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Time-varying Finite Memory Structure Filter to
Incorporate Time-Delayed Measurements

Pyung Soo Kim

Abstract— This paper proposes a finite memory structure
(FMYS) filter for state estimation in time-varying systems with
measurement delay, called the TV-FMS filter. By incorporating
time-delayed measurements, the proposed TV-FMS filter is
obtained by directly solving a weighted least-square cost
function. The proposed TV-FMS filter has inherent properties
such as unbiasedness, deadbeat, and robustness. Through
extensive computer simulations for three kinds of discrete
time-varying noisy signal models with a measurement delay as
well as an uncertain model parameter, the proposed TV-FMS
filter can be shown to be comparable with the Kalman filter with
infinite memory structure (IMS) for a nominal system and
better than that for a temporarily uncertain system.

Index Terms— Measurement delay, Finite memory structure
filter, Infinite memory structure filter, Time-varying system,
Uncertain system.

I. INTRODUCTION

IME delays exist in various practical systems, such as

hydraulic processes, chemical systems, temperature
processes, and signal transmission systems and are often a
primary source of instability and performance degradation.
Therefore, to deal with time delays, many control and
estimation problems have been researched in the past few
decades.

To deal with a time delay of measurements in the
estimation filtering, several approaches have been researched
[1]-[5]. The estimation filters developed in these approaches
have the infinite memory structure (IMS) such as Kalman
filter of [6][7]. Therefore, these existing approaches may
show poor performance and even divergence phenomenon for
mismodeling and temporary uncertainties. Recently,
therefore, the finite memory structure (FMS) filter has been
developed for state estimation in discrete time-invariant
systems with measurement delay [8][9]. The FMS has been a
well-known strategy in the estimation filtering [10]-[14] and
thus applied successfully to various engineering problems
[15]-[18]. However, since discrete time-varying systems are
used quite often for many practical applications such as
detection, tracking, and guidance in the aerospace industry, an
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FMS filter for discrete time-varying with
measurement delay is necessary.

Therefore, this paper proposes a time-varying FMS filter
for state estimation to incorporate time-delayed
measurements. The proposed filter is called the TV-FMS
filter. The proposed TV-FMS filter is obtained by directly
solving a weighted least-square cost function. The proposed
TV-FMS filter has inherent properties such as unbiasedness,
deadbeat, and robustness. The proposed TV-FMS filter can
be shown to be comparable with the Kalman filter with IMS
for a nominal system and better than that for a temporarily
uncertain system via extensive computer simulations. As
simulation models, three kinds of discrete time-varying noisy
signal models with a measurement delay as well as an
uncertain parameter are considered by a sinusoid signal model,
a Van der Pol oscillation signal model, and a discretized DC
motor model.

This paper is organized as follows. In Section II, TV-FMS
filter is proposed to incorporate time delayed measurements.
In Section III, extensive computer simulations are performed.
Finally, concluding remarks are presented in Section I'V.

systems

II. TIME-VARYING FINITE MEMORY STRUCTURE FILTER
WITH INCORPORATING TIME DELAYED MEASUREMENT

The linear discrete time-varying
measurement delay is considered as follows:

system  with

X =P +Gwy,

(1)

z;=Hx;_q+v;,

where x; e R" is unknown state vector and z; e R? is a
measured measurement vector. The system noise w; € R”

and the measurement noise v; € B? are zero-mean white
Gaussian whose covariances Q; and R; are assumed to be

positive definite matrix. It is assumed that the delay length d
is the positive integer, that is, the system involves delayed
measurements.

The main objective of this paper is to estimate the system
state x; at the current time i, given the most recent finite

measurements Z; on the window [i —M,i] as follows

ZiM WiM viM
Z; w; v
iy +1 I+l i+l
Zo=| " w= T =)
Zia Wil Vil

when there is measurement delay as shown in (1). Note that
the delay length d is satisfying 0<d <M.
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On the most recent window [i —M,i], the state x;_,; at

the time i —d is represented from (1) as follows:

Xi—g = ‘Pi?all [xi _®iWi]

¥, = cDi—chi—Z'”q)i—qu)i—jﬂ
M-d d
00 O\Pi,d—lGi—d \Pi,d—ZGi—dH Gi—l :

©)
i

Then, the measurement model (1) can be written by
z; =Ex+E,0,W, +v,, 3)
with E;, = H i‘Plfdl. Therefore, from (1) and (3), the most

recent finite measurements Z; on the window [i—M,i] can
be represented by

Z, =Tyx, + AW, + S, +V,, 4)

where W, has the same form as (2) for /¥, and matrices T,

A;, and %; are as follows:
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The noise term AW, + X, +V, in (4) is zero-mean white

