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Dynamics of Two-species Harvesting Model of
Almost Periodic Facultative Mutualism with
Discrete and Distributed Delays

Yongzhi Liao

Abstract—By using Mawhins continuous theorem of coin-
cidence degree theory, some new sufficient conditions for the
existence of at least four positive almost periodic solutions to a
class of two-species harvesting model of facultative mutualism
with both discrete and distributed delays are established.
Further, by constructing a suitable Lyapunov functional, the
local asymptotical stability for the model is also studied. An
example is also given to illustrate the main result in this paper.

Index Terms—Multiplicity; Almost periodicity; Coincidence
degree; Facultative mutualism; Local asymptotical stability.

I. INTRODUCTION

Utualism, an interaction of two-species of organisms

that benefits both (see [1]), is found in many types
of communities. Some notable examples can be found in
papers [2-6]. Mutualism may be obligate or facultative. An
obligate mutualist is a species which requires the presence
of another species for its survival, e.g., some species of
Acacia require the ant Pseudomyrmex in order to survive
(see [7]). A facultative mutualist is one which benefits in
some way from the association with another species but
will survive in its absence, e.g., blue-green algae can grow
and reproduce in the absence of zooplankton grazers, but
growth and reproduction are enhanced by the presence of
the zooplankton (see [8]). Despite the fact that mutualisms
are common in nature, attempts to model such interactions
mathematically are somewhat scant in the literature, in
other words, in theoretical population biology mutualism
has received very little attention compared to that given
to predator-prey interactions or competition among species
(see [9-13]). Inspired by a delayed single-species population
growth model with so-called hereditary effect (see [14-16])
as follows:

Y (t) = y(t)[r(t) — alt)y(t) — b(t)y(t — pu(t))],

where the net birth rate r(¢), the self-inhibition rate a(t), the
reproduction rate b(t), and the delay p(t) are nonnegative
continuous functions. Clearly, such a system involves a
positive feedback term b(t)y(t — w(t)), which is due to
gestation (see [17-18]).

In [10], Liu et al. proposed a delayed two-species system
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modelling “facultative mutualism” as follows:

Yi(t) = ya(t)[r1(t) — ar )y (t)
—bi(O)ya (t — pa(t)) + ex(t)y2(t — v (1))], (L.1)
Y5(t) = ya(t)[r2(t) — a2 (t)y2(t) )
—ba(t)y2(t — pa(t)) + ca(t)yr (t — 1a(t))],

where r;, a;, b;, ¢;, p; and v; are continuous periodic
functions, ¢+ = 1,2. It is obvious that the type of ecological
interaction corresponding to (1.1) is a two-species system
of facultative mutualism, that is, each species can persist in
the absence of the other, however, each species enhances the
average growth rate of the other. From (1.1), we can see
that the mutualism increases the average growth rates of two
species with two different time delays 14 (t) and v (t). This
assumption corresponds to the possible fact that the mutualis-
m has not an effect when they species are infants, and hence
they have to mature for some time before they are capable
of increasing the average growth rate of two-species. In [10],
some sufficient conditions are derived for the existence and
globally asymptotic stability of positive periodic solutions
of system (1.1), by using Mawhin’s continuous theorem and
Lyapunov functional.

In fact, time delays often occur and vary in an irregu-
lar fashion, and sometimes they may be not continuously
differentiable. In addition, if at any time there are always
individuals entering the mature population, the delay will be
continuously distributed. Moreover, in many earlier studies,
it has been shown that harvesting has a strong impact on
dynamic evolution of a population, e.g., see [19-22]. So
the study of the population dynamics with harvesting is
becoming a very important subject in mathematical bio-
economics. By considering the continuous distributed delay
and harvesting term, the aim of this paper is to consider
the following two-species harvesting model of facultative
mutualism with both discrete and distributed delays:

yi(t) = yi(t)[r (t) - al( )yl( )
—bl( f_“ k/’l )dS
+e1(t)y2(t — Vl( ))] hi(t),

410) = 10l - aal Dl (12
—b2( ) J=,., k2 (s)y2(t + 5) ds
+ealt )yl(t - Vz(t))] — ha(1),

where h; (i = 1,2) denote harvesting rate, r;, a;, b;, ¢;, v;
and h; are continuous nonnegative almost periodic functions.

