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Abstract—In this paper, a two-echelon supply chain that 

includes one manufacturer and one retailer is considered. In 

this supply chain, the manufacturer plays the dominant role. To 

increase sales, the manufacturer needs to engage in selling. This 

paper assumes that the manufacturer provides this selling effort 

and bears the cost. To reflect the various factors of uncertainty 

in a real economy, the market demand function, manufacturing 

costs, and retail operating costs are considered to be fuzzy 

variables. The Stackelberg game is adopted to solve the problem 

between the retailer and the manufacturer. The expected value 

and the chance constrained models are introduced to solve for 

optimal decisions. The optimal wholesale price and the 

marginal profit per unit that are at equilibrium in each model 

are provided to determine the maximum profit for the retailer 

and the manufacturer. Finally, a numerical example illustrates 

the effectiveness of the supply chain game model. 
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I. INTRODUCTION 

DVANCEMENTS in science and technology create 

challenges for manufacturers because these 

advancements intensify the competition in a market 

environment. For manufacturers to succeed in this 

competitive environment, they must attain customer 

satisfaction through well-functioning value delivery systems 

in supply chains. Consequently, heightened research interest 

exists as regards supply chains and supply chain 

management. At the same time, a growing number of 

enterprises are beginning to strengthen the management and 

coordination of their supply chains to improve their 

competitive advantage. For example, Procter & Gamble, 

Hewlett-Packard (HP), and other multinational companies 
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have enhanced their competitiveness in international markets 

by improving the operation and management of their supply 

chains. From the perspective of the market system, the core 

issue of the supply chain is coordinating the relationship 

among the various members to achieve a win-win situation 

for all. However, in most cases, each member within a supply 

chain acts as an independent node that maximizes its own 

benefits on the basis of its unique power and position within 

the supply chain. 

In 1952, when the German economist Stackelberg studied 

problems in a market economy, he proposed a 

leader–follower hierarchical decision-making structure, also 

known as the Stackelberg problem or the Stackelberg game. 

The theory holds that a supply chain of independent entities 

has two types of decision makers that make their own 

independent decisions. The firm that dominates the supply 

chain is at a higher decision-making level and the followers 

are at a subordinate level. After making a decision, the 

dominant party can predict the followers’ reactions and, thus, 

make the best decision through this process. Then, within the 

constraints of the dominant player’s decision, followers can 

make their best decisions. The Stackelberg model has a wide 

range of applications in the fields of relationship coordination 

among firms, contract design of demand and supply, supply 

chain distribution channel design, inventory management, 

and others. 

Faced with fierce market competition, enterprises have 

changed the form of their supply chains. Researchers are 

increasingly studying competition from the perspective of 

marketing and the choice of different channel structures. 

Reference [1] analyzed the Bertrand competitive behavior 

of two manufacturers that sell their products through their 

respective retailers under deterministic demand conditions. 

By studying the interactions among channel structure 

decisions, [2] further analyzed the reasons behind the 

conclusions proposed by [1] and presented the conditions that 

need to be met. From the perspective of the manufacturer, 

reference [3] divided customers into two categories—service 

sensitive and price sensitive—and found that when both 

types of customers are less sensitive to service, it is more 

advantageous for manufacturers to construct the network 

channel. Reference [4] studied different marketing channels 

in different duopoly markets and found that integrated 

marketing channels were more price competitive than 
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marketing channels of independent middlemen. Reference 

[5] studied the pricing game and equilibrium under the simple 

direct channel structure, the simple retail channel structure, 

and the dual channel structure. They found that the 

manufacturer’s profits under the dual channel structure were 

always higher than those under the pure retail channel 

structure. Reference [6] analyzed industrial equilibrium 

under three structures: vertical integration, the manufacturer 

Stackelberg game, and the price bargaining structure. 

Reference [7] considered three situations and a supply chain 

with only one manufacturer and one retailer. The first 

situation had only one manufacturer, the second situation had 

a manufacturer in a manufacturer-led chain, and the third 

situation had a manufacturer in a retail-dominated chain. The 

respective strength within the supply chain was analyzed, and 

the paper concluded that the change in chain dominance had 

no effect on intra-chain competition.  

Coordination is the basis for the stable operation of supply 

chain management and operation. Supply chain coordination 

refers to the compatibility of the goals of the members within 

the chain, such that the supply chain operation is coordinated. 

Hence, supply chain members that optimize their own 

interests can ensure that the entire supply chain’s interests are 

maximized. Reference [8] put forward a more practical 

supply chain coordination mechanism—the Stackelberg 

game under an uncertain just-in-time (JIT) delivery 

condition—and considered the interaction form of intra-chain 

members’ decision making to deduce the Stackelberg 

equilibrium solution. Reference [9] studied the coordination 

of two competing supply chains in the context of customer 

service competition, and [10] studied the supply chain 

competition and coordination problem of a two-channel 

supply chain using Nash’s game theory. The study designed a 

type of coordination contract mechanism that combines a 

buyback and a reward-punishment scheme to realize the 

coordination of a two-channel supply chain. Reference [11] 

analyzed the optimal order quantity of the members of a 

dual-channel supply chain under the constraints of a 

retailer-dominated Stackelberg game and found that the 

entire system lacked coordination. They proposed a reverse 

revenue sharing contract and transfer payment combination 

contract to realize the coordination of the entire two-channel 

supply chain system. Reference [12] proposed the conditions 

and assumptions for the overall performance optimization of 

a supply chain by analyzing several cooperative models. 

