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The Initial Boundary Value Problem of the
Generalized Wigner System

Bin Li, and Jie-qiong Shen

Abstract—This paper is concerned over the initial boundary
value problem of the generalized Wigner system, which models
quantum mechanical (charged) particles transport under the
influence of a generalized Hartree potential field. Existence and
uniqueness of the mild solution for one and three-dimensional
problem are established on weighted-L? space by semigroup
theory. The main difficulties in establishing mild solutions are
to derive a priori estimates on the generalized Hartree potential
field.

Index Terms—mild solution, semigroup theory, generalized
Wigner system, initial boundary value problem, Hartree poten-
tial field.

I. INTRODUCTION

N the recent years, the following Hartree (Schrodinger)
equation
h2
ihip(t,z) = —?Aw(t,x) +V(t,x)p(t,z), x€ R* (1)

coupled the generalized Hartree potential

A
Tl * p(t,.T) (2)

V(t,z) =

&0 =
has been studied by many researchers in the quantum me-
chanics, see [1], [2] and the references therein for more de-
tails. This model describes the time-evolution of a complex-
valued wave function t(t,z), under the influence of a
generalized Hartree potential (see [3], [4], [19] for a broader
introduction). Where %I" denotes a given real-valued inter-
action potential kernel, the symbol * is a convolution, % is a
Planck constant, and A € R.

The macroscopic density p = p(t,x) is now defined by
the zeroth order moment in the kinetic variable v, i.e., by
the physical observables from both the wave function v and
the Winger function w, namely,

plta) =0l = [

The Wigner transform of (¢, z) is

w(t, z,v)dv. 3)

n

w(t,z,v) =

1 h —

h
o) Jpn Ptz — 5?/)1/)(75733 + §y) exp(iv-y)dy  (4)

where 1) denotes the complex conjugate of 1. A straight-
forward calculation by applying the Wigner transform (4) to
the Hartree equation (1) shows that w(t,z,v) satisfies the
so-called Wigner-like equation, see e.g. [5], [6],

w4+ (v Vz)w — Op[V]w =0, )
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where the Wigner function w = w(t, z,v) is a probabilistic
quasi-distribution function of particles at time ¢ > 0, located
at € R™ with velocity v € R™. The operator ©4[V]w in
the equation (5) is a pseudo-differential operator, as in [7],
[13], [14], formally defined by

On[V]w(t,z,v) =
ﬁ/ (5[V](t,33,n)w(t,x,v’)ei(val)"dv’dr], (6)
n R"L

5[V](t,x,n):V<t,x+h2n) —V(t,x—’;’?).

It is clear that the equations (5)-(6) coupled eqution (2)
contain the Wigner-Poisson equation (e.g., n = 3, = 1
and n = 1,a = —1). Over the past years, there have
been many mathematical studies of mild or classical solution
for the WP system, which models the charge transport in
a semiconductor device under the Poisson potential. For
instance, it has been studied in the whole space R x R> (see
[8] and the references therein), in a bounded spatial domain
with periodic [9], or absorbing [10], or time-dependent inflow
[13], [14], boundary conditions, and on a discrete lattice [11],
[12]. Some different aspects regarding the derivation of the
model have been reviewed in [20], [21].

The present paper is devoted to investigating the equations
(5)-(6) coupled equation (2) and establishing certain mathe-
matical results on the existence and uniqueness of the local
mild solution, with the initial boundary conditions, which
is very difficult: first, the function V'(¢,x) does not satisfy
A,V = p as in WP problem (see [14] and so on); and the
second is to derive priori estimates on the nonlinear operators
Op[V]w. Therefore, the mathematical analysis must be done
on the some new methods such as splitting the singular kernel

L with

]

a€ (0,1], n=3;
a€[-1,-3), n=1

On the other hand, the natural choice of the functional
setting for the study of the WP problem is the Hilbert space
L?(R™ x R™), see [15], [5]. However, it can be immediately
observed that the density p(¢,x), given by (3), is not well-
defined for any w(t,z,v) belonging to this space. In other
words, the nonlinear term ©[V]w is not defined point-wise
in ¢ on the state space of the Wigner function. Therefore, in
Section II we introduce two Hilbert spaces