For the last few years, by utilizing Mawhin’s continuation
theorem of coincidence degree theory, many scholars are
concerning with the existence of multiple positive periodic
solutions for some non-linear ecosystems with harvesting
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terms, e.g., see [23-27]. However, in real world phenomenon,
if the various constituent components of the temporally
nonuniform environment is with incommensurable (noninte-
gral multiples) periods, then one has to consider the environ-
ment to be almost periodic [28-32] since there is no a priori
reason to expect the existence of periodic solutions. Hence, if
we consider the effects of the environmental factors, almost
periodicity is sometimes more realistic and more general than
periodicity in science and engineering [33-36]. Unlike the
periodic oscillation, owing to the complexity of the almost
periodic oscillation, it is hard to study the existence of
positive almost periodic solutions of non-linear ecosystems
by using Mawhin’s continuation theorem. Therefore, to the
best of the author’s knowledge, so far, there are scarcely any
papers concerning with the multiplicity of positive almost
periodic solutions of system (1.2) by using Mawhin’s con-
tinuation theorem. Stimulated by the above reason, the main
purpose of this paper is to establish sufficient conditions for
the existence of multiple positive almost periodic solutions
to system (1.2) by applying Mawhin’s continuation theorem
of coincidence degree theory.

If b =0 and v; =0, i = 1,2, then system (1.2) reduces
to the following form

= yi( 2[) 1(( )]* a t)(y)l(t)
C1 t Yy t B}

= 112 t) ra(t) — az(t)y2(t) (13)
+ea(t)y ( )] — ha(t).

By using the continuation theorem of coincidence degree,
Hu and Zhang [10] established the existence of four positive
periodic solutions for system (1.4).

Related to a continuous function f, we use the following
notations:

f!'=inf f(s),

seER

f* =sup f(s),

seR
T
o = sup ). F= tim 7 [ (s

The paper is organized as follows. In Section 2, we
give some basic definitions and necessary lemmas which
will be used in later sections. In Section 3, some sufficient
conditions for the existence of at least four positive almost
periodic solutions to system (1.2) are obtained by means of
Mawhin’s continuous theorem of coincidence degree theory.
An example is also given to illustrate the main result of this

paper.
II. PRELIMINARIES

Mawhin’s Continuous Theorem. ([40]) Let 2 C X be an

open bounded set, L be a Fredholm mapping of index zero

and N be L-compact on Q. If all the following conditions

hold:

(a) Lx # ANz, Vo € 00N DomL, A € (0,1);

(b) QNz #0, Vr € 002 NKerL;

(c) deg{JQN,QNKerL,0} # 0, where J : Im@) — KerL
is an isomorphism.

Then Lx = Nz has a solution on Q N DomlL.

Definition 1. ([39]) Let z € C(R) = C(R,R). x is said to
be almost periodic on R, if for Ve > 0, the set

T(x,e) ={7:|x(t+71)—z(t)| <eVteR}

is relatively dense, i.e., for Ve > 0, it is possible to find a
real number | = [(e) > 0, for any interval length I, there
exists a number 7 = 7(€) € T'(x, €) in this interval such that

lz(t+7) —z(t)] <e VieR.

7 is called to the e-almost period of z, T'(x,€) denotes the
set of e-almost periods for  and [(e) is called to the length
of the inclusion interval for T'(x, €).

Let AP(R) denote the set of all real valued almost

periodic functions on R and

APR,R") = {(xl, T, ... ,x”)T

z; € AP(R),i = 1,2,...,n,n€N+}.

Lemma 1. ([32]) Assume that x € AP(R) N CY(R) with
a2’ € C(R), for Ve > 0, there is a point &, € [0,400) such
that

z(&) € and ' (&) =0.

Lemma 2. ([32]) Assume that = € AP(R) N CY(R) with
' € C(R), for Ve > 0, there is a point 1. € [0, +00) such

that
z(ne) €

[ — €, 27

and ' (n.) =0.

[l'*,x* + E]

III. MULTIPLICITY

Now we are in the position to present and prove our result
on the existence of at least four positive almost periodic
solutions for system (1.2).

Under the invariant transformation (y1,92)7 =
(e*1,e*2)T, system (1.2) reduces to
i(t) = ri(t) — ar(t)e” ")
bl(t) jo kl (s)x1(t+s)ds
1% h/l
+er(te al-n0) @, -~
wh(t) = ra(t) — az(t)e>) '
b (t) f0“2 k‘z S)a}z(t+8) ds
1 V2 ha(t
Fea(t)em(tra(®) :2(“)).