Reference [13] considered product substitution among 

different channels under the Stackelberg game led by a 

manufacturer. They studied the inventory coordination 

problem between traditional and electronic channels by 

establishing two-party revenue sharing contract models with 

a coordinated dual channel supply chain. 

Product pricing in supply chains has been an intensely 

studied topic in academic research. Reference [14] 

considered the duopoly game under linear and nonlinear 

demand and analyzed the price competition model of a 

supply chain with two competing retailers. References [15] 

and [16] expanded reference [14] and analyzed supply chains 

with two manufacturers and two retailers, respectively. 

References [17] studied the price competition problem with 

two manufacturers and one retailer in a fuzzy environment 

where the costs and parameters of the demand were regarded 

as fuzzy variables.Reference [18] analyzed the pricing 

strategy of the supplier and the retailer in different channels 

and constructed Bertrand and Stackelberg double channel 

price competition game models that consider the impact of 

price and service on demand. Reference [19] found that if 

delivery time is shortened, manufacturers’ online prices 

increase through the establishment of dual channel supply 

chains. In recent years, the coordination strategy of quantity 

discounts has been widely studied in manufacturers’ and 

retailers’ supply chains. Reference [20] studied three 

distribution channel models and concluded that a quantity 

discount is more effective on price sensitivity. Reference [21] 

constructed a two-stage supply chain containing a 

manufacturer and a retailer and studied the coordination 

mechanism of the dual channel of retailer and manufacturer. 

They concluded that the quantity discount contract can 

coordinate the retailer’s dual channel. 

Numerous papers studied channel pricing, inventory 

management, and competition. However, few related to 

selling efforts even though a positive relationship exists 

between selling efforts and competition. Analysis of the 

status of a supply chain can assist manufacturers in 

dominating the supply chain, and this status also allows them 

to engage in greater selling efforts. Therefore, it is more 

realistic to analyze the supply chain game, including the 

concept of sales efforts. This paper analyzes the supply chain 

game dominated by a manufacturer that simultaneously 

engages in selling. 

 The paper is organized as follows. In Section II, we briefly 

described the problem and the notations that will be used in 

the following sections. In Sections III, we developed the 

decentralized decision-making system. In Section IV, a 

numerical example is given to illustrate the solutions for 

proposed models. Section V summarizes the work. 

II. PRELIMINARIES 

The fuzzy theory is based on the fuzzy set. The basic 

concept of the theory assumes the existence of fuzzy 

phenomena and addresses the concept of fuzzy or uncertain 

things as its research objective [22]. Fuzzy theory employs 

}{APos  to describe the probability of event A. }{APos  must 

have certain properties to ensure its rationality in practice 

[23]. 

Suppose Θ  is a non-empty set and )Θ(P  is the power set 

of Θ . Then: 

Axiom 1. 1}Θ{ P . 

Axiom 2. 1}Φ{ P . 

Axiom 3. For any set }{ iA  in )Θ(P , 

}{sup}{ iiii APosAUPos  .  

If these three axioms are satisfied, fuzziness is a 

characteristic with a possibility measure, and the three 

( , ( ), )P Pos   form a possibility space.  
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Certain definitions and properties as subsequently listed 

serve as the premise and foundation for the remainder of this 

paper.  

Definition 1. If the fuzzy variable ξ  is a function from a 

possibility space ( , ( ), )P Pos   to a real line R , then ξ  can 

be said to represent the definition of a fuzzy variable in a 

possibility space ( , ( ), )P Pos   [24]. 

Definition 2. Fuzzy variable ξ  is a non-negative (or 

positive) variable if and only if 0}0ξ{ Pos (or 

0}0ξ{ Pos ) [25]. 

Proposition 1. Suppose that iξ  is a mutually independent 

fuzzy variable, RRfi : ，  mi ,...2,1 . Then, )ξ( 11f , 

)ξ( 22f , ..., )ξ( mmf  are also mutually independent fuzzy 

variables [24]. 

Definition 3. Provided that ξ  is a fuzzy variable defined in 

the possibility space ( , ( ), )P Pos   and (0,1]α , then: 

}α}rξ{|inf{ξL

α  Posr  and }α}rξ{|sup{ξU

α  Posr  

are referred to as the α -pessimistic and α -optimistic values 

of fuzzy variable ξ . 

Here, r is the value of fuzzy variable ξ  with possibility 

α . The -α pessimistic value 
L

αξ  is the infimum value of ξ  

with possibility α , and -α optimistic value 
U

αξ  is the 

supremum value of ξ  with possibility α  [25]. 

Example 1. 

The triangular fuzzy variable c)b,(a,ξ   has its 

-α pessimistic value and -α optimistic value: 

a)α-(baξL

α   and )α-(c-cξU

α b . 

Proposition 2. If there are two mutually independent 

fuzzy variables expressed as ξ and η , then we can derive the 

following equations. 

(1) For any (0,1]α ， 
L

α

L

α

L

α ηξη)(ξ  . 

(2) For any (0,1]α ， 
U

α

U

α

U

α ηξη)(ξ  . 

(3) For any (0,1]α ， 
L

α

L

α

L

α ·ηξξ·η ）（ . 

(4) For any (0,1]α ， 
U

α

U

α

U

α ·ηξξ·η ）（  [23], [25]–[26]. 

Definition 4. Let ξ  be a fuzzy variable and 0r  be a real 

number defined from   to  . The expected value of ξ  is 

defined by 

0

0

00
0

0 rrξrrξ]ξ[ dCdCE rr  



 ｝｛｝｛ , 

provided that at least one of the two integrals is finite. In 

particular, if ξ  is a nonnegative fuzzy variable, then 

0
0

0 rrξ]ξ[ dCE r


 ｝｛ . 

