
 

  

Abstract—The spatial selectivity of multipath fading channel 

impacts on the performance of the multiple antenna system. This 

paper investigates the three-dimensional (3-D) spatial selectivity 

of Rician channel in the angular domain to strive to alleviate the 

current lack of analytical studies. A 3-D model of the multipath 

angular power density (APD) for Rician channel is proposed. 

Then, the closed-form expressions of the 3-D unnormalized 

complex spherical harmonic coefficients and multipath shape 

factors are given based on the multipath APD using the theory of 

multipath shape factors. Finally, some important spatial fading 

statistics in the angular domain like the variance of the fading 

rate, spatial correlation, level crossing rate and minimum 

separation distance of antenna arrays are derived, and the 

impact of 3-D spatial angular directions on these spatial fading 

statistics is analyzed and simulated. The results provide useful 

insight on the analysis and design of the 3-D smart antenna 

arrays for the future fifth generation (5G) cellular networks. 

 
Index Terms—Three-dimensional spatial selectivity, Rician 

channel, multipath shape factors, angular power density 

 

I. INTRODUCTION 

HE multiple antenna systems with the ability to improve 

spectral efficiency have become increasingly popular in 

recent years. The scatterers in the wireless communication 

environment produce the multipath components with distinct 

wave vectors, which results in the spatial selectivity [1]. The 

spatial selectivity of multipath fading impacts on the 

performance of the multiple antenna system. Many 

investigations on the channel spatial selectivity have been 

made in the Euclidean distance domain in various ways like 

analyzing and measuring the spatial correlation of multipath 

fading [2], [3]. However, there are few investigations on the 

channel spatial selectivity in the angular domain, which is 

absolutely essential for successful design of multiple antenna 

systems. 

The theory of multipath shape factors can quantify and  
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greatly simplify the description of multipath fading statistics 

of the non-omnidirectional channels in the angular domain. 

Many researchers have analyzed the spatial selectivity of 

multipath fading based on the theory, and these works can be 

traced back from two-dimensional (2-D) channels to three- 

dimensional (3-D) channels. In [4], the theory of multipath 

shape factors was proposed for the 2-D channel. According to 

the theory, the description of a 2-D multipath channel with 

arbitrary spatial complexity can be reduced to three shape 

factors (i.e., angular spread, angular constriction, and 

azimuthal direction of maximum fading) that have simple 

intuitive geometrical interpretations. The statistical analysis 

of Rician and Nakagami-m channels using the multipath 

shape factors was presented in [5] and [6]. Measurements of 

indoor angular profile were presented, and the angle-of- 

arrival (AoA) shape factors were derived at the millimeter 

wave band in [7] and [8]. Quantitative analysis of various 

spatial channel measurements and some scattering models 

using the multipath shape factors was presented in [9] and 

[10]. The shape factor of the angle spread was evaluated by 

comparing the different spatial/directional multipath 

characteristics in the urban and suburban scenarios in [11]. A 

geometric channel model to study the effect of antenna 

directivity on the angular power distribution at the mobile 

terminal was proposed in [12], and then the multipath shape 

factors were investigated to further exemplify the usefulness 

of the proposed model. 

All previous investigations in [4]-[12] were made for 2-D 

multipath channels. However, 90% of the received power in 

urban measurements is contained in the paths with elevations 

up to 40° [13]. The measurement in [14] also shows that the 

mean elevations of the received power are from 1.8° for 

outdoor-indoor environments, up to 17.1° for urban macrocell 

environments. Those observations give a motivation for the 

analysis of the spatial selectivity for 3-D channels. A theory of 

3-D multipath shape factors used to study the non- 

omnidirectional multipath channels was proposed in [15] in 

which the analytical expressions of the level crossing rate 

(LCR), average fade duration (AFD) and spatial correlation 

were derived for Rayleigh channels. In 3-D air-to-ground 

(A2G) radio propagation environments, the impact of various 

physical channel parameters (i.e., height of the air station, 

height of the base station and longest propagation path's delay) 

on the multipath shape factors defined in [4] was analyzed for 

the azimuth and elevation planes separately in [16]. 