For © € AP(R), we denote by
1 (T
lim —/ x(s) ds,
0

T—o0

T—o0

1 /T .
li = —iws
70 T /0 w(s)e”ds # O}
the mean value, the Bohr transform and the set of Fourier

exponents of x, respectively.
Set X =Y =V; P V,, where

I :
a(x,w) = lim —/ x(s)e™ 7% ds,
0

A(a:):{weR:

V= {U} = (a?l,l‘g)T S AP(R, Rz) :

Vw S A(Il) U A(l‘g), \w\ Z 90},

V2 {w - (1‘173}2) (k17k2)T7k17 k? S R}>
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where 6 is a given positive constant. Define the norm

sup |za(s )|}, Yw e X =Y.

ol = max{sup 21(s)],
seR seR

Lemma 3. ([32
-1l
Lemma 4. ([32]) Let L : X — Y, Lw = L(x1,22)T =

1) X and Y are Banach spaces endowed with

(2, 25)T, then L is a Fredholm mapping of index zero.
Lemma 5. ([32]) Define N : X - Y, P : X — X and
Q:Y—Y by

Nw = N(””l)
T2

ri(t) — ar(t)em ") — b1(t)ef3m k(s)z1(t+s) ds
_ Fen(pens(ta0) — Bl
T2(t) - a2(t)€fﬂ2(t) — b2(t)ef7 ka(s)z2(t+s)ds
+C2(t)611(tfl/2(t)) hz(t)

e2t)

)

pw_p(®)_ m(x1)
T m(x2)
1 Ty (s)ds
= lim — [ 79! =Qu, YweX=Y
T—o0 Jo z2(s)ds
Then N is L-compact on QS is an open and bounded subset

of X).
Theorem 1. Assume that
(Ho) ht>0i=1,2
(H1) ajah > cicy,
(H) 7t —bverr + clersr > 2, /ahy, rh — bYer? + chers >
24/a4hy, where

p1:=1In {T%aé + clfrg] , p2:=1In {7’5‘ ez ] )

71 i
ajag — ¢ycy )

R} Rt
pyi=ln || gl ||,
r{ + cler? ry + cyert
then system (1.2) admits at least four positive almost peri-
odic solutions.

Proof: It is easy to see that if system (3.1) has one al-
most periodic solution (Z1,72)7, then (71, 72)T=(e®1, e¥2)T
is a positive almost periodic solution of system (1.2). There-
fore, to complete the proof it suffices to show that system
(3.1) has four almost periodic solutions.

In order to use the Mawhin’s continuous theorem, we
set the Banach spaces X and Y as those in Lemma 3 and
L,N, P,Q the same as those defined in Lemmas 4 and 5,
respectively. It remains to search for an appropriate open and
bounded subset 2 C X.

Corresponding to the operator equation Lw = Aw, A €
(0,1), we have

zi(t) = A[ri(t) — ay (t)e*r®)
—bl(t) fn;q k1(s)x1(t+s)ds
+Cl(t) wz(t lll(t _ hl(t)]

er1(t) |
wy(t) = A[ 2(t) = az(t)e™")
(t 6f7“2 ko(s)xa(t+s)ds

)
+02(t) 1 (t—v2(t)) _ hz(t)]

zo(t) |°

(3.2)

Suppose that (21, 22)7 € DomL C X is a solution of system
(3.2) for some A € (0,1), where DomL = {x € X : z €
Cl(R),2' € C’(R);. By Lemma 3, for Ve € (0, 1), there are
two points 551),522 € [0, 400) such that

x/l(ggl)) =0, ml(&él)) € [x*lﬁ - 67'73){];

2h(€) =0, z2(6?) € [23 — €, 23],

where x7 = sup,cg 21(s) and 25 = sup,cg *2(5).

(3.3)

Further, in view of (H;), we may assume the above € is
small enough so that

alal > e*clcy.

From system (3.2), it follows from (3.3) that
a1 (EM)e1 (€
0 . ha( (1))
(D) [ (e g g
) —p1 efl(ée )

(€D + o1 (ED)er2 (€ =€)

(3.4)

ag (55(2))612(522))

0
+hy(€) / ka(5)e™2 € =9) ds +
—H2

= 12(E2) + cp(€P)en €7~ (€™,

ha( (2))
em2(5£2))
3.5)

In view of (3.4), we have from (3.3) that
aheti = < ay(e))eri €M)
ri(€) + e (€M) e e

.
< ri 4 cfe’?