Example 2. 

The triangular fuzzy variable c)b,(a,ξ   has an expected 

value 

4

2
]ξ[

cba
E


 . 

Proposition 3. References [26]–[27] showed that ξ  is a 

fuzzy variable with limited expectations. Then: 

α)ξξ(
2

1
ξ][

1

0

U

α

L

α dE   . 

Proposition 4. References [28]–[29] showed that ξ  and 

η  are mutually independent fuzzy variables with limited 

expectations. Then, for any numbers a  and b , the formula 

is as follows: 

]η[]ξ[]bηξ[ bEaEaE  . 

III. MODEL DESCRIPTION 

In this paper, a two-stage supply chain consisting of a 

manufacturer and a retailer is examined. The manufacturer 

sells wholesale goods to the retailer, and then the retailer sells 

the ordered goods to the customer. To increase sales, the 

manufacturer engages in selling efforts and bears the costs. 

The manufacturer and the retailer formulate the optimal 

wholesale price, the marginal profit per unit, and the selling 

effort needed to maximize their profits. If the manufacturer is 

dominant in the supply chain, it becomes the core in the 

chain. In the Stackelberg model, the dominant player makes 

the decisions first, the follower then makes decisions 

according to the dominant player’s decisions. Therefore, in 

the two-stage supply chain Stackelberg game led by a 

manufacturer, the manufacturer first decides the wholesale 

price, then the retailer observes the price and decides on the 

marginal profit per unit. Thus, the manufacturer and the 

retailer maximize their profits. To construct a two-stage 

supply chain model in a fuzzy environment, the following 

basic symbols are used. 

Notations: 

w  The wholesale price per product unit; 

rc  The manufacturing cost per product unit; 

rc  The retailer’s operating cost per product unit; 

e   The manufacturer’s selling effort; 

m  The retailer’s wholesale purchase price and customer 

sale price differential, referred to as the marginal profit per 

unit; 

mΠ  The manufacturer’s profit as a function of w and m ; 

and, 

rΠ  The retailer’s profit as a function of w and m . 

Provided that the customer demand function is a linear 

decreasing function in wholesale prices and marginal profit 

per unit and increasing in the degree of selling effort, the 

function should be expressed as 

 kemwbakebpaD  )(   

Here, a and b are two mutually independent non-negative 

fuzzy variables. a  represents the maximum market capacity 

and b  represents the demand to price change rate. Customer 

demand D  is also a fuzzy variable. Because the demand in 

practice is positive, 0}0)(a{  kemwbPos . 

Given these preliminaries, the profit functions of the 

manufacturer and the retailer can be expressed, respectively, 

as follows: 

Dcwmw m )(),(Πm  .                 (1) 

Dcmmw r )(),(Π r  .                (2) 
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IV. MODEL FOR A TWO-STAGE SUPPLY CHAIN IN A FUZZY 

ENVIRONMENT 

This paper analyzes a situation in which a manufacturer is 

dominant in the supply chain. Here, the manufacturer is the 

key enterprise in the supply chain and the retailer is the 

follower. Provided that the information between the 

manufacturer and the retailer is symmetric, according to the 

Stackelberg game model, the manufacturer makes decisions 

first.  

Furthermore, because this paper considers the 

manufacturer’s selling effort, the manufacturer’s decision 

variable is the wholesale price and the level of selling effort. 

Hereafter, the retailer formulates the profit of the unit product 

according to the manufacturer’s observed wholesale price, 

and both the manufacturer and the retailer maximize their 

profits. Using the previously stated basic assumptions, we 

can construct the expected value model of the supply chain 

with the manufacturer in the dominant role. 
2max [Π ( , )] max {( )( ( )+ ) }m m

w w
E w e E w c a b w m ke le    

 
..ts  

0mw c 
 

*m is the optimal solution of the model at the lower level 

max [( )( ( )+ )]r
m

E m c a b w m ke  
 

..ts  
{ ( )+ 0} 0Pos a b w m ke     
{ 0} 0rPos m c  

. 

 

Provided that [Π ( )]rE m  is the retailer’s expected profit, the 

following tenable conclusion is made with respect to the 

aforementioned two-echelon planning model. 

Theorem 1. Suppose that the wholesale price w  is 

constant. Then, if  
[ ] [ ] [ ] [ ]

{ 0} 0
2 [ ]

rE a wE b eE k E c b
Pos a b

E b

  
     

and  
[ ] e [ ] [ ] [ ]

{ } 0
2 [ ]

r
r

E a E k E c b wE b
Pos c

E b

  
   

then the best reaction function of the retailer to the 

wholesale price is  

* [ ] e [ ] [ ] [ ]

2 [ ]

RE a E k E c b wE b
m

E b

  
 . 

Proposition 5. The best reaction functions of the retailer 
*m  decrease strictly with w . 

Proof.     

