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On the Indentation of a System of Punches
into a Layered Foundation

Kirill E. Kazakov and Dmitry A. Parshin

Abstract—Contact problem for a system of rigid rough
punches and layered foundation with nonuniform upper layer is
considered. Mathematical model of the problem is compiled. It’s
effective solution is constructed by using Manzhirov projection
method. Qualitative conclusions are presented.

Index Terms—coating, multibody contact, nonuniformity,

Manzhirov projection method, rapidly changing functions, sys-
tem of punches, roughness.

INTRODUCTION

ROBLEMS of the contact interaction for elastic and vis-

coelastic foundations with different coatings have been
studied in good number of papers (see, e.g., [1]-[16]). But
we have study the case with periodical nonuniformities or
shapes and regular system of punches in the multiple contact
problems. (A system of punches is said to be regular if the
distances between neighboring punches as well as the widths
of punches are equal to each other respectively and shapes
of punches base are identical.) This paper provide solution
for the common case of arbitrary coating nonuniformity and
nonregular system of rigid punches.

I. STATEMENT OF THE PROBLEM

Viscoelastic aging layer (the moment of its production is
Tiower) Of @ thickness hjower With a elastic coating of an
thickness h lies on a rigid basis. We assume that the coating
rigidity R(z) depend on the longitudinal coordinate. Such
foundations sometimes are called as surface nonuniform
foundations. The strong material nonuniformity of founda-
tions usually results from the process of layer by layer
manufacturing (additive manufacturing) of a coating (e.g.,
laser treatment, ion implantation, etc. [17], [18]) and its
further processing. Rigidity of coating is less than the rigidity
of the lower layer or they are of the same order of magnitude.
There is smooth contact or perfect contact between layers and
between the lower layer and the rigid base.

At time Ty > Tiower, the forces P;(t) with eccentricities
e;(t) starts to indent system of n smooth rigid punches
into the surface of such a foundation. The lengths of lines
of contact area are equal to punch lengths a; = b; — a;
and punch base forms describes by functions g;(x). (Here
a; and b; are left and right coordinates of ith punch,
1 =1,2,...,n.) The coating is assumed to be thin compared
with the contact areas, i.e., its thickness satisfies the condition
h < max a;.

i=1,2,...,n
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The system of integral equation of this problem can be
written in the form

qi(x’ t)h _ 2(1 — Vﬁower)
R(%) + (I V) 7TE‘lower (t - Tlower)
< z/ b (2 a6 1)
= 0i(t) + au(t )(55—771)—91‘(17)7 M

t
Vf($, t) = / K(t — Tlower, T — Tlower)f(xv 7_) dTv

K(t T) = Elower( ) [Elovlver( ) + Clower(taT)]v
x € |ai,b], t=m, i=1,2,....n

where §;(t) are the punch settlements and «;(t) are tilt an-
gles, n; = %(ai +b;) are the punch midpoints; Elower(t) and
Viower are the Young modulus and Poisson’s ratio of the lower
layer; I is the identity operator; V are the Volterra integral
operator with tensile creep kernel Kiower(t,7); Clower(t, T)
is the tensile creep function; contact rigidity R(z) depend on
the contact conditions between coating and lower layer (see,
for example, [19]); in the case of a smooth coating-layer con-
tact, we have R(z) = E(x)/[1—v?(z)], and in the case of an
perfect contact, R(x) = E(z)[1—v(x)]/[1 —v(x)—2v2(2)],
where E(z) and v(z) are the Young modulus and Poisson’s
ratio of the coating; kpi[(z — £)/hiower| is known kernel of
the plane contact problem, which has the form [20], [21]:

kpi(s) = /000 L) cos(su) du,

u

and, in the case of a smooth contact between the lower layer
and the rigid base,

L(u) =
and in the case of a perfect contact,
L(u) = 25¢sinh(2u) — 4u ,
2sccosh(2u) + 4u? + 1 + 52
We supplement Eq. (1) with the conditions of the punches
equilibrium on the foundation

cosh(2u) — 1
sinh(2u) + 2u’

n=3— 4Vlower-

b;
/ G(€.8) de = Pt

i

/«sngtdg M),

ﬁ27-07

Here M;(t) = e;(t) P;(t) denotes the moments of application
of the forces P;(t).

There exist a lot of versions of mathematical statements
for the contact problem for a system of punches in the plane
case. It is easy to show that there is one of four types of
conditions on each punch: the load force and moment are
given, the tilt angle of the punch and the load force are given,

i=1,2,....n
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Fig. 1.

the punch settlement and the load moment are given, or the
settlement and tilt angle of the punch are given. Thus, there
are 15 versions of mathematical statements for the plane
contact problem for a system of punches.