A

That is,

abe™l < erl + efclem (3.6)

Similarly, we obtain from (3.5) that

abe™ < erl + efcle® 3.7)
Substituting (3.7) into (3.6) leads to

b1

ababe™ < e‘rial + e[ ry + efcte™],

which implies that
[allaé — 62601{0“} o< e“rital, + e*ciry

is equivalent to

e‘riab + 626611‘7‘75:|

,
= Sln{ atab — e2eclicy
102 162

Letting € — 0 in the above inequality leads to

rual +Curu
i <In “f” = p1. (3.8)
ajag — cycy

Substituting (3.8) into (3.7) leads to
abe™ < erld + efclerlt.

Letting € — 0 in the above inequality leads to

" rd 4+ chef?
25 <In {2 alQ } = pa. (3.9)
2
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Also, by Lemma 4, for Ve € (0,1), there are two points
0 e [0, +00) such that

() =0, z1(ntY) € (214, 214 + €5

wy (1) = 0, 22(n?) € [w20, w2x + €], (3.10)
where x1, = infser 21(s) and 22, = inf cr 22(s).
From system (3.2), it follows from (3.10) that
a1(77£1))e”1(’751))
0 (1)
hi(ne
+b1 (1)) / ka(s)en (=) g5 4 2 (77(15)
— 1 exl(ne )
=r (7721)) +c (ngl))ewz(nil)fVl(nil))), (3.11)
as(n?)er2 ()
0 (2)
ha(ne
+b2(7)£2))/ k2<8)ew2(n£1>—s) ds + L@))
— 2 6xg(77€ )
= 7y (7722)) + o (7722))611(7722)*V2(77£2)))' (3.12)

In view of (3.11), we have from (3.8)-(3.10) that
l (1)
hi < hi(ne”)

eTixte — eﬂh(nﬁ”)
D) + o1 (D)2 () = ()

u U P2
ry +cie.

IAIA

That is,

l
ewl* > — hl -
- € 0
ec(r{ + cjer)

is equivalent to

> 1 h
e >In | ————|.
be = ec(ri 4 cler?)

Letting € — 0 in the above inequality leads to

hl
T1x > In {1] = p3.

3.13
ri + cjer? ( )

By a parallel argument as that in (3.13), we can obtain
that

hl
Toy > In [2] = py. (3.14)

ry + cierr

In view of (3.4) and (3.11), we have that

kl(S)e“(&il)_s) ds

7 (n))
mam 2Tt A

+

which yield that

ate2m1 M) (bl _puerr 4 chepayemi (€M) 4 pu > )

allte%l(ni”) — (r — berr + cllem)eacl(nil’) + R >0,
which imply from (H) that
w1(€M) > Ik, 21 (¢Y) <kl

(V) >k, (V) <kl

where

1 rll — bjefr + clle”4 £ 24 /ayh}
K’:I: = 20/? .

Letting € — 0 in the above inequalities lead to
] > ln,‘il+ or z7 < Ink!,
z1. >kl or <kl (3.15)
By a similar argument as that in (3.15), we obtain that
x5 > ln,‘<;2+ or x5 < Ink?,
Toyx > In Kji or o, <In /@3, (3.16)

where
7"12 — byer? + cée”3 £ 2/ayhy
- .
2ay

From (3.8)-(3.9) and (3.13)-(3.16), it follows that

W2
ps < x1(t) <lnk' or lnm}Ir <z1(t) < p1, (3.17)

pa < xo(t) < InkZ or lnni < xo(t) < p2. (3.18)

Obviously, In k1, In /ﬁi,' P1, P2, p3 and py are independent

of A Let &; = - (5 — 1 9) and

Q) = {w (xl,xz)T eX:1l—p3<ai(t) <Ink! +¢,
pa— 1 <aa(t) < Ink? +e9,Vt € R},

Qy = {w = (xl,xQ)T €EX:1—p3<ai(t)<lnk! +e,
111/{3_ —egg < xo(t) < pa + 1,Vt € R},

Q3 = {w = (z1,12)T €X: ln%fF —a <z(t)<p1+1,
ps—1 < xo(t) <Ink? +eo,Vt € R},

Q= {w = (xl,xg)T e X: ln/ii_ —eg1<z(t) < p1 + 1,

ln/@'i — &2 < .I‘Q(t) < p2+1,Vt e R}

Then 4, Q9, Q3 and Q4 are bounded open subsets of X,
LNQ; =040 # 34, 4,5 = 1,2,3,4. Therefore, 2y, Qo,
Q3 and €y satisfy condition (a) of Mawhin’s continuous
theorem.