Gaussian with covariance I1; given by

I1. =

M
A,;| diag QIM QiM+1

Qi—l]]lg + Z,-[diag

M

M M
diag[Q,-M O, 41 Qi-l] diag[QiM Oin

M
7 +| diag Ry, Ryw - Rl

Now, to get the filtered estimate X; , the following

7]

weighted least square cost function must be minimized:

[Zi _Fixi]THi_l[Zi _Fixi]' (5)

Taking a derivation of (5) with respect to X; and setting it to
zero, the proposed TV-FMS filter X; on the window
[i —M,i] is given for the discrete time-varying system with
measurement delay as follows:

A 1 1! _

X = (FiTHi lri) FiTHi er (6)
The matrix I is of full rank since {®;,H,} is observable

for M > n. In addition, the matrix I1; is positive definite and

thus its inversion exists. Therefore, the matrix I“iTHi_lFi is

nonsingular and thus its inversion exists.

The proposed time-varying FMS filter has inherent
several properties such as unbiasedness, deadbeat,
time-invariance, robustness as follows. It is shown in the
following theorem that the proposed time-varying FMS filter
X; is unbiased for noisy systems and exact for noise-free

systems with measurement delay.

Theorem 1. Assume that {®;,H;} is observable and M = n.
Then the proposed TV-FMS filter X; on the window
[i—M,i] has an unbiasedness property when there are

noises and a deadbeat property when there are no noises in
the discrete time-varying system (1) with measurement delay.

Proof. When there are noises on the window [i —M,i] in (1)
with measurement delay, E[Zl-]zl"iE[xi] since the noise
term AW, +EiV7i+Vi in (4) is zero-mean. Therefore, the

following is true:
E[iz] = (FiTH;IFiTIFiTH;IE[Zi]
= (FiTHi_lri Tl FiTHi_lE[rixi +AW + ZiWi + Vz]
= (FiTHi_lri )_lriTHi_lriE[xi] = E[xil
This completes the proof of the unbiasedness property.
When there are no noises on the window [i —M,i] in (1)
with measurement delay as follows:

Xig =Dux;, z; =Hixi_g, N

then Z, =Tx;, since the noise term AW, +X,W, +V, in (4)

1 l

is removed. Therefore, the following is true:
% =o' 'rnz,
B Vo ) ol
This completes the proof of the deadbeat property. |

The unbiasedness of the estimate means that its mean value
tracks the mean value of the state at every time for noisy
systems. The deadbeat of the estimate means that its value
tracks exactly the state at every time. The proposed TV-FMS
filter X; (6) is proposed assuming that the system (7) has

additive system and measurement noises, w; and v; as

shown in (1). In actual cases, the noises of the signal can exist
or not. In either case, the proposed TV-FMS filter is designed
with nonzero Q; and R;. That is, the deadbeat property in
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this paper is obtained in the case when the noises do not exist,
while the proposed TV-FMS filter is designed with nonzero
O, and R,. The deadbeat property indicates finite

convergence time and fast tracking ability of the proposed
TV-FMS filter. Thus, it can be expected that the proposed
TV-FMS filter would be appropriate for fast estimation and
detection of signals with unknown times of occurrence, which
arise in many problems such as fault detection and diagnosis
of various systems, maneuver detection and target tracking of
flying objects, etc.

Moreover, according to [10]-[14], it is a general rule of
thumb that, the proposed TV-FMS filter might be also robust
against mismodeling and temporary uncertainties or due to its
finite memory structure.

III. EXTENSIVE COMPUTER SIMULATIONS FOR DIVERSE
DYNAMIC SYSTEMS

To illustrate the validity of the proposed TV-FMS filter
and to compare with the existing IMS filter, Kalman filter in
[3], extensive computer simulations are performed for three
kinds of discrete time-varying noisy signal models. Even if a
process is represented in state space accurately on a long time
scale, it may undergo unpredictable changes, such as jumps in
frequency, phase, and velocity. Because these -effects
typically occur over a short time interval, they are called
temporary uncertainties. As representative temporary
uncertainties, there are a model uncertainty, an unknown input,
and incomplete measurement information, etc. Thus, two
kinds of discrete time-varying noisy signal models in
computer simulations consider a measurement delay d as
well as a uncertain model parameter o;.

Firstly, the sinusoid signal model, has received
considerable attention in the literature, is considered as
follows [11]:

| cos(7/32)+9; sin(z /32) |1
T —sin(z/32)  cos(z/32)+65, [ |1 (8)
H,=[1+0.255, 0.255]

The delay length is set by d =2. A temporarily uncertain
parameter is taken as 0; =0.04 for the interval 100<7 <150
for the sinusoid signal model (8). System and measurement
noise covariances are taken as Q, = 0.1 and R; = 0.2% For

consider diverse situations, three kinds of window lengths are
setby M =10, M =15, and M =20.