X = L*([0,1)* x R3, (1 + |v|*)?dzdv)
and
X, = L*([0,1] x Ry, (1 + |v|*)dzdv),

see also [17], [9], [14], such that, the existence of the density
p(t,x) is granted for any w € X or w € X1, respectively.
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With the aforementioned notations, the main results of this
paper can be described as the following theorems:

Theorem I Let 0 < a < 1, for every wg € X, the
equations (5)-(6) coupled with the equation (2), with initial
boundary value conditions

w(t, 0,29, 23,v) = w(t,v,l,x9,x3),
w(t, z1,0,23,v) = w(t, z1,l,23,0),
w(t,x1,x2,0,v) = w(t, 1, x2,l,v),
w(t=0,z,v) =wy(z,v), 1 << oo,

has a unique mild solution w € C([0, tmax), X).

Theorem 2 Let —1 < a < —3, for every wy € Xj,
the equations (5)-(6) coupled the equation (2), with initial
boundary value conditions

w(t,0,v) = w(t,l,v), wt=0,z,v)=wo(x,v)

has a unique mild solution w € C([0, tyax), X1).

Remark 1 This result extends the previous result by Li,
Shen [16] and generalizes the part previous result by Manzini
[13].

Remark 2 1t is straightforward to extend our results to the
high dimensional case (n > 3) with 0 < a < n — 2.

Our paper is structured as follows: In section II we
introduce two weighted spaces X and X; for the Wigner
function w that allows to define the nonlinear term O [V]w
in one and three dimensions. In section III, we obtain a
local-in-time mild solution on the weighted L? space X, X
via the the Lumer-Phillips theorem [18] in one and three-
dimensional, respectively.

II. THE FUNCTIONAL SETTING & PRELIMINARIES

In this section we shall discuss the functional analytic pre-
liminaries for studying the nonlinear Wigner problem (5)-(6)
coupled equation (2). Or more accurately, we shall introduce
two appropriate state spaces for the Wigner function w which
allows to control the nonlinear term Op[V]w, which will
be considered as a perturbation of the generator A defined
in (23), respectively. This is one of the key ingredients for
proving the theorems.

In the ensuing, we show indeed that the nonlinear operator
On[V]w is respectively (local) bounded in the weighted L>
spaces, in symbols:

X :=L*(I, x R}

v

X, :=L*(E x R,,(1+ [v]*)dzdv), E=1[0,1]., (8)

(1+ [v*)?dzdv), I, = (0,13, (1)

x’

endowed with the following scalar products
a)xi= [ [ fo) g@mo o Pdds, O
IJRS

(f,9)x, ::/I/R f(z,v) - g(z,v)(1 +v*)dvdz, (10)

for f,g € X,Xi. In our calculations, we shall use the
following equivalent norms:
3
1115 = [1£1172 + D 0P fllZe, (1D
i=1

11, = [1£11Z2 + o flIZ-.

The following proposition motivates our choice of the space
X, X; for the analysis.

12)

Lemma 1 For n = 3, let w € X and p(t,x) defined in
(3), for all z € I, then p belongs to L*(I) and satisfies

pllz2(ry < Cllwl|x, (13)
p also belongs to L'(I) and satisfies
ol < Cllwl|x. (14)

Moreover, for every p € [1,2], p belongs to LP(I) and
satisfies

ol ey < Cllwl|x. (15)

Proof: The first assertion follows directly by using
Cauchy-Schwartz inequality in v-integral, see also [13], [14].
On the other hand, by Holder inequality, we have

ol < / ‘ / wit,z, v)dv
1|/Re
1

3 !
{/ lzdx} / / w(t, z,v)dv
I o |/Rs

Using the interpolation inequality, we get

dr <

de| <C|wlx.

lollizoy < llelzen el zity < Cllwlix.