Now we show that condition (b) of Mawhin’s continuous
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theorem holds, i.e., we prove that QNw # 0 for all w =
(r1,22)7 € 0 NKerL = 0Q; NR2, i = 1,2,3,4. If
it is not true, then there exists at least one constant vector
wo = (29,297 € 0Q; (i = 1,2, 3,4) such that

—_ &zl
72 — dgemg — bgezg —+ 526‘73(1) — L% =

x

N Y - R S
{m —a1e”1 — b1e®1 + ¢1e"2 — =5 =0,
e 2

Similar to the argument as that in (3.17)-(3.18), it follows
that
p3 < 1’(1) <Ink! or lnni < 1’(1) < p1,

ps <29 <Ink®> or ln,‘{z+ <9 < po.

Then wy € Q1 NR2 or wy € Ny NR2 or wy € Q3 NR? or
wo € 4 NR2. This contradicts the fact that wy € 9€Y; (i =
1,2,3,4). This proves that condition (b) of Mawhin’s con-
tinuous theorem holds.

Finally, we will show that condition (¢) of Mawhin’s
continuous theorem is satisfied. Let us consider the homotopy

H(t,w) = tQNw + (1 — 1)®w, (1,w) € [0,1] x R?,
where
o m = h
(I)wq)(:m) rl—alel—i-clepz—%Tll .
€2 Ty — (7,26‘732 + Egepl — 61,22
From the above discussion it is easy to verify that H (¢, w) #

0 on 9Q; NKerL, Vi € [0,1], i = 1,2, 3, 4. Further, ®w =0
has four distinct solutions:

(z},25)" = (nay, mnazy)", (v7,95)" = (maf, nag)”,
(ui,u3)" = (Inaf, nzy)", (vf,03)" = (Inay, naf)",
where
ke V(1 + ere)? — dashy
= - :

2&1

+ To + Coefl \/(772 + 526’)1)2 — 462B2
zy = — .

2&2

It is easy to verify that
ps <Ilnzy <Ilnky <lnk <lnzf < pi,
pa<Inzy <lnk, <Inki <lnad < po.

Therefore

(a7,23)7 € Q,

(u3,u3)" € Qs,

(vf,v3)" € Qa,
(1, 93)" € Qa.
A direct computation yields

deg (<I>, Q; NKerL, O)
—a,e®l + e% 0

—age”: +
! |:( ’ i }_Ll )
sign| | —aie™ + —
et
< h
8 ( - a2ex2 + w2*>:|
ez @(z* *)TIO

1,%2

= sign |:(7"1 — 2@16$1 + 61€p2>

= sign s
e”2

q)(l‘f,’z;)’r:()

X (T‘Q — 2a9e™? + 626p1>:| R
@(Tiﬂ’T;)T:O

where ¢ = 1,2, 3,4. Thus

deg (<I>, O NKerL, 0) = sign |:<771 — 24,27 + 516p2>
X (Tz —2a2w, + cze’”)] =1,

deg (@, 9 NKerL,0) = sign Kﬁ a4+ 516p2>
X (72 —2asx3 + Ege’“)} =1,

deg (<I>, Q3 NKerL, 0) = sign [(7«1 —2mxt + Clem)

X (7‘_2 — 2(_12172_ + Egepl)] = 717
deg (<I>, Q4 N KerL, O) = sign [(rl — 2d1xf + cle”2>

X (’I“Q — 2@237;_ + 626p1>} =1.
By the invariance property of homotopy, we have
deg (JQN, Q;, NKerL, O) = deg (QN, Q;, NKerL, 0)
= deg (®,Q; NKerL,0) #0, i=1,234,

where deg(-, -, -) is the Brouwer degree and J is the identity

mapping since Im(@) = KerL. Obviously, all the conditions of

Mawhin’s continuous theorem are satisfied. Therefore, sys-

tem (3.1) has four almost periodic solutions, that is, system

(1.2) has at least four positive almost periodic solutions. This

completes the proof. ]
From the proof of Theorem 3.1, we can show that

Corollary 1. Assume that (Hy)-(Hz) hold. Suppose further
that r;, a;, b;, ¢;, v; and h; of system (1.2) are continuous
nonnegative periodic functions with different periods, i =
1,2, then system (1.2) admits at least four positive almost
periodic solutions.

Corollary 2. Assume that (Hy)-(Hz) hold. Suppose further
that r;, a;, b;, ¢;, v; and h; of system (1.2) are continuous
nonnegative w-periodic functions, i = 1,2, then system (1.2)
admits at least four positive w-periodic solutions.

