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Almost Periodic Solution for a Lotka-Volterra
Recurrent Neural Networks with Harvesting Terms
on Time Scales

Li Yang, Yonghong Yang, Yaqin Li and Tianwei Zhang

Abstract—By using the theory of exponential dichotomy and
Banach fixed point theorem, this paper is concerned with the
problem of the existence and uniqueness of almost periodic
solution in a harvesting Lotka-Volterra recurrent neural net-
works on time scales. To a certain extent, our work in this paper
corrects the defect in [Y.G. Liu, B.B. Liu, S.H. Ling, The almost
periodic solution of Lotka-Volterra recurrent neural networks
with delays, Neurocomputing 74 (2011) 1062-1068]. Further,
by constructing a suitable Lyapunov function, some simple
sufficient conditions are obtained for the local asymptotical
stability of the above model. Finally, an example is given to
illustrate the feasibility and effectiveness of the main result.

Index Terms—Almost periodic solution; Lotka-Volterra; Neu-
ral networks; Banach fixed point theorem; Harvesting.

I. INTRODUCTION

He Lotka-Volterra type neural networks, derived from

conventional membrane dynamics of competing neu-
rons, provide a mathematical basis for understanding neu-
ral selection mechanisms [1-5]. It was shown that the
continuous-time recurrent neural networks can be embedded
into Lotka-Volterra models by changing coordinates, which
suggests that the existing techniques in the analysis of Lotka-
Volterra systems can also be applied to recurrent neural
networks [6]. In recent years, there are some papers concern-
ing with the dynamic behaviours of Lotka-Volterra recurrent
neural networks [6-8]. In [7], the convergence involving
global exponential, or asymptotic, stability of the following
Lotka-Volterra recurrent neural networks is discussed:

Mﬂ%—éﬁﬂﬂ)

— i bijfﬂj(tﬂ;j(t))], t>0,
2i(t) = 6s(t) > 0, V€ [-r.0],

where z;(t) denotes the state of neuron ith at time ¢.
Real numbers a;; and b;; represent the synaptic connection
weights from neuron j to neuron ¢ at time ¢ and ¢ — 7;;(t),
respectively, and r; denotes the external input. The variable
delays 7;;(t) for ¢, j =1,2,...n are non-negative functions
satisfying 7;;(¢) € [0, 7] for ¢ > 0, where 7 is a constant.

(1)
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By using the theory of exponential dichotomy and contrac-
tion mapping principle, many scholars increasingly have their
eye on the existence and uniqueness of almost periodic solu-
tions of all kinds of neural networks (e.g., Shunting inhibitory
cellular neural networks [9], Hopfield neural networks [10],
Cohen-Grossberg neural networks [11-12], etc) in the recent
ten years. Also, Liu et al. [8] focused on studying the
existence and uniqueness of positive almost periodic solution
of the networks extended from network (1.1):

Bi(t) = ma(t) [ra(D) = 3 ais (D) (1)

j=1
- f:l by (O; 7y (e)|, t>0, 1P
J=
x;(t) = ¢i(t) >0, Vte][-7,0].

By using the theory of exponential dichotomy and contrac-
tion mapping principle, the authors obtained some sufficient
conditions for the existence and uniqueness of almost peri-
odic solution of system (1.2). Unfortunately, the work in [8]
is not perfect (see Remark 3.1 in Section 3).

It is well known that in celestial mechanics, almost period-
ic solutions to differential equations or difference equations
are intimately related. In the same way, electronic circuits,
ecological systems, neural networks, and so forth exhibit
almost periodic behavior. A vast amount of researches have
been directed toward studying these phenomena (see [13-
16]). Also, the theory of calculus on time scales (see [17]
and references cited therein) was initiated by Stefan Hilger
in his Ph.D. thesis in 1988 [18] in order to unify continuous
and discrete analysis, and it has a tremendous potential
for applications and has recently received much attention
since his foundational work. Therefore, it is meaningful to
study that on time scales which can unify the continuous
and discrete situations. However, there are no concepts of
almost periodic time scales and almost periodic functions
on time scales, so that it is impossible for us to study
almost periodic solutions to differential equations on time
scales. On the other hand, in many earlier studies, it has
been shown that harvesting has a strong impact on dynamic
evolution of a population, e.g., see [19-22]. So the study
of the population dynamics with harvesting is becoming a
very important subject in mathematical bio-economics. This
paper is concerning with the almost periodic solution of the
following delayed Lotka-Volterra recurrent neural networks
with harvesting terms:

