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Artificial Boundary Method for Anisotropic
Problems in Semi-infinite Strips

Yajun Chen,

Abstract—In this paper, the artificial boundary method for
anisotropic problems in semi-infinite strips is investigated. The
exact and approximate boundary conditions on a segment
artificial boundary are given. Finite element approximations are
applied to the problem in a bounded computational domain and
error estimates are obtained. Finally, some numerical examples
show the effectiveness of this method.

Index Terms—artificial boundary method, anisotropic prob-
lem, error estimate.

I. INTRODUCTION

ROBLEMS in semi-infinite strips are encountered in

applications involving waveguide or flow around an
obstacle in a channel. Artificial boundary method [1]-[2],
which is also called coupling method with natural boundary
reduction [3]-[5] or DtN method [6]-[7] is a common method
to solve such problems numerically. The method may be
summarized as follows: (i) Introduce an artificial boundary,
which divides the original unbounded domain into two non-
overlapping subdomains: a bounded computational domain
and an infinite residual domain. (ii) By analyzing the problem
in the infinite residual domain, obtain a relation on the
artificial boundary involving the unknown function and its
derivatives. (iii) Using the relation as a boundary condition,
to obtain a well-posed problem in the bounded computational
domain. (iv) Solve the problem in the bounded computational
domain be the standard finite element methods or some other
numerical methods. Other related works can also be found
from [8]-[20].

Recently, the authors proposed some new artificial bound-
ary methods and domain decomposition methods based on
elliptical arc artificial boundary to solve Poisson problems
and anisotropic problems [21]-[24]. In this paper, we inves-
tigate the artificial boundary method for anisotropic problems
in semi-infinite strips. Let €2 be a strip, and b is the width of
the channel ). The boundary of domain €2 is decomposed
into three disjoint parts: I'yy, I'y, and I'g(see Fig. 1). We
introduce a Cartesian coordinate system (z,y), such that the
ray I's coincides with the = axis.

We consider the following anisotropic problems in two
cases:

—V-(AVu) = f, inQ,
AVu-n=0, onIsUTIy,

(1)
u=4g, OIIFW,

u is bounded at infinity,
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Fig. 1. The Ilustration of Domain 2
and
-V -(AVu)=f, in Q,
u=0, onTgUTIy, )
AVu-n=~h, onTy,
u is vanish at infinity,
k0 .
where A = 0 1 ,kisaconstant and 0 < k < 1, u

is the unknown function, f € L*(Q) and g, h € L*(T'y) are
given functions, supp(f) is compact.

The rest of the paper is organized as follows. In section
2, we obtain the exact artificial boundary condition. In
section 3, we give the equivalent variational problem and it’s
well-posedness. In section 4, we discuss the finite element
approximation and an new error estimate that depends on
the finite element mesh, the order of artificial boundary
condition and the location of the artificial boundary. Finally,
in section 5, we give some numerical examples to show the
effectiveness of the method.

II. THE EXACT ARTIFICIAL BOUNDARY CONDITION

We introduce a segment artificial boundary I'g
{(z,y)]x = d, 0 < y < b} to enclose supp(f), which
divides ) into a bounded domain €y and an unbounded
domain Qg(see Fig. 2).

In the first case, problem (1) confines in Qy is

— V- (AVu) = f, in Qw,
AVu-n = 0, on stUFNw, (3)
u=g, on I‘I/V7
where I'syy = s N Quw, Tyvw = v N Q.
Problem (1) confines in Qg is
- V- (AVu) =0, inQg,
.AVU-TLZO, on'sg UIl'nE, 4)

u is bounded at infinity,

where FSE = FS QQE, FNE = FN ﬂQE.
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Fig. 2. The Illustration of Domain Qyy and Qg

By the variable transform = = kz, y = 7, the anisotropic
equation becomes a Poisson equation in (g and the bound-
ary I'; becomes another boundary T'p = {(%,§)|Z = 4 0<
7 < b}.

Problem (3) becomes the following problem

—AUZf, in ﬁw,
9 - -
2 —0, onTewUTnw, (5)
on N
u=g, on [y,
where Qu = {(Z,9)[0 < & < 40 < g < b}, FSW =
{@Po<z<dg=0LTyw={@N0<i<ij=

b}.
Problem (4) becomes the following problem
—Au=0, in Q E,
ou
on
u is bounded at infinity,

=0, on fSEUfNEa (6)

where Op = {(#§)z > 4,0< F<b. Tsp = {(%,9)|7 >

4§ =0} Tne = {(@ )z > £,5 =0}
By separation of variables, we know that the solution of
problem (6) has the form

where

2 (b d 74
an = g/0 u(Z ) cos LA n=0,1,2,- . (8)