 

L1
U

α
0 α

1
L L U U

α α α α
0

1
U L U L L U L U

α α α α α α α α
0

2

[Π ( )]

1
{[( )( ( ) )] [( )( ( ) )] } α

2

1
{[( ) ( ( ) ) ] [( ) ( ( ) ) ]} α

2

1
[( )( ( ) ) ( )( ( ) )] α

2

-E[b]m

r

r r

r r

r m

E m

m c a b w m ke m c a b w m ke d

m c a b w m ke w c a b w m ke d

m c a b w m k e m c a b w m k e d

         

         

         

 






1 1

2 L U U L L U U L

α α α α α α α α
0 0

1 1
( [ ] [ ] [ ] [ ]) [ ] [ ] ( ) α- ( ) α

2 2
r r r r r rE a E bc wE b eE k m wE bc e E l a c a c d e k c k c d        

   

Regarding the previous equations, the first-order and 

second-order derivatives are 

 
[Π ( )]

2 [ ] { [ ] [ ] [ ] [ ]}r
r

dE m
mE b E a wE b eE k E c b

dm
      , 

2

2

[Π ( )]
2 [ ] 0rd E m

E b
dm

   . 

Therefore, [Π ( )]rE m  is a concave function with the 

maximum value as follows: 

 

* 1 [ ] [ ] [ ]
( , )

2 2 [ ]

rE a eE k E bc
m w e w

E b

 
    

Obviously, *m  is a strictly decreasing function related to 

w  and e . Provided that [Π ( , *( ))]mE w m w  is the retailer’s 

expected profit, the following tenable conclusion is made 

regarding the aforementioned two-echelon planning model. 

Theorem 2. 

If  

 

 
2

1

2 2 0

[ ] [ ] 3 [ ] [ ]{ [ ] 3 [ ] [ ]} 1 [ ]
{ + * ( ) } 0

4 [ ] 4 [ ]{8 [ ]* [ ] [ ]} 2 8 [ ]* [ ] [ ]

U L L Um r m r
r m m

E a E c b E c b E k E a E c b E c b E k
Pos c c k c k d

E b E b E b E l E k E b E l E k
    

   
   

    

 and  
2

1

2 2 0

3 [ ] 2 [ ] [ ] [ ] [ ]{ [ ] 3 [ ] [ ]} 1 [ ]
{ ( + * ( ) 0} 0

4 [ ] 4 [ ]{8 [ ]* [ ] [ ]} 2 8 [ ]* [ ] [ ]

U L L UM R M R
M M

E a eE k E c b E c b E k E a E c b E c b E k
Pos a b c k c k d

E b E b E b E l E k E b E l E k
    

    
    

    

 

 then the optimal wholesale price, the optimal unit 

marginal profit, and the optimal degree of selling effort, 

respectively, are 

 
1

* 0
[ ]* ( * * )[ ] [ ] [ ] [ ]* [ ]( [ ] 3 [ ] [ ])

2 [ ] 2 [ ]*(8 [ ]* [ ] [ ]* [ ]) 8 [ ]* [ ] [ ]* [ ]

U L L U

m m
m r m r

E k c k c k dE a E c b E c b E k E k E a E c b E c b
w

E b E b E b E l E k E k E b E l E k E k

       
  

 

  

 

(3) 

(4) 

(5) 

(6) 
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1

* 0
[ ]* [ ]( [ ] 3 [ ] [ ])- [ ]*2 [ ]* ( * * )[ ] [ ] 3 [ ]

4 [ ] 4 [ ]*(8 [ ]* [ ] [ ]* [ ])

U L L U

m r m m
m r

E k E k E a E c b E c b E k E b c k c k dE a E c b E c b
m

E b E b E b E l E k E k

       
 



  

 
1

* 0
( [ ] 3 [ ] [ ])* [ ]-2 [ ]* ( * * )

8 [ ]* [ ] [ ]* [ ]

U L L U

m r m mE a E c b E c b E k E b c k c k d
e

E b E l E k E k

      




  

 

Proposition 6. 

In * * * *( , , ( ))w e m w , the manufacturer and retailer achieve 

their maximum expected profit, which can be represented 

respectively, as 

 
* * * *

1

2r 0m

r

[Π ( , , ( ))]

[ ]* ( * * )[ ] [ ]- [bc ] [ ] 3 [bc ] [ ][ ] [ ]* [ ]
1- *{ * }

2 2 [ ] 2 [ ] 8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ]

[ ]* [ ][ ] [bc ]
[ ]*

2 [ ] 2 [

m

U L L U

m m
m r

m
m

E w e m w

E k c k c k dE a E bc E E a E E bcE b E k E k

E b E b E b E l E k E k E b E l E k E k

E bc E kE a E
E bc

E b E

      
  

 


 


（ ）

1

m
0

1

1m 20

0

[ ]* [ ] 3 [bc ] [ ] -2 [b]* ( * * )
*{ }

] 8 [ ]* [ ] [ ]* [ ]

[ ]* [ ] 3 [bc ] [ ] -2 [b]* ( * * ) 1 1
[ ]*{ } - *( * * ) -

8 [ ]* [ ] [ ]* [ ] 2 2

U L L U

r m m

U L L U

r m m U L L U

m m

E k E a E E bc E c k c k d

b E b E l E k E k

E k E a E E bc E c k c k d
E l e c k c k d

E b E l E k E k

   

   

   






  



  
 








（ ）

（ ） 1

0
( * * )U L L U

m mc a c a d    

 

and 

* * *

r

1

2r 0m

R

[Π ( , ( ))]

( * * )[ ] 3 [bc ] [ ] [ ] 3 [bc ] [ ][ ]* [ ] [ ]
1- [ ] *{ * - * }

4 [ ] 4 [ ] 8 [ ]* [ ] [ ]* [ ] 2 8 [ ]* [ ] [ ]* [ ]

[ ] 3 [bc ] [ ]1 [
- [ ] *{(

2 4 [ ]

U L L U

m m
m r

M

E w m w

c k c k dE a E E bc E a E E bcE k E k E k
E b

E b E b E b E l E k E k E b E l E k E k

E a E E bc E k
E b

E b

       
 