The Rician fading is often used to describe the wireless 

multipath propagation with line-of-sight (LoS) and non-LoS 

(NLoS) components like A2G, air-to-air (A2A) [17] and 
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vehicle-to-vehicle (V2V) communications. However, as 

mentioned above, the 3-D spatial selectivity of Rician channel 

has been investigated rarely in the angular domain so far. This 

paper strives to alleviate the current lack of analytical studies 

by proposing a 3-D model of the multipath angular power 

density (APD). The closed-form expressions of the 

unnormalized complex spherical harmonic coefficients, 

multipath shape factors, variance of the fading rate, mean- 

squared time rate-of-change, spatial correlation, coherence 

distance, minimum separation distance of antenna arrays, 

LCR and AFD are given for the 3-D Rician channel. Finally, 

the analysis of the impact of 3-D spatial angular directions on 

these spatial fading statistics is presented through simulation. 

The results would provide useful insight on quantifying and 

greatly simplifying the analysis and design of the 3-D multiple 

input multiple output (MIMO) beamforming technology and 

smart antenna array for the future fifth generation (5G) 

cellular networks. 

The remainder of the paper is organized as follows. Section 

II proposes a 3-D model of the multipath APD, unnormalized 

complex spherical harmonic coefficients, and the correspond- 

ding multipath shape factors of the Rician channel. Section III 

derives some important spatial fading statistics like the 

variance of the fading rate, spatial correlation and so on. 

Discussions on the obtained simulation results are provided in 

Section IV. Finally, conclusions are mentioned in Section V. 

II. 3-D MODEL OF APD AND MULTIPATH SHAPE FACTORS 

For the Rician channel in the densely populated built-up 

urban regions, it is assumed that the 3-D AoA [18] of the LoS 

component is ( )0 0,  , and the 3-D AoA of the NLoS waves 

is ( ),  which is uniformly distributed. Under the assumption 

that all the path gains of the NLoS waves have the same size, 

the 3-D multipath APD can be obtained as 

( ) ( ) ( )

( ) ( ) ( )

( )

( )
( )

0 0

2

0 02

, , ,

,
1 1

,1 1

1 2 1

1 2 , ,
2 1

NLoS NLoS LoS LoS

T T

NLoS NLoS LoS

TT

T

p P f P f

P P K
f f f

K K

P KP

K K

P
K

K

     

   

    

 

     


= +

= +
+ +

− −
=   +

+ +

 = + − − +

  (1) 

where TP is the total received signal power in a local volume, 

K is the Rician K-factor defined as the ratio of the power 

contributions by LoS path to the remaining multipaths, 

( )1NLoS TP P K= + is the power of the NLoS component, 

( )1LoS TP P K K= +  is the power of the LoS component, 

 0 , 0,2   are the azimuth angles,  0 , 2, 2    − are 

the elevation angles, ( ),NLoSf   is the multipath APD of the 

NLoS component, and ( ), is the 2-D Dirac delta function 

which is used to describe the multipath APD ( ),LoSf   of the 

LoS component. 

According to the definition in [19], the 𝑙-th degree, 𝑚-th 

order unnormalized complex spherical harmonic coefficient 
m

lS for the multipath APD ( ),p   in (1) can be derived, and 

the following six spherical harmonic coefficients which are 

used to obtain the 3-D multipath shape factors can be 

calculated as 
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Therefore, the 3-D multipath shape factors defined in [15] 

to quantify and simplify the spatial fading statistics of the 

Rician channel can be derived as 
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where  ,  ,  ,  , max

45 and max

0 are the 3-D angular spread, 

elevational constriction, 45°-inclined constriction, azimuthal 

constriction, azimuth of maximum fading at 45° elevation, 

and azimuth of maximum fading at zero elevation, respect- 

tively. The angular spread is a measure of how multipath 

waves concentrate about a single direction; the elevational 

constriction measures how much the multipath APD is 

concentrated on a single elevational cone or along two paths 

at same azimuth and opposite elevations; the 45°-inclined 

constriction measures how much the multipath APD is 

concentrated at the elevational angle 45°; the azimuthal 
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constriction measures how much the multipath power is 

concentrated on two paths on a single elevational cone. 