We differentiate (7) with respect to = and set £ = % to obtain

ou X nmwy nry
%|5E= Z / cosTcos ; dy'.
)
Since
ou ou
|FE %|va

we obtain the exact artificial boundary condition on Lg:

%‘~ = +§ / Cosigcos nwg’d~,
on'T T B2 2 b b Y
d .
éKlu(an)
(10)

In practice, we need to truncate the above infinite series by
finite terms, let

~ ~/
Ky =22 z/ ) cos "7 cos "0

n=1

dg’, (11)

then we obtain the approximate artificial boundary condition

on I'g:
ou

on
For the second case, the exact artificial boundary condition
onI'g is

+oo ~
nry . nry
an\rE = Z / sstm Td !

d -
£ ICgu(?y),

5, =K1 (12)

13)

and the approximate artificial boundary condition on I is

ou o b d o nry . nny
e S R

(14)

In the following sections, we just consider the equivalent
variational problem and finite element approximation of
problem (1), we can obtain corresponding result of problem
(2) in the same way.

III. THE EQUIVALENT VARIATIONAL PROBLEM

By the exact artificial boundary condition (10), the original
problem (1) confines in Qyy is

—Au=f, inQy,
9 - -
afu:(), on I'syw UT'nw,
K ~ (15)
u=g, only,
ou

d ~
%:Klu(%,@/), on FE
By the approximate artificial boundary condition (12), the
approximation problem can be described as follows
—AuY = f, in Qu,
ou™N ~ ~
A 0, onTsw UTlnw,
on
3 - (16)
=9, on FW?
ouN _ kN
an 1>
Let V = H'(Qw). V, = {v € H'(Qw),vlz,, = g}. then
the problem (15) is equivalent to the following variational
problem

onI'g.

Find v € V;, such that
(17

a’(ua 'U) + b(u,v) = f(v)a

problem (16) is equivalent to the following variational prob-
lem

Yo € Vp,

Find u” €V}, such that
(18)

a(u™,v) + by, v) = f(v), Yve,
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where
a(u,v) = AVu-Vvdzdy =k | Vu-Vodzdy, (19)
QW SZW
b u(
b(u,v) = / / u ( 9
mr 0y (20)
- sin n by sin Td 7 dy,
b 8 d
(u,v) kz / / u( R y (a )
nmw @1
- sin - sin —d”dy,
flv)= / fvdxdy = k:/~ fodxdg. (22)
Qw Qw

For any real number S, we have the equivalent definition
of Sobolev spaces H*(I'g) as follows [19]:

+oo

Co nmwy
+ g Cp, COS ——,

~ d
VUGHS(FE)(:)v(k,y) 5 5

n=1
2 XX
and 50 + ;(1 +n?)*c < .

The norm of H*(I'z) can be defined as follows

1

d c2 y5c2]h
v+ ,y)\ISpE— §°+Zl+n ).

Then we have the following results.
Lemma 1. b(u,v) and by(u,v) are both a symmetric,
semi-definite and continuous bilinear form on V' x V.
Proof. Let

d _ a = nmwy
(i) = %+ 3 ayeos L
n=1

( +chcos—,

n=1

taking the derivative with respect to ¢’ and § we have

an bln—,

then we have

b %
[b(u, v)| = |7 Znancn|
n=1

km

< 5 lully wllvlly 7,
< Cllully g, IVl &, -
In the same way, we obtain

N
km
lbx (u, )] = |- > nanea| < Cllully g, 10l g, -

n=1

[b(u, u)| = km fnag >0
) - 2 — n —

Zna > 0.

|bn (u, u)|

By using this lemma we have the following theorem.

Theorem 1. The variational problem (17) and (18) have
a unique solution on V, respectively.

Proof. It is easy to see that a(u,v) is a symmetric,
bounded and coercive bilinear form on V' x V. Note that
f(v) is a continuous linear function on V' and lemma 1,
we completed the prove of this theorem by Lax-Milgram
theorem.

IV. FINITE ELEMENT APPROXIMATION

Assume that 7, is a regular and quasi-uniform triangula-
tion of Qyy such that

U x.

KeJy

where K is a triangle and h is the maximal diameter of the
triangles. For the sake of simplicity, we assume g = 0. Let

Vi = {v € Vy,v|k is a linear polynomial, VK € J}}.

The approximation problem of (18) can be described as
follows

(23)

a(uévav) + bN(uhN’U) = f(v),

Find uy € Vj,, such that
Yv € Vj,.