 

 
 


（ ）

（ ） M

1

0 r m

[ ] 3 [bc ] [ ]]* [ ]
*

4 [ ] 8 [ ]* [ ] [ ]* [ ]

( * * ) [ ]* ( *[ ] [ ]- [bc ] [ ] 3 [bc ] [ ][ ] [ ]* [ ]
- * )*( *

2 8 [ ]* [ ] [ ]* [ ] 2 [ ] 2 [ ] 8 [ ]* [ ] [ ]* [ ]

R

U L L U U L

m m m
m r

E a E E bcE k

E b E b E l E k E k

c k c k d E k c k cE a E bc E E a E E bcE k E k E k

E b E l E k E k E b E b E b E l E k E k

     

 



   
 

 


1

0

1

r 0m
r

m

* )
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Proof. The process is the same as for Proposition 5. By  

 

 

substituting *m  in these equations, we obtain 

*

m
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U

α
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 
1

2

0
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We can calculate the first-order and second-order 

derivatives of these equations with respect to w  and e , 

respectively, as 

2

][][][*][
][*

))]*(,,(Π[ *

m bcEbcEkEeaE
bEw

dw

wmewdE rm 
  
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2
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2

 bE
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*

m

1

0
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2 2 [ ]

1
* ( ) 2 [ ]

2

m
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w E k
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0][2
))]*(,,(Π[

2

*

m

2

 lE
de

wmewEd
 

 
2 *[Π ( , , ( *))] [ ]

2

mE w e m w E k

w e




 
 

2 *[Π ( , , ( *))] [ ]

2

mE w e m w E k

e w




 
. 

The Hessian matrix of the profit function is as follows: 

2

[ ]
[ ]

[ ]2
4 [ ] [ ]

[ ] 4
2 [ ]

2

E k
E b

E k
H E b E l

E k
E l

 
 

   
 
  

.  
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Therefore, 
*[Π ( , , ( ))]mE w e m w  is a concave function, 

which realizes its maximum value in * * * *( , , ( ))w e m w . 

The retailer’s maximum profit is: 

 
* * * *
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2 2 [ ] 2 [ ] 8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ] 2 [ ]

[ ]* [ ]

2 [ ]

U L L U

m m
m r

m

m

E w e m w

E k c k c k dE a E bc E E a E E bc E a EE b E k E k
E bc

E b E b E b E l E k E k E b E l E k E k E b

E bc E k

E b

       
   

 





1 1

0 0m m
2 [b]* ( * * ) 2 [b]* ( * * )[ ]* [ ] 3 [bc ] [ ] [ ]* [ ] 3 [bc ] [ ]

*{ - } [ ]*{
8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ]

U L L U U L L U

m m m m
r r

E c k c k d E c k c k dE k E a E E bc E k E a E E bc
E l

E b E l E k E k E b E l E k E k E b E l E k E k E b E l E k E k

            
 

   

  2

1 1

0 0

}

1 1
- *( * * ) - ( * * )

2 2

U L L U U L L U

m m m me c k c k d c a c a d          

 

The manufacturer’s maximum profit is: 

 
* * *
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Strategy ))(,, **** wmew（  is the Stackelberg-Nash 

equilibrium solution for the supply chain expected value 

model. In addition, we can also build the maxmax i  

chance-constrained and maxmin i  chance-constrained 

models.  

First, we construct the maxmax i  chance-constrained 

model as follows: 

max m
w

  

..ts  
* 2{( )[ ( ( , ))+ ] }m mPos w c a b w m w e ke le        

0mw c   
*m  is the optimal solution for the lower-level plan  

max r
m

  

..ts  
{( )( ( )+ ) }r rPos m c a b w m ke       

{ ( )+ 0} 0Pos a b w m ke     

{ 0} 0rPos m c    

 

Where  is the manufacturer’s and the retailer’s 

predefined confidence level for all provided available ( , )w m  

strategies and max r
m

  and max m
w

  are the  -optimistic 

profit values for the manufacturer and retailer, respectively. 

Therefore, the model represented in (9) is equivalent to the 

following model: 
2max(( )( ( )+ ) )U

m
m

w c a b w m ke le      

..ts  

0mw c   
*m  is the optimal solution for the lower-level plan 

max(( )( ( )+ ))U

r
m

m c a b w m ke     

..ts  
{ ( )+ 0} 0Pos a b w m ke     

{ 0} 0rPos m c    

 

wherein 
*( ( , ( )))U

m w m w   and ( ( ))U

r m   are the 

 -optimistic  

profit values for the manufacturer and retailer, respectively. 

Proposition 7. 

If 
2* 3

{ } 0
4

U L L U L L

m r
r L

a c b k c b
Pos c

b

     



  
    

and 
2 23 3
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b l

      

 

  
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the model represented in (10) has one and only 

 -optimistic value and the Stackelberg-Nash equilibrium 

solution is 

 
2* * 3
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2 4

U L L L L U L L U L L

m r m r

L L

a c b c b a c b k c b

b b
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    
. 

Proof. The optimistic value of the retailer’s profit is  

2

max( ( )) (( )( ( )+ ))

( )*( ( )+ )
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r
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Generally, w  and e  are exogenous variables for the 

retailer; therefore, in the previous equation, we can only 

calculate the first- and second-order derivatives regarding 

m . 