Lemma 2 For n =1, let w € X; and p(t,x) defined in
(3), for all x € E, then p belongs to L?(I) and satisfies

lloll2ey < Cllwllxy, (16)
p also belongs to L'(F) and satisfies
ol ey < Cllwllx, 7

Moreover, for every p € [1,2], p belongs to LP(E) and
satisfies

1ol e (p) < Cllwl|x, - (18)

Proof: See the proof of the Lemma 1.

Next, we consider the Lipschitz properties of the pseudo-
differential operator Ox[V]w defined by (6). But by the
definition of it, the w have to be 0-extended to R_i and R,.
We will show indeed that this operator is well defined from
the space X, X; to themselves. Moreover, we can state the
following results:

Lemma 3 Forn =3,let 0 < a <1, for all w € X, the
operator O, [V]w maps X into itself and there exists C' > 0
such that

10 [V]wl|x < C||w|/%. (19)

Proof: Indeed, the operator ©5[V]w can be rewritten in
a more compact form as,

Fuon(@n VI w)(w,1) = 30V (@) Fy 2wl ),

n—uv

(20)

where the symbol %, is the partial convolution with respect
to the variable v, F,_,, is the Fourier transformation with

respect to the variable v and .7-',7__1,U its inverse:

Fooylf(z,))(n) = . f(z,v)e™ o,

—

f;_l,v[g(x, J)(v) = @0 /n g(x,v)e” ™ "dp
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for suitable functions f and g. Then one has

16 [V WHLz < CII5V($ MFSuwlre <
ClVIe=llFmpwllp2 < OV Lo lw]| 2.

’r]—»’U
1

Let k() = r=. k1 = k()| <1 and k2 = K[ 51, so,
k(-) = ki + kg with ky € LP(R®) for all p € [1,2) and
ko € LY(R3) for all g € (2, +00]. On the other hand, since
V= ﬁ % p, using Holder’s inequality we have

[ K1 * PHLoc(B) < Cllkillz2yllelliz2 sy <
Clipliz2sy < ClipllL2(nys

where B is the three dimensional unit ball. Likewise, outside
B we get

1k2 * pll oo (ro By < Cllk2llLoo(ro\B)llPl L2 (1\B) <
Clipllzrnsy < Cllplloy
By Lemma 1, we can get
18n [VIwllz2 < CIVI|z=|lw] 2 < Cllwl-
On the other hand, by [22], we have
1
0?0 [V]w = ie)h [02V] w+ Oy [V]viw + Q [0;V]w

with the pseudo-differential operator

55 Jo 9
m[g@}zgp(t@—k@)—kg&(ﬂx—hg).

In the sequel we use the abreviation 0; = 0,,, and get

Qplplw = w(t,z, v )e" V) d d,

0705 [V]w| 2> <
1
7/1©n [07V]wll 2 + (|95 [0:V]w] L2 + [©5 [V] 0] w] 12
The first two terms can be estimated as follows:

105 [02V] wlp2 < C||6(0FV) Fymnw| 12
C||81‘2VHL2(R3) va—meL?(I;Loo(Rg))

IN N

IN

Clllz| 27 %4 pllr2(rs) 1L + v*)w]| 2

IN

1 1
(”W 2 pllz2(B) + ”W 2 pllL2(ro\B)) lwll x
Clpllzzcny + el n)llwllx < Cllwl|%

by applying Holder’s inequality, i <2with 0 < a <

1 and the Sobolev imbedding fvﬁnw € W**(R}) —
L= (R).