II. MODEL REPRESENTATION

Let us make the change of variables in (1) and (2) by the
formulas

oo 2@ o) e 262 m) ) 2hiover
a ar ax
i 27’1 * t * Tlower Q% (g%
no= a1 , U= %7 TNower — 0 y & (t ): ai(t)v
; 20; (t) Elower (t - TIOWGI')
5 () = () —
()= 20 ) = Bromrl Do)
Gk (K 2gi(x) oY E, h
g ($ )_ al ) m(x )_R(x)(l_ylgower) 5417
q”(x* t*) _ 2(1 B Vﬁ)wer)qi(xat)
’ Eower (t - Tlower) ’
Pi* (t*) _ 4Pl(t)(1 - Vl2ower)
N Eower (t - 7-lowelr)al ’ 3)
8M;(t)(1 — Viter)
M& (%) = ower
( ) Elower 7'lower)a%
FZ]* / kl] , £ (é*)d£*7

e g L (Tt 1 (e
k]($,€ ):;km(x 77 /\5 Ui )Z—k’pl (x_>’

o

Vi) = [ K s
1

K*(t*aT*) = Klower(t

ii=1,2.....n

— Tlower, T — Tlower)7-07

Here E, some dimensional modulus, for example, £, =
MAX ¢ (—o0,+00) ().

Then, omitting the asterisks, we obtain a system of mixed
integral equations and additional conditions in the dimen-
sionless form

n

c(t)m'(z)q' (x, 1) Z Fil gl
=6'(t) + o' (t)z 91(37)» 4)
| dende=ru. [ wienag=are.
el-1,1], t>1, i=1,2,....n

Nonuniform coating

Multiple contact interaction between foundation with nonuniform coating and system of rigid punches with rough bases.

Assuming that

q(:z:,t) = qi(x,t)llv 6(t) = 5i(t)llv a(t) = ai(t)llv
glx) =g'(x)i’, P(t)=P'(t)i", M(t) =M (@),
D(z) = DY (x)i'{,

() = mi(x ] mz(x), t=17 (5)
D) ()0 {0, i #

1

K(z,€) = k9 (2, €)%, Fi(x) = / K(z,6) -

-1

£(¢) de,
we can represent system with additional conditions (4) as

o(t)+a(t)r—g(x),
/éqftdé M),  (©)

c(t)D(z) - q(, 1)+

1
| atenae=pe
x € [-1,1],

(I-V)Fq(z,t)=

t>1.

Hereinafter, it will be the summation over repeated upper
indices 7 and j from 1 to n if the left side of the formula is
independent of the index.

In what follows, we construct the solution of the system of
two-dimensional equations with the system of auxiliary con-
ditions (4), which contains integral operators with constant as
well as variable limits of integration and 2n different rapidly
changing functions (m’(z) and ¢%(x), i = 1,2,...,n).

III. ANALYTICAL SOLUTION

Now we introduce the notation

q(z,t) = §(z,t) — —D"'(z) - g(=), (7)

where D~!(z) = [D%(x)]~'i'i’ (because D(x) is diagonal
matrix) and q(«,t) is new unknown function. Then operator
equation and auxiliary conditions (6) can be reduced to the
following equations:

c(t)D(z) - q(z,t) + (I - V)Fq(z, 1)
=0(t) + a(t)r — é(t)g(z),

/_ a(ende =P(). [ ca(ende =)
x € [-1,1],

)

t>1,
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where
1
&)= | k(.0 D7) s()]dt,
1

t) = —(I- V)@,

- 1 1 . )

Pit)=P — D~ . d

(=P + 5 | DO s,

- B 1 1 .

M) =M(0) + 5 [ DO sle)ede
We obtain new mixed operator equation with 2n rapidly
changing function m‘(x) (i = 1,2,...,n) supplemented

by two vector conditions. Last term in right-hand side of
operator equation (8) is “good”: its smoothness defined by
kernel k(z,£). Obtained operator equation with additional
conditions has the same form as the main equation and
additional conditions in [12]. (Only first x-depend factor
D(z) is matrix-function and the last known term in the right-
hand side contain ¢-dependent factor.) But we show that the
solution method will be similar.

We will construct the solution of equations (8) for the
version when all forces and moments are known.