Remark 1. In system (1.2), when b; = 0 and v; = 0,
1 = 1,2, Hu and Zhang [10] obtained Corollary 2, but they
couldn’t obtain Corollary 1. Therefore, the main result in this
paper extends their work in article [10].

IV. LOCAL ASYMPTOTICAL STABILITY

In this section, we will construct some suitable Lyapunov
functions to study the local asymptotical stability of system
(1.2).

Theorem 2. Assume that
(H3) there exist two positive constants y; and y5 such
that © = min,—; o{r; —2a;y; — by’ — ¢y } > 0.
Then system (1.2) is locally asymptotically stable.
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Proof: Let B := {y = (y1,92)7 € R? : 0 < y; < Integrating the last inequality from Ty to ¢ leads to
yi,i = 1,2}. Assume that y(t) = (y1(t),y2(t))T € B and

y*(t) = (y5(t),v3(t))T € B are any two solutions of system V(Tp) +© Z/ lyi(s ()| As < V(t) < +oo,
(1.2). In view of system (1.2), fort e RT, i =1,2,...,n
we have that s,

(ya(t) — 5 (2)

= 1 (1) [ () — v} (1) Z / lyi(s) = 7 ()] As < +oo,
—a1(8) [y1 () +y1 (8] {51 (t) — 91 (2)
[ 0 ' } [ ' ] which implies that
5O [ ka6 ) - i+ )] ds :
— M1 — * =
e * >l ) i) =0

“0u(0) [ (i) dsfun () - i o) :

—m Thus, system (1.2) is locally asymptotically stable. This
+e1(B)ys (t — 1) [yr (8) — y5 (1)] completes the proof. ]
+e1(B)yi (t) [ygit —v1) = y5(t — )] Theorem 3. Assume that (Hy)-(Hs) hold. Then the unique

> ri(t) [yl(t) — W (t)] almost periodic solution of system (1.2) is locally asymptot-
—a1 2y} |y1(t) — yi (0)| ically stable.
0
b [ k)l - i+ )] ds
. V. AN EXAMPLE
—biyy |yl (t) —un (t)|
=1 (t)ys |ya (t) — yi (1)] Example 1. Consider the following almost periodic model:

—ayi|ya(t — 1) —y3(t — )|, yi(t) = i (t)[1 —al(t)yl( )

similarly, —by(t) [° 1o 2€°y1(t 4+ 5)ds

()
o(t) — w3 (1)) +y2(t — 2)] — 0.05,
et~ a0 4 = ()1~ w2(0e(t) G
0
(

* Y2
> raft t) —ys(t
Z 2,()[3/*2() y2(2] —by f n 326 Sya(t+s)ds
—a2y3 Iyoz(t) —y3(t)] oy (t — cos? )] — 0.069,
—bays / ka(s)|y2(t + s) —ys(t+ s)|ds where
? — 2 ‘ 2 ’ ( ay ) _ ( 1—|—O5|COS\/§t‘ )
—bays |y2(t) — y5 (1) as 2.3 ’
—C2(t)yi |ya(t) — y3(t)] b\ 0.02
—EgyS‘yl (t —v2) — yi(t — )| by} \ 0.02+0.01cos?(v/2t) )
Obviously, 7t =r¥ =rb=r¥ =1, =cl =ch =c¥ =1,
Let al =1,a} =15 d), = a¥ = 2.3, b, =b¥ =0.02, b, =
B 0.02, b% = 0.03, h} = h} = 0.05, b}, = h¥ = 0.069. It is
V() =Vi(t) = Va(t) = Va(0), easy to see that
where l

2 alab =23 >1=clcy.

i(t) = ; ly:(8) =i ()], So (H1) holds. By a easy calculation, we can obtain
2 0 t el = 3.31, e ~1.87, e =x0.02, e =0.02.
= §:j b [ RGl —vi0]atas,

i —blerr + cleft = 0.9538 > 2v/0.075 = 2\/a}hY,
% 3—1 - *71‘ ds.
ZC Y; /t ’ys (s) —v3 (3)| s 7“12 — blUer? + Céep:’ = 0.9639 > 2v/0.1587 = 2\/a5h’5,
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which imply that (Hs) holds. Therefore, all the conditions in
Theorem 1 are satisfied. By Theorem 1, system (4.1) admits
DYV (t) at least four positive almost periodic solutions.