Secondly, the Van der Pol oscillation signal model for an
electronic circuit with vacuum tubes is considered as follows

[11]:
1+6, T+6, T*/2+6,

®,=| 0 1 T
0 0 1
)
1
G =|03|, H,=[1+26, 26, 25}
0.3

The delay length is set by d =10. A temporarily uncertain
parameter is taken as o;=0.005 for the interval
250<i<300 for the Van der Pol oscillation signal model

(9). System and measurement noise covariances are taken as
0O, =0.1” and R, =0.2% For consider diverse situations,
three kinds of window lengths are set by M =50, M =60,
and M =70.

Thirdly, the discretized direct current (DC) motor model
is considered. The DC motor is the most commonly used
motors in the control systems due to their features such
cost-efficiency, ease of use, high performance, longevity and
quiet operation as follows [18]

_[08178+4,
1 0.0563
_{0.0006 0

—-0.0011 }

0.3678+ 5,
(10)

i

, H,=[1+026, 0.265,]
0 0.0057
The delay length is set by d =4. A temporarily uncertain
parameter is taken as 0; =0.1 for the interval 150<i <300
for the discretized DC motor model (10). System and

. . 2
measurement noise covariances are taken as Q; =0.17 and

R =0.1%. For consider diverse situations, three kinds of
window lengths are set by M =10, M =20, and M =30.

The proposed TV-FMS filter and the existing IMS filter
are compared for the temporarily uncertain system. Figure 1,
2 and 3 show simulations results according to diverse window
lengths. In addition, last plots of three figures show simulation
results for the certain system without any temporary modeling
uncertainty. The proposed TV-FMS filter can be comparable
to the existing IMS filter for the certain system. The
estimation error of the proposed TV-FMS filter is smaller
than that of the existing IMS filter on the interval where
modeling uncertainty exist for all cases. In addition, the
convergence time of estimation error is much shorter than that
of the existing IMS filter after temporary modeling
uncertainty disappears. In addition, the proposed TV-FMS
filter can be comparable to the existing IMS filter after the
effect of temporary modeling uncertainty completely
disappears. Therefore, the proposed TV-FMS filter can be
more robust than the existing IMS filter when applied to
temporarily uncertain systems, although the proposed
TV-FMS filter is designed with no consideration for
robustness. Moreover, it can be known that the larger window
length may yield the longer convergence time of the
estimation error, which can degrade the performance of the
proposed TV-FMS filter. Therefore, it can be stated that the
window length M can be used as an effective design
parameter to make the best possible performance of the
proposed TV-FMS filter.

IV. CONCLUDING REMARKS

In this paper, the TV-FMS filter has been proposed for state
estimation in time-varying systems with measurement delay.
The proposed TV-FMS filter has been obtained by directly
solving a weighted least-square cost function with
incorporating time-delayed measurements. It has been shown
that the proposed TV-FMS filter has inherent properties such
as unbiasedness, deadbeat, and robustness. Computer
simulations for three kinds of discrete time-varying noisy
signal models, sinusoid signal model, Van der Pol oscillation
signal model, discretized DC motor model, have shown that
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Fig. 1. Estimation errors for sinusoid signal model

the proposed TV-FMS filter can be comparable with the
existing IMS filter for a nominal system and better than that
for a temporarily uncertain system.

ACKNOWLEDGEMENT

This research was supported by Basic Science Research
Program through the National Research Foundation of
Korea(NRF) funded by the Ministry of Education
(NRF-2017R1D1A1B03033024).

REFERENCES

Q. Wang, S. Kang, and Y. Zhou, “Incorporation of time delayed
measurements in a discrete-time Kalman filter,” in Proc. the 37th
IEEE Conference on Decision and Control, Lake Buena Vista, FL,
USA, 1998, pp. 3972~3977.

H. Zhang, X. Lu, and D. Cheng, “Optimal estimation for
continuous-time systems with delayed measurements,” Int. J. Robust
Nonlinear Control, vol. 51, no. 5, pp. 823~827, 2006.

X. Lu, L. Xie, H. Zhang, and W. Wang, “Robust Kalman filtering for
discrete-time systems with measurement delay,” /EEE Transactions
on Circuits and Systems II: Express Briefs, vol. 54, no. 6, pp. 522~526,
2007.

Q. Wang, S. Kang, and Y. Zhou, “Kalman filtering with measurement
delay for electro-optical tracking systems,” in Proc. the 3rd
International Conference on Mechatronics and Automation,
Changchun, China, 2009, pp. 5069-5073.