A. Solution form and special basis

By introducing notations in (8)

(i(:L',t) = Dil/z(x) : Q(xvt)a
k(z,£) = DY?(x) - K(z, &) - DV3(¢),

- / K. €)-1(6)ds

we obtain new operator equation and additional conditions

(10)

C(t)Q('T’t) + (I - V)GQ(wvt)
=D'?(x) - [8(t) + a(t)a — &(t)&(x))],
/ D2 (x) - Q(&, ) dé = P(1) o
/ D~'2(z) - Q(&, )€ dé = M(1),
~1,1], t>1.
Here DY2(2) = \/DI@)it#, D-1/2(z) = ——iii/;

Q(z,t) is new unknown function, and K(z, £) is new kernel.

We seek the solution of Eq. (11) in the class of vector func-
tions continuous in time ¢ in the Hilbert space Lo([—1,1], V)
(see [22]). To this end, we at first construct an orthonormal
system of vector functions in Lg([—1, 1], V') which contains
the factors 1/4/m?(x) and remaining basis functions can
be written as the products of vector functions depending
on z and weight functions 1/y/m?*(z). To this end we will
orthonormal on [—1,1] the linearly independent system of
vector-functions

{ it xil x2i1 i2 xi?
Vmi(z) /ml(z) /m2(x) /m2(x)’
z?i? in xi" z21 }

\/m" ’\/m" x

by the formulas:

pi(z) =D ') - pi(x), Pi(z) =pi (@)i,
d*l,i = 15
_— Jo,i Ji,i
Jkﬂ':/ —df, dkﬂ': . . s
,1ml(§) '_ J' _
k,i 2k,i (]2)
Joi Jii Jh,i
“(z) = 1 Jii Ja Jrt1,i
p o e . . . . )
* Vdk—14dei | : - :
1 T zk
i=1,2,....n, k=0,1,2,..., zel[-1,1].
Thus, {pﬁc(x)} (= n, k=0,1,2,...) is a basis in
Lo([-1,1], V).

B. Orthoprojectors, spectral problem, and solution

The Hilbert space Ly([—1,1],V) can be presented as
the direct sum of orthogonal subspaces Ls([—1,1],V) =
LV (=1,1, V)a L ([~1,1], V), where L ([~1,1], V) is
the Euclidean space with the basis {p}(z), p}(z)}iz1,2,...n
and L§2)([71,1],V) is the Hilbert space with the basis
{pi(z), pi(x),...}iz12,. . n The integrand and the right-
hand side of integral equation (11) can also be presented
in the form of the algebraic sum of functions continuous in
time ¢ and ranging in Lgl)([—l, 1],V) and Lg)([—l, 1, V),
respectively, i.e.,

Q(z,t)=Q1(z,t)+Qa(x, t),

D2 (x) - [8(t) +e(t) —&(t)g(x)] = Au (x, 1)+ Ao (a, 1),
Qu(z,t) = 2()pp () + 21(1)pi (2),
Ai(z,t) =D™%(2) - [6(t) + alt)r — &(t)g: (2))

= Aj(t)pj(z) + Af(t)pi (),
Ag(z,t) = &(t)D " (x) - ga(z) = Y AL (t)ph,(2), (13)

Ay(t) =

V/Joi8'(t) + ﬁai(t) — goc(t),

i Joidai = J3; . -
Al(t) = T’a (t) — g1¢(t),

Al (t)=—glét), i=1,2,....,n, m=234,...

Here  Qq(z,t),f1(x,t) € ( )
Qa(x, 1), Bl 1) € LV (=1, 1], V), B(2) = &1(2) + &a(a),
D~1/2(x) - g1(x) = Goph(e) + Fipi(a) € Ly ([-1,1],V)
D) golr) = X Gapi@) € LY (-
Using formulas (9), (T():)? and (12) we can determine
coefficients g.,

@@
mi(r)
m=0,1,2,...,

> f

i:1,2,...

(14)

7n7
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where K/ are expansion coefficients of the kernel K(z, £):

2,8 =Y K7 pi(2)pi©),
m,l=0
K Wxg @) , o 1Y
Ko /]/ ua il
m,l=0,1,..., 2,3—1,2,...,

The formula for Q(z,t) contains known term Q(z,t)
which is determined by the auxiliary conditions (11)

JOzﬁi()+le N()
oo — 2

Pi(t)

V9o

To this end we should use representations for Q(x,t) and
Qi (z,t) from (13) and formulas (12). The term Qa(x,t)
must be found. Conversely, for the right-hand side, one
should find A;(x,t), while Ag(z,t) is known and deter-
mined be the function g5 (x). These peculiarities permit one
to class the resulting problem as a specific case of the
generalized projection problem stated in [22]-[24].