III. SPATIAL FADING STATISTICS 

A. Variance of the Fading Rate  

The complex received voltage is one of the basic stochastic 

processes that are studied in a multipath fading analysis. The 

investigation of the position derivatives or rate-of-changes of 

the complex received voltage is useful to analyze how the 

complex received voltage changes over space. Since the mean 

derivative of a stationary process is zero, the variance of the 

fading rate of a received complex voltage is the simplest 

statistic that measures the fading rate. In a given direction, it is 

defined as the variance of its first derivative with respect to 

distance in that direction [15], and can be derived as 
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where  is the carrier wavelength. By substituting (3)-(8) into 

(9), the variance of the fading rate of the 3-D Rician channel 

can be obtained.  

For the mobile receiver, it is often convenient to measure 

the variance of the fading rate in terms of the change over time. 

According to [4], the mean-squared time rate-of-change of a 

received complex voltage can be written as 
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where R  is the velocity of the mobile receiver. 

For direct comparison with Rayleigh models, (9) and (10)

can be normalized by the variance of the fading rate of the 3-D 

Rayleigh channel. If =0K , then 1 = , and 0  = = =  for 

Rayleigh fading, and the variance of the fading rate of the 3-D 

Rayleigh channel can be written as 

( )
2

2

- 2

4
, .

3

T

V Ray

P
  


=               (11) 

Accordingly, the normalized variance of the fading rate and 

the normalized mean-squared time rate-of-change of a 

received complex voltage can be obtained by dividing (9) and 

(10) by (11), respectively. 

B. Spatial Correlation and Coherence Distance 

In multiple antenna systems, the spatial correlation is a 

measure of the relationship between two antennas’ signals. 

Multiple antenna channels are generally correlated due to low 

scattering and antenna array configurations. Correlated 

channels of the multiple antenna systems can reduce the high- 

capacity potential considerably, so the multiple antenna 

arrays should be designed with low or no correlation. The 

coherence distance is also one of the measures of the spatial 

selectivity of the wireless channel, and it is defined as the 

separation distance over which a fading channel appears to be 

unchanged. The signal envelopes which are sent or received 

by two antennas separated by the coherence distance 

experience practically uncorrelated fades.  

The spatial correlation function of the 3-D Rician channel 

at a separation distance can be approximated by an arbitrary 

Gaussian function and its Mclaurin expansion [4], [20], i.e.  
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Accordingly, 
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where ( )RicVar R is the variance of Rician distribution, 

( ) ( ) ( ) ( ) ( )1 1 0 11 2;1; =exp 2 1 2 2F K K K I K KI K− − − + +  

is the confluent hypergeometric function of the first kind, 

( )0I is the zeroth order modified Bessel function of the first 

kind, and ( )1I is the first order modified Bessel function of 

the first kind. 

If the spatial correlation coefficient equals ( )exp 1− for the 

channel separable distance, the coherence distance can be 

derived as 
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C. Minimum Separation Distance of Antenna Arrays 

 Multiple antenna arrays can bring huge spectral efficiency 

and radiated energy efficiency gains. Large scale antenna 

system has been selected as one of the main key technologies 

for the 5G cellular networks [21]. However, the available area 

where the antenna elements are placed is limited, and this 

makes the design of the separation distance between two 

adjacent antenna elements essential and challenging.  

If the acceptable maximum of the spatial correlation can be 

described by max for antenna arrays, the separation distance 

r between two adjacent antenna elements can be written as 

according to (14) 
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Therefore, if ( ),V   is equal to its maximum, the 

minimum spacing minr between two adjacent antenna 
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elements with the acceptable maximum of the spatial 

correlation can be obtained, i.e. 
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Accordingly,  
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D. Level Crossing Rate and Average Fade Duration 

The LCR is defined as the average number of crossings per 

unit distance that the process drops beneath a specified 

threshold level. It is a measure of the fading rate and can be 

written as 
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where N l TR P = is the normalized threshold level, lR is 

the envelope threshold, ( ),Np r is the joint probability 

density function (PDF) of Rician envelope and its time 

derivative, ( )Np  is the PDF of Rician envelope, ( )p r is the 

PDF of the derivative of Rician envelope [22], LoSP = , 

and 2NLoSP = . 