50)re0) = Y- ais)25(0)

2 (t) =
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n

= bij ()t — i (1) | — halt), (1.3)

j=1

where T is a periodic time scale; 7;(¢t) > 0, a;;(t) > 0,
bij(t) > 0, hi(t) > 0 and 7;;(t) > 0 are all almost
periodic functions, 7;; are transmission delays at time ¢
and satisfy ¢ — 7;;(t) € T, h;(t) > O represent harvesting
terms, 7,5 = 1,2,...,n. The meanings of the parameters
are the same as the corresponding ones mentioned in system
(1.1). From the point of view of biology, we focus our
discussion on the existence and uniqueness of positive almost
periodic solution of system (1.3) by using the theory of
exponential dichotomy and Banach fixed point theorem.
When h; (i = 1,2,...,n) is small enough and close to zero,
then system (1.3) is approximately equivalent to system (1.2).
Therefore, our work in this paper corrects the defect in article
[8] to a certain extent.

For any bounded function f € C(T), f* = sup ey f(5),
f~ =infser f(s). We list some assumptions which will be
used in this paper.

(H1) 74, aij, bj; and h; are nonnegative almost periodic

functions with 0 < h;” < r;r, ,j=12,...,n.

(Hz) There exist positive constants 1) €
+ht  (prH)2HT
%, W) (i=1,2,...n) such that

seR

sup { —ri(s) + zi; 2a;;(s) + ZZ Qbij(s)}

< - < 07

where 1 =1,2,...n.

The organization of this paper is as follows. In Section 2,
we give some basic definitions and necessary lemmas which
will be used in later sections. In Section 3, by using Banach
fixed point theorem, we obtain some sufficient conditions
ensuring existence and uniqueness of positive almost periodic
solution of system (1.3). Finally, an example is given to
illustrate that the result of this paper is feasible.

II. PRELIMINARIES

Now, let us state the following definitions and lemmas,
which will be useful in proving our main result.

Definition 1. [17] A time scale T is an arbitrary nonempty
closed subset of the real set R with the topology and ordering
inherited from R. The forward and backward jump operators
o,p: T — T and the graininess u,v : T — R* are defined,
respectively, by

o(t):=inf{s€T:s>t}, pt):=sup{seT:s<t},

w(t) :=o(t) —t, v(t):=t—pt).

The point ¢ € T is called left-dense, left-scattered, right-
dense or right-scattered if p(t) = t, p(t) < ¢, o(t) =t
or o(t) > t, respectively. Points that are right-dense and
left-dense at the same time are called dense. If T has a left-
scattered maximum m;, defined T* = T — {m; }; otherwise,
set T® = T. If T has a right-scattered minimum ms, defined
T, =T — {ms}; otherwise, set T,, = T.

Definition 2. [17] A function p : T — R is said to be
regressive provided 1 + u(t)p(t) # 0 for all ¢ € T*, where

wu(t) = o(t) — t is the graininess function. The set of all
regressive rd-continuous functions f : T — R is denoted by
R while the set R is given by {f € R : 1+ u(¢)f(t) > 0}
for all t € T. Let p € R. The exponential function is defined
by

t
er(t.5) =exp ([ o))
where &, is the so-called cylinder transformation.

Lemma 1. [17] Let p,q € R. Then

(i) eolt,s) =1 and ey(t,t) = 1;
(i1) iy = Copltss). where Op(t) = — it
(iii) ep(t, s)ep(s,r) = ep(t,7);

(i) e (-,s) = pey(:,s)-

Definition 3. [17] For f : T — R and t € T*, the
delta derivative of f at ¢, denoted by f2 (t), is the number
(provided it exists) with the property that given any € > 0,
there is a neighborhood U C T of ¢ such that

[f(o(t) = f(s) = fFA)[o(t) =] < elo(t) — 5|, Vs € U.