Hence we can obtain from (H7)-(Hy) that

2 . N Remark 2. Clearly, system (4.1) is with incommensurable

2 Z = 2y} — biyi —&y)lyi(t) — i (2)] periods. Through lel }t,he coefficients of system (4.1) are

=t ) periodic functions, the positive periodic solutions could not

Z ) possibly exist. However, by the work in this paper, the

p positive almost periodic solutions of system (4.1) exactly
exist.

(Advance online publication: 10 February 2018)
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VI. CONCLUSIONS

By using a fixed point theorem of coincidence degree
theory, some criterions for the multiplicity of positive almost
periodic solution to a kind of two-species harvesting model
of facultative mutualism with both discrete and distributed
delays are obtained. Theorems 1 gives the sufficient condi-
tions for the multiplicity of positive almost periodic solution
of system (1.2). Theorems 2 gives the sufficient conditions
for the local asymptotical stability of system (1.2). The
results obtained in this paper are new and different from
the results in [10, 12]. Therefore, The method used in this
paper provides a possible method to study the multiplicity of
positive almost periodic solution and the local asymptotical
stability of the models in biological populations.

ACKNOWLEDGEMENTS

This work are supported by the Funding for Applied
Technology Research and Development of Panzhihua City
under Grant 2015CY-S-14 and Natural Science Foundation
of Education Department of Sichuan Province under Grant
15ZB0419.

REFERENCES

[1] E.P. Odum, “Fundamentals of ecology”, third ed., Saunders, Philadel-
phia, 1971.

[2] L.E. Gilbert, “Ecological consequences of a coevolved mutualism be-
tween butterflies and plants”, in: Gilbert, P.H. Raven (Eds.), Coevolution
of animals and plants, University of Texas Press, Austin, 1975.

[3] M.E. Hale, “The Biology of Lichens”, second ed., Arnold, London,
1974.

[4] R.C. Burns, R.W. Hardy, “Nitrogen fixation in bacteria and higher
plants”, Springer-Verlag, New York, 1975.

[5] L.R. Batra, “Insect-fungus symbiosis: nutrition, mutualism and com-
mensalism”, Proc. Symp. Second International Mycological Congress,
Wiley, New York, 1979.

[6] J. Roughgarden, “Evolution of marine symbiosis-A simple cost-benefit
model”, Ecology 56: 1201-1208, 1975.

[7] D.H. Janzen, “Coevolution of mutualism between ants and acacias in
Central America”, Evolution 20: 249-275, 1966.

[8] K.G. Porter, “Enhancement of algal growth and productivity by grazing
zooplankton”, Science 192: 1332-1334, 1976.

[9] Y.H. Xia, J.D. Cao, S.S. Cheng, “Periodic solutions for a Lotka-Volterra
mutualism system with several delays”, Appl. Math. Model. 31: 1960-
1969, 2007.

[10] Z.J. Liu, R.H. Tan, Y.P. Chen, L.S. Chen, “On the stable periodic
solutions of a delayed two-species model of facultative mutualism”,
Appl. Math. Comput. 196: 105-117, 2008.

[11] ED. Chen, J.H. Yang, L.J. Chen, X.D. Xie, “On a mutualism model
with feedback controls”, Appl. Math. Comput. 214: 581-587, 2009.
[12] Z.J. Liu, JH. Wu, R.h. Tan, Y.P. Chen, “Modeling and analysis of
a periodic delayed two-species model of facultative mutualism”, Appl.

Math. Comput. 217: 893-903, 2010.

[13] C.Y. Wang, S. Wang, FP. Yang, L.R. Li, “Global asymptotic stability
of positive equilibrium of three-species Lotka- Volterra mutualism mod-
els with diffusion and delay effects”, Appl. Math. Modell. 34: 4278-
4288, 2010.

[14] M. Fan, K. Wang, “Periodic solutions of single population model with
hereditary effect”, Math. Appl. 13: 58-61, 2000 (in Chinese).

[15] R.K. Miler, “On Voterra’s population equation”, SIAM J. Appl. Math.
14: 446-452, 1996.

[16] H. Fujimoto, “Dynamical behaviours for population growth equations
with delays”, Nonlin. Anal. TMA 31: 549-558, 1998.

[17] H.I Freedman, J.H. Wu, “Periodic solution of single species models
with periodic delay”, SIAM J. Math. Anal. 23: 689-701, 1992.

[18] Z.J. Liu, L.S. Chen, “Periodic solution of neutral Lotka-Volterra
system with periodic delays”, J. Math. Anal. Appl. 324: 435-451, 2006.

[19] G. Dai, M. Tang, “Coexistence region and global dynamics of a
harvested predator-prey system”, SIAM J. Appl. Math. 58: 193-210,
1998.