The AFD  is the duration that the signal spends below the 

threshold level and can be formulated as 

( )
( )

( )

( )

( )

0

1

0

1 1

1
, ,

, ,

1
1 ,

, ,

,0 ,

,
, ,

N

N

N

N

N

N

N

l p r dr
N

r
Q

N

Q Q

N





  
  



    

 

  

  

=

  
= −   

  

  
−   

   
=



  (20) 

where ( )1Q is the Marcum Q-function. 

IV. RESULTS AND DISCUSSIONS 

This section demonstrates and analyses the multipath shape 

factors, variance of the fading rate of a complex voltage, LCR, 

AFD, spatial correlation, coherence distance and minimum 

separation distance of antenna arrays described in sections II 

and III for the 3-D Rician channel in the angular domain. 

Unless indicated otherwise, the channel parameters used to 

obtain the simulation curves are set to 0.125 = m, 

 2 dBK = , 1TP = , 0 4 = , and 0 6 = for the urban 

communication scenarios.  

A. Multipath Shape Factors 

 
Fig. 1.  The 2-D and 3-D multipath shape factors. 

Fig. 1 demonstrates the 3-D multipath shape factors in (3)

-(6) and the 2-D multipath shape factors in [4] for different 

elevation angles 0 of LoS. As shown in Fig. 1, the 2-D 

multipath shape factors are constants and independent of the 

3-D spatial angular directions. However, as mentioned in 

section I, the received signal power in urban measurements is 

distributed in the 3-D space [13], [14]. Therefore, the 2-D 

multipath shape factors cannot fully characterize the spatial 

selectivity of the Rician channels. This indicates the 

disadvantage of the 2-D channel model. Fig. 1 shows that all 

the 3-D multipath shape factors curves are symmetric about 

the elevation angle 0 0 = . Besides, the angular spread  , 

elevational constriction  and 45°-inclined constriction   

have their minimums at 0 0 = , and on the contrary, the 
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azimuthal constriction  has a maximum. Furthermore, the 

angular spread 1 = at 0 2 =  denotes no clear bias in the 

direction of the multipath APD, and the minimum of  at 

0 0 = denotes the multipath APD relatively concentrates 

about a single direction; the elevational constriction 0.5 = −  

denotes a multipath APD distribution on a single elevational 

cone, and 1 = denotes exactly two paths incoming from 

opposite elevations. Thus, the elevational constriction in Fig. 

1 denotes the intermediate state; the 45°-inclined constriction 

0 = at 0 0, 2 =  denotes a horizontal and/or vertical 

mirror symmetry of the multipath APD; the azimuthal 

constriction 0 = at 0 2 =  denotes no clear bias in two 

arrival directions. Therefore, fading behaviors of the 

multipath shape factors mainly depend on the AoA of the LoS 

wave, and the 3-D multipath shape factors can capture the 

angular information of the Rician channels well. 

B. Variance of the Fading Rate, Level Crossing Rate and 

Average Fade Duration 

 
Fig. 2.  The 3-D RMS normalized variance of the fading rate. 

Fig. 2 demonstrates the 3-D root mean square (RMS) 

normalized variance of the fading rate in (9) for different 

directions ( ),  . Since the elevation angle of LoS is set 

to 0 4 = , the azimuth of maximum fading at 45° elevation 

and the azimuth of maximum fading at zero elevation are 
max

45 4 = and max

0 5 4 = , respectively. Therefore, as 

shown in Fig. 2, RMS normalized variance of the fading rate 

curves with the elevation angles of 4 and 0 have their 

maximums at the azimuth angles of 4 and 5 4 , 

respectively. The antenna array should be pointed away from 

the directions ( )5 4,0 and ( )4, 4  in wireless 

communications, because the Rician channel fades fastest in 

the two directions. In addition, RMS normalized variance of 

the fading rate with the elevation angle of 2 is a constant 

denoting its independence of the horizontal plane. As shown 

in Fig. 2, RMS normalized variances of the fading rate are less 

than 1, which implies that the Rayleigh channel fades faster 

than the Rician channel in the 3-D space. Since the 

mean-squared time rate-of-change of a received complex 

voltage ( )2 ,
V

   is equal to the variance of the fading rate 

( )2 ,V   multiplied by the squared velocity of the receiver, 

( )2 ,
V

   has the same characteristics as in Fig. 2. From Figs. 