Similar with theorem 1, we can see that the variational
problem (23) has a unique solution uhN €W

Let Ty, = {(do,§)|do < 40 < § < b} be the smallest
segment to enclose supp(f), we have

Lemma 2. Squose u is the solution of the problem (1),
“‘r € HP~2(T'y,), p is a constant and p > 1, then for
any v €V we have

[bw (u, v) = b(u, v)]
do— ) R (24)

el
leal,—y 7., 10l 5

<O
SR ES

where C' is a constant independent of h, N and d.
Proof. By the formula (7) we have

u(do,

~/
(do—2)nzm nﬂ—y
ane ") .
5 + Z ;
For any v € V, let

(d —l—Zencos—

(Advance online publication: 7 November 2018)



Engineering Letters, 26:4, EL._26 4 10

Then we have

by (u,v) —
+oo
2k ou 0
B // ““'mysi—d’m
Wi oy’ 0y b
km = (d ,é)u
=15 Y ned e
n=N+1
1 (do— &) @41
é m— Z n Cnen|
( n=N+1
e(do_d)(N+1)"
< CWII [ o (P

Theorem 2. Suppose u € H 2(QW) is a solution of the
problem (1), u|Fd € Hr 2 (Fdo) p is a constant and p > 1,

up €V, is the SO]U.thIl of the problem (23), the following
error estimate holds
lu—ui |, &,
oldo— ) BE0T (25)
< C(hlully g, + WHUHP_%@O%

where C' is a constant independent of h, N and d.
Proof. From variational problem (17) and (18) we have
alu —ud ,v) 4+ by (u — uly ,v)
=bn(u,v) —b(u,v), Yve V.

For Yv € V},, by lemma 2 we have

¥ ol 5
< Cla(u —v uthv)erN(uthv,uthv))
= Cla(u —v,uly —v) +by(u—v,upy —v)

+ b(u, uhN —v) — by (u, uhN —))

< CO(llu=vlly gy lur, =2l g,
+ [b(u, up —v) = by (u,up —v)|)
N
< O(llu =l g, lun — vl g,
e(d 77)(N+1)‘ﬂ'
+WH ||p" T, Jup” — vl g )-
Therefore,
N
lup, —vlly 5, < CUlu—2ll; 5,
pldo— ) ™
+ Yv € V).

WHUH%%@U)’
Notice that

Jof flu—vll, 5, < Chlull,g,,

and by the triangle inequality

le = willy 5, < lu=vll, g, +llu’ =l g,

we obtain

lu =l g,
e(do (N+1)7r

C(hllullyg,, + W” ||pJ Fdo)

Fig. 3. Mesh h of Subdomain ﬁw for Example 1

~ TABLE I
L (2w ) ERRORS WITH DIFFERENT MESH FOR EXAMPLE 1

Mesh | k£=0.2 k=04 k=0.6 k=038

h 0.040595 | 0.042162 | 0.030543 | 0.022572
h/2 | 0.037305 | 0.015811 | 0.008309 | 0.005958
h/4 | 0.014159 | 0.004193 | 0.002212 | 0.001512
h/8 | 0.003758 | 0.001065 | 0.000557 | 0.000379

V. NUMERICAL EXAMPLES

We computed some numerical examples to test the ef-
fectiveness of the method we developed. The finite element
method with linear elements is used in the computation.

Example 1. We consider problem (1), where ) =
{(@.y)lz > 0,0 <y < b}, Tw = {(0,y)[0 <y < b},
s = {(z,0)]x > 0}, Ty = {(x,b)|]z > 0} and b = 1.
Let u(z,y) = e & cos Z¢ be the exact solution of orig-
inal problem and g = u|r,,. Take the artificial boundary
I'g = {(z,y)|lr = d,0 < y < b}. By using coordinate
transformation x = kx, y = y, we just need to solve the
problem as the following

—Au=f, inQp,

b - -
== 0, onI'nw UTlsw,

u=g, only,

ou

— = Ku,

r
on onlg,

where Q= {(7,9)|0 < # < 40 < g < b FSW =
{@ 9o <z< E,y—()} Tyw = {@ 90 <z< E,y—
b} Tw = {(Z,7)|Z=0,0<§ <b},and T'p = {(Z,7)|7 =
40<y<bl}

Figv. 3 shows the Mesh h of subdomain ﬁw, Table 1 shows
L>(Qw) errors with different Mesh(IV = 20, d = 1), Fig.
4 shows L>°(Qyy) errors with different A(N = 20, d = 1),
Fig. 5 shows L°°(I'g) errors with different N(k = 0.5, d =
1), Fig. 6 shows L>°(T'g) errors with different d(k = 0.5,
N = 20).

The numerical results show that the numerical errors can
be affected by the finite element mesh, the order of artificial
boundary condition and the location of artificial boundary.
Numerical results are in agreement with the error estimates
and show the efficiency of our method.
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