Lemma 2. [17] Let f, g be A-differentiable functions on T.
Then

(1) (kif + kog)® = ki f® + kog”™ for any constants ki,

]{12,'
(i) (f9)2(t) = f2(t)g(t) + f(o(t)g™(t) = F(t)g™(t) +
F2(1g(a(t).

Lemma 3. [17] Assume that p(t) > 0 for t > 0. Then

ep(t,s) > 1.

Lemma 4. [17] Suppose that p € R*. Then

(1) ep(t,s) >0 forallt,seT;

(1) if p(t) < q(t) forall t > s, t,s € T, then ey(t,s) <
eq(t,s) forall t > s.

Lemma 5. [17] Suppose that p € R and a,b,c € T, then
A o
[ep(cv )} =P [ep(cv )] y

b
/ p(Hep(c, o)At = ey(c, a) — ep(c,b).

Definition 4. ([23]) A time scale T is called a periodic time
scale if

M:={reR:t+7€T,VteT}+# {0}

Definition 5. ([24]) Let T be a periodic time scale. A
function =z : T — R"™ is called almost periodic on T, if
for any € > 0, the set

E(ez)={rell:|z{t+7)—z(t)| <eVteT}

is relatively dense in T; that is, there exists a constant [ =
I(¢) > 0, for any interval with length I(¢), there exists a
number 7 = 7(¢) in this interval such that

|zt +7) —z(t)| <e, VteT.

The set E(e, z) is called the e-translation set of x, 7 is called
the e-translation number of z, and [(¢) is called the inclusion
of E(e,x).

Lemma 6. ([24]) If x € C(T,R"™) is an almost periodic
function, then x is bounded on T.

(Advance online publication: 26 November 2016)
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Lemma 7. ([24]) If z,y € C(T,R") are almost periodic
functions, then x + vy, xy are also almost periodic

Definition 6. ([25]) Let y € C(T,R"™) and P(t) bean xn
continuous matrix defined on T. The linear system

y2(t) = P(t)y(t),

is said to be an exponential dichotomy on T if there exist

constants k, A > 0, projection .S and the fundamental matrix
Y (¢) satisfying

1Y (t)SY

Y (&) -8y~

teT

)| < keanl(t, s),
L(s)|| < kean(s,t), Vt<s, t,secT.

Lemma 8. ([24]) If the linear system y™(t) = P(t)y(t) has
an exponential dichotomy, then almost periodic system

y2 () = P(t)y(t) + g(t),

has a unique almost periodic solution y(t) which can be
expressed as follows:

_ [ Y (1)SY " (0(s))g(s) As

/Y V(I —S)Y " o(s))g(s) As.

Lemma 9. ([25]) If P(t) = (aij(t))nxn is a uniformly
bounded rd-continuous matrix-valued function on T, and
there is a 0 > 0 such that

Vit > s,

teT

2
(0] = X lass )] 30| 3 sy 0]
J#i J#i
—&6%u(t) >20, teT, i=1,2,...,n,
then y>(t) = P(t)y(t) admits an exponential dichotomy on

T.

Lemma 10. (Banach fixed point theorem [26]) Assume
that (B, p) is a complete metric space, T : (B, p) — (B, p)
is a contraction mapping, i.e., there exists A € (0,1), such
that

p(Tz,Ty) < Ap(z,y), Yz, y € B.

Then T has a unique fixed point in B.

III. MAIN RESULT

In this section, we study the existence and uniqueness of
almost periodic solution of system (1.3) by using Banach
fixed point theorem.