1 and 2, we note that the 3-D AoA direction of received signal 

waves has significant effect on the multipath shape factors and 

RMS normalized variance of the fading rate. According to (9), 

(11), (19) and (20), the LCR with a certain threshold is 

directly proportional to the RMS normalized variance of the 

fading rate, and the AFD is inversely proportional to the LCR. 

Therefore, dynamic behaviors in the angular domain of the  

LCR and AFD can be inferred from Fig. 2. 

C. Spatial Correlation and Coherence Distance 

 
Fig. 3.  The 3-D spatial correlation. 

 
Fig. 4.  The 3-D coherence distance. 

Fig. 3 demonstrates the 3-D spatial correlation described 

by (14) for different directions ( ),   with the separation 

distance 2r = . As shown in Fig. 3, the spatial correlation 

curves with different elevation angles have different varying 

patterns. Furthermore, the curve with the elevation angle 

of 2 is also a straight line, implying a constant spatial 

correlation in the horizontal plane, but it varies greatly in the 

other directions. The curves of the spatial correlation with the 

elevation angles of 0, 4 and 3 have their minimums at the 

azimuth angle of 4 = . Therefore, the 3-D spatial 

correlation is sensitive to the directions ( ),  , and this is 

valuable to the 3-D MIMO beamforming technology and the 

design of multiple antenna array. Moreover, the 3-D spatial 
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correlations in Fig. 3 are very small denoting that 2 is the 

proper separation distance between two adjacent antenna 

elements in urban communication scenarios. Fig. 4 

demonstrates the 3-D coherence distance described by (15) 

for different directions ( ),  with the spatial correlation 

coefficient ( )exp 1− . As shown in Fig. 4, the coherence 

distance curves have the similar varying patterns as the spatial 

correlations in Fig. 3. The coherence distance provides a 

measure of the needed separation for a multiple antenna 

system. The explicit angular dependence of the coherence 

distance suggests that different separation distances in 

different 3-D spatial directions may be needed for the 

multiple antenna system employing the spatial diversity [23]. 

As shown in Figs. 3 and 4, the spatial correlation and 

coherence distance have their minimums at ( )5 4,0 and 

( )4, 4  , because the Rician channel fades fastest in the 

two directions. 

D. Minimum Separation Distance of Antenna Arrays 

 
Fig. 5.  The minimum separation distance of antenna arrays. 

Fig. 5 demonstrates the minimum separation distance of 

antenna arrays described by (18) for different elevation angles 

0 of LoS and Rician K-factors with the acceptable maximum 

of the spatial correlation max 0.3 = . As shown in Fig. 5, the 

curves of the minimum separation distances of antenna arrays 

are symmetric about the elevation angle 0 0 = , and they 

have their maximums at 0 0 = . Furthermore, the larger the 

K-factor is, the larger the maximums of the curves. 

Meanwhile, we also notice that the curves of the minimum 

separation distance are almost overlapping if the K-factors are 

not less than 6 dB. To reduce the impact of the spatial 

correlation, the minimum separation distance between 

adjacent antenna elements is suggested to be more than 

0.19  for the antenna array designed in urban 

communication scenarios. According to (14), (15), (18) and 

Figs. 3-5, the theory of 3-D multipath shape factors can 

quantify and greatly simplify the analysis and design of the 

multiple antenna arrays. 

V. CONCLUSION 

In this paper, a 3-D model of the multipath APD has been 

proposed to analyze the spatial selectivity of the Rician 

channel in the angular domain. The closed-form expressions 

of the 3-D unnormalized complex spherical harmonic 

coefficients, multipath shape factors, variance of the fading 

rate, mean-squared time rate-of-change, spatial correlation, 

coherence distance, minimum separation distance of antenna 

arrays, LCR and AFD have been derived. The simulation 

analysis shows that the 3-D spatial angular directions have 

significant effect on these fading statistics of the Rician 

channel. The results would provide useful insight on 

quantifying and greatly simplifying the analysis and design of 

the 3-D MIMO beamforming technology and smart antenna 

arrays for the future 5G cellular networks.  
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