[20] D. Xiao, L. Jennings, “Bifurcations of a ratio-dependent predator-prey
system with constant rate harvesting”, SIAM J. Appl. Math. 65: 737-753,
2005.

[21] T.K. Kar, UK. Pahari, “Non-selective harvesting in prey-predator
models with delay”, Commun. Nonlinear Sci. Numer. Simulat. 11: 499-
509, 2006.

[22] T.K. Kar, A. Ghorai, “Dynamic behaviour of a delayed predator-prey
model with harvesting”, Appl. Math. Comput. 217: 9085-9104, 2011.

[23] W.P. Zhang, D.M. Zhu, P. Bi, “Multiple positive periodic solutions
of a delayed discrete predator-prey system with type IV functional
responses”, Appl. Math. Lett. 20: 1031-1038, 2007.

[24] Z.Q. Zhang, T.S. Tian, “Multiple positive periodic solutions for a
generalized predator-prey system with exploited terms”, Nonlinear
Anal.: RWA 9: 26-39, 2008.

[25] H. Fang, Y.F. Xiao, “Existence of multiple periodic solutions for delay
Lotka-Volterra competition patch systems with harvesting”, Appl. Math.
Model. 33: 1086-1096, 2009.

[26] Z.Q. Zhang, J.B. Luo, “Multiple periodic solutions of a delayed
predator-prey system with stage structure for the predator”, Nonlinear
Anal.: RWA 11: 4109-4120, 2010.

[27] EY. Wei, “Existence of multiple positive periodic solutions to a
periodic predator-prey system with harvesting terms and Holling III
type functional response”, Commun. Nonlinear Sci. Numer. Simulat.
16: 2130-2138, 2011.

[28] T.W. Zhang, Y.K. Li, Y. Ye, “On the existence and stability of a unique
almost periodic solution of Schoener’s competition model with pure-
delays and impulsive effects”, Communications in Nonlinear Science
and Numerical Simulation 17: 1408-1422, 2012.

[29] T. W. Zhang, X. R. Gan, “Almost periodic solutions for a discrete fish-
ing model with feedback control and time delays”, Commun. Nonlinear
Sci. Numer. Simulat. 19: 150-163, 2014.

[30] Y.Q. Li, T.W. Zhang, “Almost periodic dynamics in a nonautonomous
bi-directional consumer-resource system with time delays”, Comp. Appl.
Math. 35: 559-577, 2016.

[31] T.W. Zhang, “Multiplicity of positive almost periodic solutions in a
delayed Hassell-Varley type predator-prey model with harvesting on
prey”, Math. Meth. Appl. Sci. 37: 686-697, 2013.

[32] T.W. Zhang, “Almost periodic oscillations in a generalized Mackey-
Glass model of respiratory dynamics with several delays”, Int. J.
Biomath. 7: 1-22, 2014.

[33] T.C. Kuo, Y.J. Huang, “Global stabilization of robot control with
neural network and sliding mode”, Engineering Letters 16:1, 56-60,
2008.

[34] Y.L. Yu, L. Ru, K. Fang, “Bio-inspired mobility prediction clustering
algorithm for ad hoc uav networks”, Engineering Letters 24:3, 328-337,
2016.

[35] X. Li, S. Kher, S.M. Huang, V. Ambalavanar, Y. Hu, “Component
modeling and system level simulation of aircraft electrical systems”,
Engineering Letters 24:2, 178-186, 2016.

[36] L. Yang, Y.H. Yang, Y.Q. Li, T.W.Zhang, “Almost periodic solution
for a Lotka-Volterra recurrent neural networks with harvesting terms on
time scales”, Engineering Letters, 24:4, 455-460, 2016.

[37] J. Wang, “New stability criteria for a class of stochastic systems with
time delays”, IAENG International Journal of Applied Mathematics
46:2, 261-267, 2016.

[38] P. Melin, J. Urias, D. Solano, M. Soto, M. Lopez, O. Castillo,
“Voice recognition with neural networks, type-2 fuzzy logic and genetic
algorithms”, Engineering Letters 13: 1-9, 108-116, 2006.

[39] AM. Fink, “Almost Periodic Differential Equation”, Spring-Verlag,
Berlin, Heidleberg, New York, 1974.

[40] R.E. Gaines, J.L. Mawhin, “Coincidence Degree and Nonlinear Dif-
ferential Equations”, Springer, Berlin, 1977.

(Advance online publication: 10 February 2018)