We can introduce the orthogonal projection operator map-
ping the space Lo([—1, 1], V') onto subspace Lgl ([-1,1], V)

2(t) = (16)

P, f(x) = / £(6) - [ph(©)pi () + Pl (E)ph (@) de. (17)

-1

Obviously,

the orthogrOJector P2 maps the space
La([-

1,1],V) onto L(2

P,f(x) = / £6) - S [pin (€)' ()] de

-1 m=2

_ (1- P)f(a).

Following [22], we apply the orthogonal projection oper-
ator P» to operator equation (11). As a result, we obtain the
equation for determining Q2 (z,t) with a known right-hand
side

(18)

c(t)Qa(z,t) +
=—(I-

(I — V)PQGQQ(SE, t)

V)PgGQl(x,t) + AQ(:E,t). (19)

It is necessary to construct its solution in the form of
an expansion in the eigenfunctions of the operator PoG
which is a compact, strong positive, and self-adjoint operator
from LéQ)([—l, 1], V) into Lg2)([—1, 1], V). The system of
eigenfunctions of such an operator is a basis in the space
L22) ([-1,1],V). The spectral problem for the operator PoG
can be written in the form

PyGoy () = rpr(2),
m=2

According to (10), (17), and (18) this problem leads to the
search for solutions of spectral problem about coefficients

2
k=2,3,.... (20)

and ¢y, (k,m=2,3,...,i=1,2,...,n):
ZK”WM Velhm, kym=2,3,...,

=2

where coefficients K :Zl determined by (15).

We expand the functions Qa(x,t), PoGQ1(z,t), and
As(x,t) with respect to the new basis functions ¢ (x)

(k=2,3,..)in LY ([~1,1],V), ie.,
= a(t)py(x)
k=2
PyGQi(z,t) = Zkk¢k 1)

=3 A (@)
k=2

Using (10), (12), (13), (15), (17), (18), and (20) we can obtain
functions o (t) and Ag(t)

t):ZK:goi/}ZmZo +2Km1 km )
ZN Oh o k=2,3,4,....

Substituting equations (21) into (19) and using represen-
tation for operator V for (3) we obtain formula for the
unknown expansion functions z(t) (k =2,3,...)
—(I—V)ou(t) + Ax(t)

c(t) + v

Wi f(t) = /1 Ri(t,7) () dr,

Zk(t) = (I + Wk)

)

(22)

where R} (t,7) (k=1,2,...) is the resolvent of the kernel
K(t
kit = 20T,
c(t) + i
According (7), (10), (12), (13), (20), and (21) the final
solution has the following structure

a(e.t) = D () [zz;(wpff () + £ (Pl (@)

%S
+sz
k=2 m=2

UhaPl2(@)] — Do) (o), 23

or in coordinate form (¢t = 1,2,...,n)

0.0) = s 4000 ) + A0 0)

= = i oyl _ g'(x)
#3250 X i) -

i.e., one can explicitly write out the weight functions m®(z)
and ¢*(z) in the solution. Note that the coating nonuniformi-
ties are related to functions m(x) and punches base forms
functions are related to functions g¢(z) in the relations of
change of variables (3). These parameters can described by
complicated and rapidly changing functions. The formulas
obtained permit obtaining efficient analytical solutions.

In order to find the unknown punch settlements and tilt
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angles we act operator equation (11) by operator P

; Jo,i
7 t — 3
o (t) Jo,ida,; — J?

32

{giem T e(t)=i (1)

LI [Kéézé( )+ K0

¥ w(iz{ L)ao) §

=2
—={ic0 + 00
0,7

b
[|

§i(t) = ffoz (t) +
LIV [K( )+ K92 ()

+izk (ZK %)” i=1,2,...,n.

k=2
IV. CONCLUSIONS

e Plane problem of multiple contact interaction for base
with coating and arbitrary system of punches is posed. The
corresponding mathematical model is given and analyzed.
Possible variants of the problem statement are formulated.

e The analytical solution for the version of known forces
and moments is obtained using Manzhirov generalized pro-
jection method. In relation of contact stresses (23) contact
stiffness and punch base functions are represented by sepa-
rate terms and factors. It is allows one to perform effective
computations for actual nonuniformities and punch shapes.

e Analytical representation of the solution allow one to
analyze carefully the behavior of the punches on the layer,
taking into account the complex properties of the coatings
and the mutual influence of the punches.
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