constants to guarantee the unity area
under the PDF pτ ′(τ ′), and u(·) stands for the unit step
function. In addition, λi is the decaying factor of the ith
negative exponential function, which ranges from τ ′2i−2 to
τ ′2i−1. Accordingly, the window u(τ ′−τ ′2i−2)−u(τ ′−τ ′2i−1)
is the domain of the ith exponential function.

The MNE TOA PDF in (9) is very useful, as it allows us
to model a variety of power delay profiles by adjusting the
domain and the other parameters of each negative exponential
functions. All these parameters can be attained from mea-
sured (specified) TOA PDFs. For example, the representation
of pτ ′(τ ′) in (9) is equal to the specified TOA PDFs in (7)
and (8) by choosing the model parameters listed in Table I. It
is also worth mentioning that typical and simple propagation
areas need a small number I of the exponential functions
to be explained (see (7)), whereas atypical and complicated
ones require a higher number I (see (8)).

To obtain a specific solution, we also assume that the
AOA is uniformly distributed between −π and π, i.e.,
pαR(αR) = 1/(2π) if αR ∈ (−π, π]. It is also assumed that
the AOA αR is independent of the TOA τ ′, allowing us to
write pτ ′αR(τ ′, αR) = pτ ′(τ ′)pαR(αR). Using this property
and substituting (9) and pαR(αR) = 1/(2π) in (4) and (6),
the polar and Cartesian representations of the scatterer dis-
tribution are given by (12) and (13), respectively [see the
bottom of this page].

IV. SIMULATION RESULTS

We assume that the MS is located at the origin of the
Cartesian coordinates, while the BS is placed on the negative
part of the x-axis at a distance of D = 1 km from the MS (see
Fig. 1). To specify the TOA PDF presented in (9), we use
the two sets of the model parameters listed in Table I, which
permits us to analyze the distribution of the scatterers in
typical and bad urban areas. For the two sets, we first display
the corresponding joint PDF pxy(x, y) and then evaluate its
correctness by the scatter diagrams obtained from simulation
results. The marginal PDF pr(r) of the radius r is also plotted
and verified by simulation results.

Fig. 2 shows the joint PDF pxy(x, y) (see (13)) in the
logarithmic scale for a typical urban area with the delay
characteristics listed in Table I. A higher density of scatterers
can be observed close to the MS (but not exactly at (0, 0)),
while this density decreases with increasing the distance
from the MS. This is in agreement with the exponential
distribution of the TOA in (7), in which the large values
of the distribution function are associated with the delays of
incoming waves from nearby scatterers, whereas the tail of
the function is due to far scatterers. Referring to Fig. 2, a
very low density of scatterers is observed along the BS-MS
connecting line. This could be attributed to the fact that the
highest value of pτ ′(τ ′) in (7) belongs to the shortest path.

To confirm the analytical result shown in Fig. 2, we have
simulated the scattering area by distributing 1000 scatterers
by means of the TOA PDF in (7). The uniform distribution
between −π and π has been considered to distribute the
scatterers in azimuth. The result is shown in Fig. 3. The
scatter diagram complies with the joint PDF pxy(x, y) shown
in Fig. 2, as the scatterers are distributed in the same manner
in both figures. Moreover, Fig. 3 shows that this propagation
area might be approximated by a disk centred on a point on
the BS-MS connecting line, within which the local scatterers
are non-uniformly distributed. This geometry originates from
the statistical properties of the channel, but not from imposed
geometric restrictions. It is also noteworthy that the BS-MS
connecting line is almost free of the scatterers, which meets
the result presented in Fig. 2.

Fig. 4 illustrates the joint PDF pxy(x, y) in (13) for the
bad urban channel specified by the model parameters in the
last row of Table I, which result in the piecewise TOA PDF
pτ ′(τ ′) in (8). To highlight the impact of this piecewise
function on the joint PDF pxy(x, y), we have used two
different colours in Fig. 4. The darker (lighter) colour shows
the density of the scatters associated with the first (second)

prαR(r, αR) =
c−1
0

2π

∣∣∣∣∣1 + r +D cos(αR)√
r2 +D2 + 2rD cos(αR)

∣∣∣∣∣
I∑

i=1

aie
−λi(c

−1
0 (r+

√
r2+D2+2rD cos(αR))−τ ′

2i−2)

×
[
u

(
c−1
0 (r+

√
r2 +D2 + 2rD cos(αR))− τ ′2i−2

)
− u

(
c−1
0 (r+

√
r2 +D2 + 2rD cos(αR))− τ ′2i−1

)]
(12)

pxy(x, y) =
c−1
0

2π

∣∣∣∣∣ 1√
x2 + y2

+
1 + Dx

x2+y2√
(x+D)2 + y2

∣∣∣∣∣
I∑

i=1

aie
−λi(c

−1
0 (

√
x2+y2+

√
(x+D)2+y2)−τ ′

2i−2)

×
[
u
(
c−1
0 (

√
x2 + y2+

√
(x+D)2 + y2)− τ ′2i−2

)
− u

(
c−1
0 (

√
x2 + y2+

√
(x+D)2 + y2)− τ ′2i−1

)]
(13)
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TABLE I
MODEL PARAMETERS ACCORDING TO THE CHANNEL SPECIFICATIONS REPORTED IN COST 207 [18].