Let
h™ rTht
ki=—", lLi=—"—"- i=12...n
T} T i

By (Hs), itis easy tosee that k; < [; <1,i=1,2,...n
Set

B = {3; = (21,29,...,2,)" € AP(T,R") :

k; Sl‘l(t) Sli,vtET,iZI,Q,...TL}

with the distance p(z,y) from z to y is defined by

pla,y) = max {Suplév () — v (DI},

1<:i<

(Advance online publication:

(xl(t)7 l‘g(t), <. 7xn)T’
€ B. Obviously,

where xz(t) =

(yl (t)7 yQ(t)7 MR y'IL)T
complete metric space.

yt) =
(B,p) is a

Theorem 1. Assume that (Hy)-(Hs) hold, then system (1.3)
has a unique almost periodic solution in B.

Proof: For V¢ = (p1,02,...,0,)7 € B, we consider
the almost periodic solution of nonlinear almost periodic
differential

2 () =r;(t)z;(t) —

2

0 X aus(tes0

+Zbij(t)@j(t_7ij(t)):| — hi(t), (3.1)

where ¢ = 1,2, ...n. Thus, by Lemma 8, we obtain that the
system (3.1) has exactly one almost periodic solution:

o?(t) = (2f(t), 25 (1), ..., 2f(1))",

where

+o00 n
zf(t) = / e (t,o( { [Za”
t j=1
+me 903 sz :| +hz )}AS,

in which 7 = 1,2,...n
Now, we give a mapping T' defined on B by setting

T(p) = (Ti(¢), Ta(9), -, Tu(e))"
= (2%,2%,...,29)T, VypeB.

First, we prove that the mapping 7 is a self-mapping from
B to B. In fact, Vi € B, in view of definition of T, we have

+oo
Tio)(t) > / e, (t, 0())hi(5) As

> 1

>

=k, VteT,i=12,...n.(32)

<
T+

On the other hand, it follows that

r0 = [ entaon{a [Z

4 2:; bij ()03 (s — Tij(s))} T hi(s)} As

+oo
S/ e,1t0 { [Za”
t

+i1bij(5)lj:| +h¢(5)} As
</t+°°e {z[ asy(s
+wa }‘f’h }As

[ 3
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] io)s
= /t+°° eri(t U(S»{li [ri(s) = mi] + A
/t+°<> [n(s)em (t.0(5) —mic,+ (m(s))} L As

s)} As

IA

7 - (o) (to9)] as

o0 h+
712/ mergr (t,O’( )) AS+ —
¢ i

—_— /t - {em(t,a(s))rm |

+oo h+
—li/ nie,+(t,o(s)) As + —
t ’ r;

+oo h-‘r
=1 - li/ nie,+(t,o(s)) As + ——
i T

i hi
< (1—Ty, 4 2
7"1- rz

=1, WeT, i=12,...n 3.3)

By (3.2) and (3.3), we get that T is a self-mapping from B
to B.

Next, we show that 7' : B — B is a contraction mapping.
In fact, for V¢, € B, we have

Ti(p) — Ti(v) §
-/ et a<s>>{%<s> [; ai5(5)p5(5)

+ il bij(s)pji(s — Tij(s))} + hz(s)} As
[ e o] > o)

+ il bij(s)1h;(s — Tij(s))} + hi(S)} As.

Under definition of p(x,y), we have

IT:(¢) — Ti(¥)]o
= 2161}[? T (@) (t) = Ti(2)(t)]

~ et /:OO <t,g($)){%($) [iaixs)ms)
t 2”: bij ()i (s — Tij(S))} + hi(s)} As
j=1
-/ et o [Z s (5)05(5)
+ i bij(s)Y;(s — Tij(S)):| + hi(s)} As

IN

sup_/ " e to(s)

teT J+t

D auls

S

+> bi(s)

Jj=1

i (s — 7ij(5))
—u()5 (5 — 735(3)) } As
+oo
—swp [ entol)

teT
(16— 049 ) 0

S
#0919 - 0209

+Zb”

() (w —rig()) — oyl m(s») Jas

(s) = ¥i(8)1;(s)

n

—

CIOR ) )

+oo
<mp " entr{ ool e
300105 s — 7o) + 409 }As-p«o,w

IN

i‘gﬁ/mer (t, 0(s)) x {éa”(s)
+wa }z +1) As - p(p, )
sup [ e a<s>>{ Z 2a35(s)