U

α
L U L L L

α α α α α

max(Π ( ))
2

r
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r

d m
mb a wb ek c b
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2 U
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α2

max(Π ( ))
2 0

r
m

d m
b

dm
                                                                                   

Therefore, 
U

αmax(Π ( ))r
m

m  is a concave function and 

realizes its maximum value in  

U L L L
* α α α α

L

α2

U

ra wb ek c b
m

b

  
 . 

Subsequently, *m  is a strictly decreasing function 

 regarding w . To derive the optimistic value of the 

manufacturer’s profit, substituting *m  in (12) yields the 

following. 
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First, we calculate the first- and second-order derivatives 

of these equations with regard to w . 
U

2
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U U L L L L L
m
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d w e a ek e l c b c b
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d w e
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    

Second, because the degree of selling effort e  is also a 

decision variable for the manufacturer, the first- and 

second-order derivatives of these equations with regard to e  

can be calculated. The result is as follows: 
U
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Third, we calculate the second partial order derivatives of 
w  and e , respectively. 

2 U

αmax(Π ( , ))
2

m
U Lw

w e
k el

w e
 


 

 
 

2 U

αmax(Π ( , ))
2

m
U Lw

w e
k el

e w
 


 

 
 

2 U

αmax(Π ( , ))
2

2

U
m

Lw
w e k

el
w e





 

 
 

 
2 U

αmax(Π ( , ))
2

m
U Lw

w e
k el

e w
 


 

 
 

We derive the Hessian matrix: 
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Thus, 
U

αmax(Π ( , ))m
w

w e  is a strictly decreasing function and 

the optimal values are 

*
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L
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Substituting *w  and *e  into *m : 
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Therefore, the retailer’s optimistic profit is 

 
2 2

U

α

* 3
max(Π ( ))

16 2 2

U L L U L L L L L L U L U

m r r m r r
r L Lm

a c b k c b c c b c a c k
m

b l

            

 

   
  

 

The manufacturer’s optimistic profit is 

 
2 2 2
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Strategy * * * * *, , ( , ))w e m w e（  is the only equilibrium solution of 

 -optimistic values for the manufacturer and retailer. 

In contrast, we can develop a maxmin i  

chance-constrained programming model for the two-echelon 

supply chain. 

Π
max minΠ

m
m

w
 

..ts  
* 2{( )[ ( ( , ))+ ] }m mPos w c a b w m w e ke le        
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*m  is the optimal solution for the lower-level plan   

Π
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r
r

w
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{ ( )+ 0} 0Pos a b w m ke     

{ 0} 0rPos m c    

 

Here,   is the manufacturer’s and retailer’s predefined 

confidence level for all provided available ( , )w m  strategies 

and max min
m

m
w 

  and max min
r

r
m 

 are the  -pessimistic values 

for the manufacturer and retailer, respectively. Therefore, the 

model represented in (16) is equivalent to the following 

model. 
2max(( )( ( )+ ) )L

m
w
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..ts  
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*m is the optimal solution for the lower-level plan 
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r
m
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(12) 
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{ ( )+ 0} 0Pos a b w m ke     

{ 0} 0rPos m c    

 

Here, 
*( ( , ( )))L

m w m w   and ( ( ))L

r m  are the  -pessimistic 

values for the retailer and manufacturer, respectively. 

Regarding the model represented in (16) and (17), the 

tenable conclusions are as follows. 

Proposition 8. 

If 
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the model represented in (17) has the one and only 

 -optimistic value, the Stackelberg-Nash equilibrium 

solution: 
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Proof. This proof is similar to the proof of Proposition 7. 

With respect to the previous analysis, a conclusion for the 

game equilibrium in the two-echelon supply chain is 

provided in Table I.

TABLE I  

SUMMARY OF FUZZY TWO-ECHELON SUPPLY CHAIN MODEL DOMINATED BY THE MANUFACTURER 

Ranking 

criterion 
Optimal unit product profit *m  Optimal wholesale price *w  Optimal selling effort degree *e  

 

 

Expectation 

criterion 

][*][][*][8

)**(
*

2

][
-

][*][][*][8

][]bc[3][
*

][4

][*][

][4

][]bc[3][

1

0

M

R

kEkElEbE

dkckckE

kEkElEbE

bcEEaE

bE

kEkE

bE

bcEEaE

UL

m

LU

m

R

M












 

 

][*][][*][8

)**(*][

][*][][*][8

][]bc[3][
*

][2

][*][

][2

]bc[-][][

1

0

M

R

kEkElEbE

dkckckE

kEkElEbE

bcEEaE

bE

kEkE

bE

EbcEaE

UL

m

LU

m

R

M













 

 
][*][][*][8

)**(*]b[2
-

][*][][*][8

][]bc[3][*][

1

0

M

kEkElEbE

dkckcE

kEkElEbE

bcEEaEkE

UL

m

LU

m

R









 

）（

 

α optimistic  

value criterion L

LL

R

ULL

M

U

b

bckbca





4

3)(- 2 
 

L

LL

R

LL

M

U

b

bcbca





2


 

L

U

l

k





2
 

α pessimistic

 value 

criterion 
U

UU

R

LUU

M

L

b

bckbca





4

3)(- 2 
 

U

UU

R

UU

M

L

b

bcbca





2


 

U

L

l

k





2
 

 
Retailer’s maximum profit Manufacturer’s maximum profit 

 

 

 

 

 

 

 

 

Expectation 

criterion 

R M

1

20

R

[ ] 3 [bc ] [ ] [ ] 3 [bc ] [ ][ ]* [ ]
1- [ ] *{ *

4 [ ] 4 [ ] 8 [ ]* [ ] [ ]* [ ]