Q. Wang, M. Zhang, L. Han, and L. Che, “Kalman filtering for discrete
systems with measurement delay,” in Proc. the 3rd International
Conference on Mechanical, Industrial, and Manufacturing
Engineering, Los Angeles, CA, USA, 2016, pp. 177~181.

M. S. Grewal, “Applications of Kalman filtering in aerospace 1960 to
the present”, IEEE Control Systems, vol. 30, no. 3, pp. 6978, 2010.
T. O. Ting, K. L. Man, C-U. Lei, C. Lu “State-of-charge for battery
management system via Kalman filter,” Engineering Letters, vol. 22,
no. 2, pp. 75~82, 2014.

P.S.Kim, E. H. Lee, and M. S. Jang, “An indoor positioning system in
wireless sensor networks with measurement delay,” in Proc. 17th
International Conference on Informatics, Electronics and Vision,
Singapore, 2015, pp. 1~4.

(2]

(3]

(4]

(3]

(6]
(7]

(8]

Estimation error

Estimation error

(b) M=15
0.5
0 PIe A B
-0.5
100 200 300 400
Time
(d) Norminal system with M=20
0.5
0 LAAM A A mea
\"Aadiidn 247 0 d v v
-0.5
100 200 300 400
Time

[91 P.S.Kim, E. H. Lee, M. S. Jang, and S. Y. Kang, “A finite memory
structure filtering for indoor positioning in wireless sensor networks
with measurement delay,” International Journal of Distributed Sensor
Networks, vol. 13, no. 1, pp. 1~8,2017.

A. H. Jazwinski, “Limited memory optimal filtering,” IEEE Trans.
Automat. Contr., vol. 13, no. 5, pp. 558~563, 1968.

P. S. Kim, “An alternative FIR filter for state estimation in
discrete-time systems,” Digital Signal Processing, vol. 20, no. 3, pp.
935~943, 2010.

S. Zhao, Y. S. Shmaliy, B. Huang, and F. Liu, “Minimum variance
unbiased FIR filter for discrete time-variant systems,” Automatica, vol.
53, no. 2, pp. 355~361, 2015.

P. S. Kim, “A finite memory structure smoother with recursive form
using forgetting factor,” Mathematical Problems in Engineering, vol.
2017, pp. 1~6, 2017.

Y. S. Shmaliy, S. Zhao, C. K. Ahn “Unbiased finite impulse response
filtering: An iterative alternative to Kalman filtering ignoring noise and
initial conditions,” IEEE Control Systems, vol. 37, no. 5, pp. 70~89,
2017.

J. Promarico-Franquz and Y.S. Shmaliy, “Accurate self-localization in
RFID tag information grids using FIR filtering,” IEEE Transactions on
Industrial Informatics, vol. 10, no. 2, pp. 1317~1326, 2014.

Y. Shmaliy, S. H. Khan, S. Zhao, and O. Ibarra-Manzano, “General
unbiased FIR filter with applications to GPS-based steering of
oscillator frequency,” IEEE Transactions on Control Systems
Technology, vol. 25, no. 3, pp. 1141~1148, 2017.

J. M. Pak, P. S. Kim, S. H. You, S. S. Lee, and M. K. Song, “Extended
least square unbiased FIR filter for target tracking using the constant
velocity motion model,” International Journal of Control, Automation
and Systems, vol. 15, no. 2, pp. 947~951, 2017.

DC Motor Speed: System Modeling, Control, Tutorials for MATLAB
and Simulink, University of Michigan

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

Pyung Soo Kim received the B.S. degree in Electrical Engineering from
Inha University, Incheon, Korea, in 1994. He received the M.S. degree in
Control and Instrumentation Engineering and the Ph.D. degree at the School
of Electrical Engineering and Computer Science from Seoul National
University, Seoul, Korea, in 1996 and 2001, respectively. From 2001 to
2005, he was a senior researcher at the Digital Media R&D Center of
Samsung Electronics Co. Ltd. Since 2005, he has been with the Department
of Electronics Engineering at Korea Polytechnic University, Shiheung,
Korea. His main research interests are in the areas of system software
solutions, statistical signal processing, wireless mobile networks, next
generation network system design, and various industrial applications.

(Advance online publication: 7 November 2018)



Engineering Letters, 26:4, EL._26 _4 02

Estimation error

Estimation error

T

e

=SS

{
Estimation error

v B

l

200 400 600 800 200 400 600 800
Time Time
(c) M=70 (d) Certain system with M=60

V[

Estimation error

\

14

200 400 600 800 200 400 600 800
Time Time

Fig. 2. Estimation errors for Van der Pol oscillation signal model
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