+22bw }As (e, 1))

IN

IN

+oo
sup / er,(t0(3)[ri(s) — ] As - p(ip, )

teT J+t

IN

sup (/t+00 ri(s)er, (t,0(s)) As

teT

“+o0
. /t ey (6,0 (5))m As> (i, )
< (1- :i) (0, 9),

?

i=1,2,...n. (3.4)

It follows from (3.4) that

T, T(0) < max {1 ;’1} (0,9 = Alp,6),

1<i<n i
== i

where A = maxi<;<p {1 — } ), which implies that
the mapping 7 : B — Bis a contractlon mapping. Therefore,

by Lemma 10, the mapping 7" possesses a unique fixed point

of = (z,ah,. ., €B, Ta*=z*
So system (1.3) has a unique almost periodic solution. This
completes the proof. ]

Remark 1. In article [8], by using the contraction mapping
principle, Liu et al. obtained that system (1.2) has a unique

(Advance online publication: 26 November 2016)
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positive almost periodic solution in €2, where

Q= {33 = (z1,%2,...,2,)" € AP(R,R") :

n
20ﬂ§)mﬂﬂ§LWERJ:LZ“m}

in which p; (i = 1,2,...,n) are positive constants and 0

is defined as follows:

Definition 7. (See Definition 1 in [8]) Define 0" as a
positive number, which is infinitely close to, yet not equal
to, 0, and satisfying

0t =a0", V]a| € (0,+c0).

However, think carefully and we find that the number 0T
defined by Definition 3.1 (i.e., Definition 1 of [8]) does not
exist. Therefore, () defined in [8] is invalid and their work
is not perfect.

Remark 2. When T =R and h; (i = 1,2,...,n) is small
enough and close to zero, then system (1.3) is approximately
equivalent to system (1.2). Therefore, our work in this paper
corrects the defect in article [8] to a certain extent.

IV. LOCAL ASYMPTOTICAL STABILITY

In this section, we will construct some suitable Lyapunov
functions to study the local asymptotical stability of system
(1.3).

Theorem 2. Assume that

(Hs) ©=r——A— B >0, where
r~ = min 7, ,
1<i<n v
n
— + 4 pHyg.
A= foax (a;; +b;;)l;5,
<isn i
n
— + 1.
B := max. (ai; + b))
===

Then system (1.3) is locally asymptotically stable.

Proof: Assume that x(t) =

(1 (t), 22(t), ..., 20 (t)T € B and x*(¢) =
(x5 (t),x5(t), ...,z (t))T € B are any two solutions
of system (1.3). In view of system (1.3), for t € T,
i=1,2,...,n, we have

(i(t) — 2} ()2

= ri(t)[2i(t) — 27 (1)]
- Z[% (t) + bij ()] (8) [2:(t) — 27 (1)]
- Z[am (t) + bij (1)) () [ (t) — 25 (1)]
Let

Hence we can obtain from (H7)-(Hy) that

D+Z|$i(t) — i ()]*
Zrﬂﬂ%(t)
_Zza + b1 | (t) — a (t)]

DTVA(t) =

v

— i (1)]

_ZZCL +b Hl‘j(t)—m;(t)‘
> (rm — A—B)V(t) = OV(1).

Integrating the last inequality from Tp to t leads to

To +@Z |5U7,

that is,
>
i=1 7/ To

which implies that

—z7(s)|As <V (t) < +o0,

— 27 (s)| As < 400,

n

>l las(s) = af(s)] =0.
Thus, system (1.3) is locally asymptotically stable. This
completes the proof. ]

Theorem 3. Assume that (Hy)-(H3) hold. Then the unique
almost periodic solution of system (1.3) is locally asymptot-
ically stable.

V. AN EXAMPLE

Example 1. Consider the following harvesting Lotka-
Volterra recurrent neural networks on time scales:

2
B0 = 2:0)[1 - Y (0,00
j=1
2
—E:mﬂﬁq@—n]—QL (5.1)
j=1
where b;;(s) = 0.1sin?(v/3s) (i,7 = 1,2) and

a11(s) ai2(s) | 01 sin?(v/2s)  cos?(v/3s)

az(s) ag(s) )~ 7\ cos?(v5bs) cos?(VTs) )
Then system (5.1) has a unique positive almost periodic
solution, which is locally asymptotically stable.