( * * )[ ]
- * }

2 8 [ ]* [ ] [ ]* [ ]

[ ] 3 [bc ] [ ] [ ]1 [ ]* [ ]
- [ ] *{( *

2 4 [ ] 4 [ ]

M R

U L L U

m m

M

E a E E bc E a E E bcE k E k
E b

E b E b E b E l E k E k

c k c k dE k

E b E l E k E k

E a E E bc E aE k E k
E b

E b E b

    

   








  
 



（ ）

（ ） M

1

0 R

M

1

0

3 [bc ] [ ]

8 [ ]* [ ] [ ]* [ ]

( * * ) [ ] [ ]- [bc ][ ]
- * )*(

2 8 [ ]* [ ] [ ]* [ ] 2 [ ]

[ ] 3 [bc ] [ ][ ]* [ ]
*

2 [ ] 8 [ ]* [ ] [ ]* [ ]

[ ]* ( * * )

8 [

R

U L L U

m m
M

R

U L L U

m m

E E bc

E b E l E k E k

c k c k d E a E bc EE k

E b E l E k E k E b

E a E E bcE k E k

E b E b E l E k E k

E k c k c k d

E b

   

   









 



 









 R
R

1

0M

1

0

[ ] [ ]- [bc ]
)} [bc ]*(

]* [ ] [ ]* [ ] 2 [ ]

[ ]* ( * * )[ ] 3 [bc ] [ ][ ]* [ ]
* )

2 [ ] 8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ]

1 1
- *( * * ) - ( *

2 2

M

U L L U

m m
R

U L L U U L

R R R R

E a E bc E
E

E l E k E k E b

E k c k c k dE a E E bcE k E k

E b E b E l E k E k E b E l E k E k

e c k c k d c a c

   

     










 
 

 

 




1

0

1

20M

* )

2 [b]* ( * * )[ ]* [ ] 3 [bc ] [ ]
[ ]*{ }

8 [ ]* [ ] [ ]* [ ] 8 [ ]* [ ] [ ]* [ ]

L U

U L L U

m m
R

a d

E c k c k dE k E a E E bc
E l

E b E l E k E k E b E l E k E k

 

   



 
 

 



（ ）

 

R

M

1

20 R

[ ] [ ]- [bc ][ ]
1- *{

2 2 [ ]

[ ] 3 [bc ] [ ][ ]* [ ]
*

2 [ ] 8 [ ]* [ ] [ ]* [ ]

[ ]* ( * * ) [ ] [bc ]
} [ ]*

8 [ ]* [ ] [ ]* [ ] 2 [ ]

[ ]* [ ] [ ]* [ ] 3 [bc
*{

2 [ ]

M

R

U L L U

m m

M

M

E a E bc EE b

E b

E a E E bcE k E k

E b E b E l E k E k

E k c k c k d E a E
E bc

E b E l E k E k E b

E bc E k E k E a E

E b

    



 




 
 








（ ）

（ M

1

0

1 1

0 0

M

] [ ]

8 [ ]* [ ] [ ]* [ ]

2 [b]* ( * * )
- }

8 [ ]* [ ] [ ]* [ ]

1 1
- *( * * ) - ( * * )

2 2

[ ]* [ ] 3 [bc ] [ ]
[ ]*{

8 [ ]* [ ] [ ]* [ ]

2 [b]* (

R

U L L U

m m

U L L U U L L U

m m m m

R

E bc

E b E l E k E k

E c k c k d

E b E l E k E k

e c k c k d c a c a d

E k E a E E bc
E l

E b E l E k E k

E c

   

       



 









 

 








 

）

（ ）

1

20
* * )

}
8 [ ]* [ ] [ ]* [ ]

U L L U

m mk c k d

E b E l E k E k

    





 

 

α -optimistic 2 2 2

α α α α α α α α α α α

α

[ ( ) 3 ] ( )

16 2 2

U L L U L L L L L L U L U

m R R m R R

L L

a c b k c b c c b c a c k

b l

 



   
   

2 2

α α α α α α α α α ( )

8 2 2

U L L L L L L U L U

m R m M M

L

a c b c c b c a c k

l





 
 

（ ）
 

α -pessimistic 2 2 2

α α α α α α α α α α α

α

[ ( ) 3 ] ( )

16 2 2

L U U L U U U U U U L U L

m R R m R R

U U

a c b k c b c c b c a c k

b l

 



   
   

2 2

α α α α α α α α α( )

8 2 2

L U U U L U U U U L

m M R m M

U

a c b c k c c b c a

l





 
 

（ ）
 

 

Engineering Letters, 26:1, EL_26_1_14

(Advance online publication: 10 February 2018)

 
______________________________________________________________________________________ 



 

V. NUMERICAL EXPERIMENT 

In the previous discussion, the pricing strategy of various 

retailers in a two-echelon supply chain in which the 

manufacturer plays the dominant role was solved. A 

numerical example is provided to illustrate the effectiveness 

of this game model. 

For example, manufacturing costs mc , operational costs 

rc , market capacity a , demand change rate regarding price 

b , and demand change rate regarding selling effort l  are 

typically evaluated by management decision makers and 

technical experts. During these evaluations, terms such as 

“low costs,” “big market capacity,” and “sensitive demand 

changing rate” are frequently used to describe the 

approximate evaluation values. The estimators depend on 

experience to determine the relationship between fuzzy 

language variables and the triangle fuzzy value, as shown in 

Table II. 