COST 207 Model parameters
channel models I c1 c2 λ1 λ2 τ ′0 τ ′1 τ ′2 τ ′3
Typical urban 1 1.0009 - 1 - 0µs 7µs - -

Bad urban 2 0.6712 0.3356 1 1 0µs 5µs 5µs 10µs
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Fig. 2. The joint PDF pxy(x, y) (see (13)) for the typical urban channel
with the TOA PDF in (7) and the uniformly distributed AOA (D = 1 km).

exponential function, i.e., the one ranged from 0 to 5µs (5
to 10µs). Referring to this figure, the darker graph is almost
like the one shown in Fig. 2, as both have been produced
from almost the same delay distribution. Worth noticing is
that in order to fulfill the second exponential function in (8),
which is ranged from 5 to 10µs, a larger scattering area is
required. This can be observed by comparing the coverage
area under the lighter and darker graphs.

Again, to validate the analytical result shown in Fig. 4,
we have simulated the scattering area in such a way that the
TOA PDF in (8) is satisfied. Fig. 5 shows the corresponding
scatter diagram. A close agreement between the simulated
scattering area and the joint PDF pxy(x, y) shown in Fig. 4
can be observed. By increasing the distance from the MS,
the density of scatterers varies in a complicated manner.
Roughly, the density first decreases, then increases rapidly,
and finally decreases gradually. The extent of these variations
also changes with the azimuth AOA. An unexpected high
density of scatterers near the BS can also be observed. Notice
that the same behaviour can also be observed in Fig. 4.

Fig. 6 demonstrates the marginal PDF pr(r) of the radius
r shown in Fig. 1 for the two sets of parameters listed in
Table I. This PDF can be obtained by integrating the joint
PDF prαR(r, αR) in (12) over the azimuth AOA αR, i.e.,

pr(r) =

π∫
−π

pr,αR(r, αR)dαR. (10)

As can be seen from this figure, pr(r) decays gradually for
both the typical and bad urban areas. However, for the bad
urban channel model, a jump in pr(r) can be observed. An
excellent match between the analytical and the simulation
results can be seen. The characteristics of the plots are
entirely in line with the simulated scattering areas shown
in Figs. 3 and 5.
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Fig. 3. The scatter diagram for the typical urban channel with the TOA
PDF in (7) and uniformly distributed AOAs (D = 1 km).

Fig. 4. The joint PDF pxy(x, y) (see (13)) for the bad urban channel with
the TOA PDF in (8) and the uniformly distributed AOA (D = 1 km).

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

x (km)

y
(k

m
)

MSBS

Fig. 5. The scatter diagram for the bad urban channel with the TOA PDF
in (8) and uniformly distributed AOAs (D = 1 km).
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Fig. 6. The marginal PDF pr(r) (see (10)) for the typical and bad urban
channels shown in Figs. 2 and 4.

V. CONCLUSION

In this paper, we have investigated the distribution of
scatterers for given delay-angle joint PDFs. Exact analytical
expressions have been provided for the polar and Cartesian
representation of the scatterer distribution. The proposed
approach does not impose any specific geometric constraint
on the propagation area. An important special case in which
the TOA follows the MNE PDF and the AOA is uniformly
distributed has also been analyzed. The corresponding scat-
tering areas have been simulated, demonstrating that a typical
urban area might be modelled by a disk centred on the line
between the BS and the MS. The scattering area of the
bad urban channel model cannot be modelled by standard
geometric shapes, as its power delay profile is mathemati-
cally complex. In such cases, the proposed approach gives
a statistical representation for the scattering area. Analyzing
further characteristics of the channel, such as the angle-of-
departure PDF, can be investigated in future works.

REFERENCES

[1] A. Borhani and M. Pätzold, “Modelling of non-stationary mobile radio
channels incorporating the Brownian mobility model with drift,” in
Lecture Notes in Engineering and Computer Science: World Congress
on Engineering and Computer Science, WCECS’13, vol. 2. San
Francisco, USA, Oct. 2013, pp. 695–700.

[2] A. Chelli and M. Pätzold, “A non-stationary MIMO vehicle-to-vehicle
channel model based on the geometrical T-junction model,” in Proc.
International Conference on Wireless Communications and Signal
Processing, WCSP 2009. Nanjing, China, Nov. 2009.

[3] J. Karedal, F. Tufvesson, N. Czink, A. Paier, C. Dumard, T. Zemen,
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