Proof: Corresponding to system (1.3), ajj =0.1, bj
0.1, 77 =1and b = h; =0.1,4,j = 1,2. Taking n; =
79 = 0.2. By a easy calculation, we obtain

2 n
sup { = rs) 4 325 (6) 4 3 2000}
seR . -
j=1 j=1
<—-144x01+4x0.1
— 02=—n <0,

rm=1, A=B=02 ©=0.6,

(Advance online publication: 26 November 2016)
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where ¢ = 1,2, which implies that (Hs)-(H3) in Theorems
1 and 3 hold. It is easy to verify that (H;) in Theorem 1 is
satisfied and the result follows from Theorems 1 and 3. This
completes the proof. ]

VI. CONCLUSION

In this paper, some sufficient conditions are established
for the existence, uniqueness and local asymptotical stability
of almost periodic solution for a harvesting Lotka-Volterra
recurrent neural networks on time scales. The main result
obtained in this paper are completely new even in case of the
time scale T = R or Z and complementary to the previously
known results. Besides, the method used in this paper may be
used to study many other ecological models such as predator-
prey models [27-28], facultative mutualism models [29-30],
and so on.

VII. ACKNOWLEDGEMENTS

This work was supported by Tian Yuan Fund of NSFC
(No.11526180), Yunnan University of Finance and Eco-
nomics Scientific Research Found Project (No.YC2015D09),
Yunnan Province Education Department Scientific Research
Fund Project (N0.2015Y275), Scientific Research Fund of
Yunnan Provincial Education Department (2014Y388) and
the Research Program of Kunming University in China
(XJL15010).

REFERENCES

[1] T.C. Kuo, Y.J. Huang, “Global stabilization of robot control with neural
network and sliding mode”, Engineering Letters 16: 1-5, 56-60, 2008.

[2] Y.L. Yu, L. Ru, K. Fang, “Bio-inspired mobility prediction clustering
algorithm for ad hoc uav networks”, Engineering Letters 24:3, 328-337,
2016.

[3] X. Li, S. Kher, S.M. Huang, V. Ambalavanar, Y. Hu, “Component
modeling and system level simulation of aircraft electrical systems”,
Engineering Letters 24:2, 178-186, 2016.

[4] C.F. Wang, Y.H. Zhang, “An improved artificial bee colony algorithm
for solving optimization problems”, IJAENG International Journal of
Computer Science 43:3, 336-343, 2016.

[5] J. Wang, “New stability criteria for a class of stochastic systems with
time delays”, IAENG International Journal of Applied Mathematics
46:2, 261-267, 2016.

[6] P. Melin, J. Urias, D. Solano, M. Soto, M. Lopez, O. Castillo, “Voice
recognition with neural networks, type-2 fuzzy logic and genetic
algorithms”, Engineering Letters 13: 1-9, 108-116, 2006.

[7]1 Y. Zhang, K.K. Tan, “Global convergence of Lotka-Volterra recurrent
neural networks with delays”, IEEE Transactions on Circuits and
Systems 1: Fundamental Theory and Applications 52: 2482-2489, 2005.

[8] Y.G. Liu, B.B. Liu, S.H. Ling, “The almost periodic solution of Lotka-
Volterra recurrent neural networks with delays”, Neurocomputing T4:
1062-1068, 2011.

[9] J.Y. Shao, L.J. Wang, C.X. Ou, “Almost periodic solutions for shunting
inhibitory cellular neural networks without global Lipschitz activaty
functions”, Appl. Math. Model. 33: 2575-2581, 20009.

[10] C.Z. Bai, “Existence and stability of almost periodic solutions of Hop-
field neural networks with continuously distributed delays”, Nonlinear
Anal.: TMA 71: 5850-5859, 2009.