We assume the following values. The evaluated product 

market capacity is very large (approximately 5000), the 

demand change rate with regard to price is very sensitive 

(approximately 500), the demand change rate with regard to 

selling effort is very sensitive (approximately 200), the sale 

costs change rate with regard to selling effort is very sensitive 

(approximately 100), manufacturing costs are average 

(approximately 5), and the retailer’s operational costs are low 

(approximately 2). Then, according to the expected value 

model and fuzzy variable equation, the derived conclusion is 

as shown in Tables III through V. 

 

TABLE II  

RELATIONSHIP BETWEEN LINGUISTIC EXPRESSION AND TRIANGULAR FUZZY VARIABLE 

 
Language variable Triangle fuzzy value 

Manufacturing costs Lower (approximately 3) (2,3,4) 

Medium (approximately 5) (4,5,6) 

Higher (approximately 7) (6,7,8) 

Operational costs Lower (approximately 2) (1,2,3) 

Medium (approximately 4) (3,4,5) 

Higher (approximately 6) (5,6,7) 

Market capacity Very big (approximately 5000) (4900,5000,5100) 

Small (approximately 3000) (2900,3000,3100) 

Demand change rate with regard to 

price 

Very sensitive (approximately 500) (450,500,550) 

Sensitive (approximately 300) (280,300,320) 

Demand change rate with regard to 

selling effort 

Very sensitive (approximately 200) (150,200,250) 

Sensitive (approximately 100) (80,100,120) 

Sale cost change rate with regard to 

selling effort 

Very sensitive (approximately 100) (50,100,150) 

Sensitive (approximately 50) (30,50,70) 

 

TABLE III  

OPTIMAL STRATEGY OF STACKELBERG GAME OF A SUPPLY CHAIN WHEN THE MANUFACTURER PLAYS A DOMINANT ROLE 

Ranking criterion  Optimal unit product profit *m  Optimal wholesale price *w  Optimal selling effort *e  

Expected value criterion 409.2022656 823.1267535 0.002765957 

Maximum retailer profit  Maximum manufacturer profit  

1937.670864 4526.388226 
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TABLE IV  

ANALYSIS OF OPTIMAL PRICING STRATEGY AND SENSITIVITY OF   VARIABLE 

α  value Optimistic value criterion Pessimistic value criterion 

*w  *m  *e  
*w  *m  *e  

α 1 418.25 418.25 0.002857143 840.8333333 840.8333333 0.002857143 

α 0.95 427.4786017 409.3235656 0.00294964 859.0949153 823.1737705 0.002765957 

α 0.9 437.025 400.6846774 0.003043478 877.9896552 806.0870968 0.002676056 

α 0.85 446.9059211 392.3196429 0.003138686 897.5508772 789.5460317 0.002587413 

α 0.8 457.1392857 384.215625 0.003235294 917.8142857 773.525 0.0025 

 

TABLE V 

 ANALYSIS OF OPTIMAL PROFITS ACCORDING TO SENSITIVITY OF   VARIABLE 

α  value Optimistic value criterion Pessimistic value criterion 

Maximum retailer profit  Maximum manufacturer 

profit  

Maximum retailer profit  Maximum manufacturer 

profit  

α 1 549424.1304 3157327.982 549424.1304 3157327.982 

α 0.95 563713.0446 3186895.144 535626.9661 3127931.264 

α 0.9 578519.206 3216633.179 522297.6994 3098704.561 

α 0.85 593869.9009 3246542.517 509413.9923 3069647.443 

α 0.8 609794.3646 3276623.589 496954.9029 3040759.483 

 

In Table III, we observe that manufacturers who play a 

dominant role in the Stackelberg game of a two-echelon 

supply chain obtain larger profits than retailers. 

Manufacturers have the power to determine pricing by taking 

advantage of their dominant roles. Furthermore, 

manufacturers engage in selling efforts to expand their 

market capacity to obtain larger profits. 

In Tables IV and V, we observe that the optimal strategies 

and the maximum profits of the Stackelberg game change 

with the predefined confidence levels of manufacturers and 

retailers. Under the optimistic value criterion, as the 

confidence level decreases, the manufacturers’ and retailers’ 

optimal wholesale prices, optimal selling effort, and 

maximum profits gradually increase, but the optimal unit 

margin profits decrease. Under the pessimistic value criterion, 

as confidence levels decrease, only the optimal wholesale 

prices gradually increase when manufacturers’ optimal unit 

margin profits, optimal selling effort, and maximum profits 

gradually decrease. 

 

 

 

 

VI. CONCLUSION 

In this paper, the selling effort as a fuzzy variable is 

considered to be part of the costs, along with other fuzzy  

variables, such as market demand, manufacturing costs, and 

operational costs. We present an expected value model, 

which is a chance-constrained programming model (the 

related models of optimistic and pessimistic values) of a 

two-echelon supply chain with a dominant manufacturer to 

provide a comprehensive discussion of supply chain games. 

We use game theory and conduct an analysis of the optimal 

pricing strategies and maximum profits for both the 

manufacturer and the retailer in the various models when the 

manufacturer is dominant. In the Stackelberg game 

equilibrium, the dominant role yields higher profits for 

manufacturers, and the optimal pricing strategies are related 

to the confidence levels predefined by manufacturers and 

retailers. Thus, one conclusion is that expanding the optimal 

strategies is related to uncertainty in the market environment. 

One limitation of this article is that we only consider one 

supplier and one retailer in the supply chain. Therefore, one 

possible extension work is to study the supply chain game 

with multiple competing retailers or suppliers in a fuzzy 

decision making environment.  
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