1925 [0:V] w2 < Cl6(0:V ), Foyw]| 2

CllO:V || 1 (r#) 10, Fo

Cllll ™= %o pllzacas) | (1 + [vil*)wl| 2

IN A

L2 (L4 (R3))

IN

IN

1
Bt ”W *2 pllLacrea\y)llwllx

1

(” |£L"1+O‘ *x p”L“(

|l

+

wlx

IN

o FED lsra\m)llpll L (0 By 1wl x

Clloll 35 5, + Il cavsn) ool < Ol

by the Sobolev imbedding ), Fy . ,w € W'?(R}) —

L4(R§7),1J%a>fand—<4w1th0<a<1 and

Lemma 1. We also get

1©n [V]viwl|r2 < CIVO, Foyu] 12

ClIV [l o< (re) 105, Fomsnw]| 2

IN A

IN

1 1
Clig #o Plee) + g *e Pl mam)lwlx

1
Clli==z 2wy llplliz2 sy lwl x +
2|

IA

Cll i o= ol oy ol

Cllpllczm) + ol nsyllwlx < Cllwl%

by applying Holder’s inequality and Lemma 1. This con-
cludes the proof of result.

Lemma 4 Forn =1, let =1 <o < —1, for all w € X1,
the operator ©y, [V]w maps X; into itself and there exists
C > 0 such that

18 [V]w||x, < Cllwlk,.

Proof: Indeed, the solution of Poisson equation V' and ‘N/,
its extension with value zero outside [0,l], are essentially
bounded. Moreover, we can get

Vi) < CliollLy ),

where E = [0,], see also [14]. Moreover, using Lemmas
2-3, we have

1O [V]wl]|L> <
ClVle=llwllzz < Cllpllpr(mllwllze < Cllw]|7=.

On the other hand, by [23], we get
0O [V]w = O [V]vw — Qp [V ] w

with the pseudo-differential operator

“ 5o f

I3
K[Ve] =V, <t,z + 277> +V, <t,

QnVa] w(t,z,v")e W= dn,

_ I
7).

Vw] wHL2 =+ ||®h [V] ’Uw||L2.

Hence,

[vOn [V]w||rz < (|5
Setting » = —a then % < r <1, and the first term can be
estimated as follows:

1
195 [Va] w| L2 < C”W * pll Lo (myllwl[z2 <

Cllpllzzm) + el z\p)llwlzz < Cllw|i-.
For the last term, we have
[©r [V]vwlre < Cl|V L= (m)llow|[z2 <
Cllpller (g llvwl[z2 < Cllw|| g2 |low]| 2.

The combination of these estimates yields the result.
Lemma 5 Forn =3,let 0 < a <1, for all w € X, the
operator Oy, [V]w is of class C* in X, and satisfies

105 [Vi] w1 — O [Va] walx <

Cllwrllx + [[wellx)Jwr — wal|x-

(Advance online publication: 24 April 2015)
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Proof: For all w; € X, =1, 2, setting
IT = O [Vi] w1 — O [Va] wa,

= Oy, [Vi]wy — O [Vi] wa,
IIy = O, [Vi] we — O [Va] wo,

we have
1T x < IThflx + [TT2] x
with
[ x = [1©s [Vi] (w1 — wa)|x <
3
105 [Vi] (w1 — wa)[|2 + Y [[v7OR [Vi] (w1 — w)| 2 <

i=1

ClloV w1 Fy—p(wr — w2)[z2 +

CZH552 [wi])Fomp(wr — w2)|[12 +

CZ 16(0:V [w:])On, Fon (w1 — w2 2 +
=1
3
CY 6V Iwi] 0, Fon(wr — ws)]| 12

=1

IN

ClIV[wi]||Le|wr — wal[z2 +

3
C D N0V [wr] | g2l Flwr — walllza(rsze () +
i=1

3
C Y 110:V [w) | 1|0y, Flwr = wolll 2 (r;pa () +

i=1

3
C Y IVIwi]ll Lo 107, Flwy — wolll 2 <
1=1
Cllw:| g2 l|wy — w2 x;
T2 |lx = 1|04 [Vi — Va] wa|lx <
||@h [Vl - Vz] ”w2||L2 +