[11] HJ. Xiang, J.D. Cao, “Almost periodic solution of Cohen-Grossberg
neural networks with bounded and unbounded delays”, Nonlinear Anal.:
RWA 10: 2407-2419, 20009.

[12] Y.K.Li, T.W. Zhang, Z.W. Xing, “The existence of nonzero almost pe-
riodic solution for Cohen-Grossberg neural networks with continuously
distributed delays and impulses”, Neurocomputing 73: 3105-3113, 2010.

[13] T.W. Zhang, “Multiplicity of positive almost periodic solutions in
a delayed Hassell-Varleytype predator-prey model with harvesting on
prey”, Math. Meth. Appl. Sci. 37: 686-697, 2013.

[14] T.W. Zhang, “Almost periodic oscillations in a generalized Mackey-
Glass model of respiratory dynamics with several delays”, Int. J.
Biomath. 7: 1-22, 2014.

[15] T.W. Zhang, X.R. Gan, “Existence and permanence of almost periodic
solutions for Leslie-Gower predator-prey model with variable delays”,
Elect. J. Differ. Equa. 2013: 1-21, 2013.

[16] T.W.Zhang, X.R. Gan, “Almost periodic solutions for a discrete fishing
model with feedback control and time delays”, Commun. Nonlinear Sci.
Numer. Simulat. 19: 150-163, 2014.

[17] M. Bohner, A. Peterson, Dynamic Equations on Time Scales, An
Introduction with Applications, Birkhduser, Boston, Mass, USA, 2001.

[18] S. Hilger, “Analysis on measure chains-a unified approach to contin-
uous and discrete calculus”, Results in Math. 18: 18-56, 1990.

[19] G. Dai, M. Tang, “Coexistence region and global dynamics of a
harvested predator-prey system”, SIAM J. Appl. Math. 58: 193-210,
1998.

[20] D. Xiao, L. Jennings, “Bifurcations of a ratio-dependent predator-prey
system with constant rate harvesting”, SIAM J. Appl. Math. 65: 737-753,
2005.

[21] T.K. Kar, U.K. Pahari, “Non-selective harvesting in prey-predator
models with delay”, Commun. Nonlinear Sci. Numer. Simulat. 11: 499-
509, 2006.

[22] T.K. Kar, A. Ghorai, “Dynamic behaviour of a delayed predator-prey
model with harvesting”, Appl. Math. Comput. 217: 9085-9104, 2011.

[23] E.R. Kaufmann, Y.N. Raffoul, “Periodic solutions for a neutral non-
linear dynamical equation on a time scale”, J. Math. Anal. Appl. 319:
315-325, 2006.

[24] Y. Li, C. Wang, “Uniformly almost periodic functions and almost
periodic solutions to dynamic equations on time scales”, Abstract and
Applied Analysis, vol. 2011, Article ID 341520, 22 pages, 2011.

[25] J. Zhang, M. Fan, H. Zhu, “Existence and roughness of exponential
dichotomies of linear dynamic equations on time scales”, Comput.
Math. Appl. 59: 2658-2675, 2010.

[26] R.P. Agarwal, M. Meehan, D. O’Regan, Fixed Point Theory and
Applications, Cambridge University Press, 2004.

[27] T. Das, R.N. Mukherjee, K.S. Chaudhuri, “Harvesting of a prey-
predator fishery in the presence of toxicity”, Appl. Math. Model. 33:
2282-2292, 2009.

[28] H.K. Baek, “Qualitative analysis of Beddington-DeAngelis type im-
pulsive predator-prey models”, Nonlinear Anal.: RWA 11: 1312-1322,
2010.

[29] ED. Chen, J.H. Yang, L.J. Chen, X.D. Xie, “On a mutualism model
with feedback controls”, Appl. Math. Comput. 214: 581-587, 2009.
[30] Z.J. Liu, J.H. Wu, R.H. Tan, Y.P. Chen, “Modeling and analysis of
a periodic delayed two-species model of facultative mutualism”, Appl.

Math. Comput. 217: 893-903, 2010.

(Advance online publication: 26 November 2016)