3
S v26n Vi — Vo wal e <
=1

C’||5V[w1 — wQ}]:'U_)T]T,UQHLQ +

3
C Y 11807V [wy — wo]) Foyn| 2 +
i=1
3
CZ ||5(81V[’LU1 - w?])anifvﬂanHLZ +

=1
3
C> 0V wr — w07, Fopwall 2 <

i=1

Cl|V[wy — wa]|[ Lo lwz][z2 +

3
CY 07V [wy — wa] || 2 [ Fws | 2 :poe () +
=1

3
C> |0V [wy — wal|| L4 || On, Fwall L2 r;pa(rz)) +
i=1
3
C > IV[wy — wlll L~ |02, Fompwall 2 <
=1

Cllws | x [lwr — wall 2,

and the assertion is proved.

Lemma 6 Forn=1,let -1 <« < —=z, for all w e X,
the operator O [V]w is of class C* in X1, and satisfies

1©r [Vi] w1 — Op [Vo] wa || x, <
Clllwrllx, + llwallx,)lwr — w2l x, -
Proof: For all w; € X, = 1,2, by Lemmas 4-5, we have
105 [Vi] w1 — O [Va] wal|x, <

1©n [Vi] w1 — O [Vi] wa|x, +
1©n [Vi] wa — O [Va] wa||x,

with
10 V1] (w1 —w2)|x, <
[1©r [Vi] (w1 — w2)| L2 + [[vOR [Vi] (w1 — w2)][r2 <
Cl|oV [w1]Fyy(wr — w2)| L2 +
Cl|Qu [Va[wi]] (w1 — wa)l L2 +

CllOn [V[wi]] v(wr — w2)l[z2 <
ClIVIwr]l| Lo |lwr — w2 +
ClValwi]ll e lwr — w2 +

CIVIw]||pee [[v(wr — w2)|[z2 <

Cllw1] p2]|wr — wa| x,;

[©r [Vi — Vo] wa| x, <

1©r [Vi = Va]wa|l 2 + [|vOr [Vi — Vo] wa|[ 12 <
ClléVIwr — wa] Fypwal[r2 +

CllQn [Va[wr — wa]]wal| 2 +

CllOn [V[wr — we]] vwa|| 2 <

CllV[wr — wal|[Le=||wall L2 +

ClValwr — wal| pee w2 L2 +

CllVwr — wa]l| L= [lvws| 12 <

Cllwz||x, w1 — w2 2,

and the assertion is proved.

ITI. PROOF OF THE MAIN RESULTS
In this section, we will prove the main results of this paper
by semigroup theory. Let we rewrite the Wigner equation as
wy = Aw + O [V]w, t >0, 21
w(t =0) = wy, (22)

where linear operator A : D(A) — X or A: D1(4) — X,
by

Af = —v-Vaw (23)
and theirs domain

D(A) ={we Xv-Vw e X,
w(0, 29, x3) = w(l, 22, x3),
w(z1,0,23) = w(zy,l, x3),
w(z1,x2,0) = w(xy, x2,1),l > 1};
Dyi(A) ={w e X1|v- V,w € Xy,
w(t,0,v) =w(t,l,v),l > 1}.

Proof of Theorem 1: Indeed, the A (defined in (23))

generates a Cy group of isometries {S(t),t € R} on X,
given by S(t)w(z,v) = w(x—vt,v), see also [17]. Next, we

(Advance online publication: 24 April 2015)
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consider O [V]w as a bounded perturbation of the generator
A. On the other hand, since O[V]w is locally Lipschitz
continuous (see Lemmas 3, 5 for detail), Theorem 6.1.4 of
[18] shows that the problem (21)-(22) coupled equation (2)
has a unique mild solution for every wy € X on some time
interval [0, tmax ), Where tmax denotes the maximal existence
time of the mild solution. Moreover, if ,,,, < 0o, then

lim ||w||x = oo.

t—tmax

This concludes the proof of result.
Proof of Theorem 2: In fact, we can get the assertion by
repeating the analogous strategies in proof of Theorem 1.
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