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Abstract—In the paper, basing on the definitions of the
conformable fractional derivative and integral as well as the
properties of fractional calculus, the authors present some new
fractional integral inequalities, from which explicit bounds for
concerned but unknown functions are derived. Basing on these
inequalities, the authors also establish Volterra-Fredholm type
fractional integral inequalities. These inequalities generalize
some existing results in the literature and can be used in the
research of certain qualitative properties such as boundedness
and continuous dependence on the initial value of solutions of
fractional differential equations. The authors also present some
applications of the main results.
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I. INTRODUCTION

Fractional differential equations(FDEs) are widely used
in various domains including engineering, physics, biology,
signal processing, systems identification, control theory, fi-
nance, fractional dynamics and so on [1-3]. In particular,
the fractional derivative has proved to be very useful in
describing the memory and hereditary properties of materials
and processes. One of its most important applications is
to model the process of subdiffusion and superdiffusion of
particles in physics, where the fractional diffusion equa-
tion is usually used for modeling this movement. Recently,
various aspects for fractional diffusion equations have been
researched by many authors. In [4,5], the authors proposed
two effective methods for finding numerical solutions of
fractional differential equations, while in [6,7], the authors
proposed certain methods for finding analytical solutions or
numerical solutions of fractional differential equations. In
[8-10], qualitative and quantitative properties of solutions of
several fractional differential equations were investigated.

In the research of FDEs, seeking solutions of FDEs are
a hot topic, and have been paid much attention by many
authors. However, in most cases, it is difficult to obtain
exact solutions for FDEs due to the complexity of fractional
operators and fractional calculus. Thus, it becomes very
important to research qualitative and quantitative properties
of solutions of FDEs.

It is well known that inequalities especially the Gronwall-
Bellman type inequalities play an important role in the
research of qualitative and quantitative properties of
solutions of differential and integral equations, difference
equations and dynamic equations on time scales. During
the past decades, a lot of various differential and integral
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inequalities (see [11-18] for example), difference inequalities
[19-20], dynamic inequalities on time scales [21-26] have
been established. These inequalities play an important role
in the research of boundedness, global existence, stability
of solutions of differential and integral equations, difference
equations as well as dynamic equations on time scales. In
the investigation of various inequalities, some fractional
differential and integral inequalities have been established
(see [27-31] for example), which have proved to be very
useful in the research of solutions of certain fractional
differential and integral equations. However, for some
fractional differential and integral equations as well as
some Volterra-Fredholm type fractional equations with more
complicate forms, for example,

Dα
t u(t) = f1(t)[ω1(u(t)) + Iα(f2(t)ω2(u(t)))]

p, t ≥ 0,

the existing inequalities in the literature is inadequate
for the research of qualitative properties of solutions
of them, and it is necessary to establish new fractional
differential and integral inequalities so as to obtain the
desired results.

In this paper, based on some basic properties of the
conformable fractional derivative and fractional calculus,
we establish some new fractional integral inequalities, and
based on them, present some new Volterra-Fredholm type
fractional integral inequalities. The present inequalities can
be used to research qualitative properties of solutions of
some fractional differential and integral equations with
certain forms.

Definition 1 [32, Definition 2.1]. The conformable
fractional derivative of order α is defined by

Dα
t f(t) = lim

ε→0

f(t+ εt1−α)− f(t)
ε .

Definition 2 [32, Definition 3.1]. The conformable
fractional integral of order α on the interval [0, t] is defined
by

Iαf(t) =
∫ t

0
sα−1f(s)ds.

The following properties can be easily proved due to the
definition of the conformable fractional derivative and the
conformable fractional integral:

(i) Dα[af(t) + bg(t)] = aDαf(t) + bDαg(t).

(ii) Dα(tγ) = γtγ−α.

(iii) Dα[f(t)g(t)] = f(t)Dαg(t) + g(t)Dαf(t).
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(iv) DαC = 0, where C is a constant.

(v) Dα
t f [g(t)] = f ′

g[g(t)]D
α
t g(t).

(vi) Dα
t (

f
g )(t) =

g(t)Dαf(t)− f(t)Dαg(t)
g2(t)

.

(vii) Dα
t f(t) = t1−αf ′(t).

(viii) Dα
t (I

αf(t)) = f(t)

(ix) Iαt (D
α
t f(t)) = f(t)− f(0) on the interval [0, t].

Many authors have investigated various applications of the
conformable fractional derivative (see [33-36] for example).

The paper is organized as follows. In Section 2, we present
the main inequalities, and derive explicit bounds for unknown
functions by use of these inequalities. In Section 3, for
illustrating the validity of the established results, we apply
them to research boundedness and continuous dependence on
initial value for the solutions of certain fractional differential
equations. Some conclusions are given at the end of the
paper.

II. MAIN RESULTS

First we consider the following fractional integral
inequality

u(t) ≤ a(t) + b(t)
∫ t

0
sα−1f(s)[ω1(u(s))

+
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds, t ≥ 0, (1)

that is,

u(t) ≤ a(t)+

b(t)Iα{f(t)[ω1(u(t))+Iα(g(t)ω2(u(t)))]
p}, t ≥ 0, (2)

where 0 < α < 1, the functions u, f, g, a, b, ω1, ω2

are nonnegative continuous functions defined on t ≥ 0 with
a, b, ω1, ω2 nondecreasing, p > 0 is a constant.

Theorem 1. Define J(v) =
∫ v

1
1

[ω1(r) + ω2(r)]
p dr,

and assume J(v) < ∞ for v < ∞. If the inequality (1)
satisfies, then one has the following explicit estimate for u(t):

u(t) ≤ J−1{J(a(t))

+b(t)
∫ t

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds}, t ≥ 0. (3)

Proof . Fix T ≥ 0, and let t ∈ [0, T ]. Set

v(t) = a(T ) + b(T )
∫ t

0
sα−1f(s)[ω1(u(s))

+
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds.

= a(T ) + b(T )Iα{f(t)[ω1(u(t)) + Iα(g(t)ω2(u(t)))]
p}.

Then

u(t) ≤ v(t), t ∈ [0, T ]. (4)

Since u, f, g, ω1, ω2 are continuous, then
there exists a positive number A1 such that
|g(ξ)ω2(u(ξ))| ≤ A1 for ξ ∈ [0, s], s ∈ [0, t] and
t ∈ [0, ε], where ε > 0. So for t ∈ [0, ε], one has
|
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ| ≤ A1

∫ s

0
ξα−1dξ = A1s

α

α ,
which implies the integral

∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ is

convergent. So there exists a positive number A2 such that
|f(s)[ω1(u(s)) +

∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

p| ≤ A2. Then
one has

a(T ) ≤ v(t) = a(T ) + b(T )
∫ t

0
sα−1f(s)[ω1(u(s))

+
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds

≤ a(T ) +A2b(T )
∫ t

0
sα−1ds

= a(T ) +
A2b(T )t

α

α .

From above one can see v(0) = a(T ). On the other
hand, there also exists a nonnegative number A3 such
that |f(s)[ω1(u(s)) +

∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

p| ≥ A3

for s ∈ [0, t]. So combining with the uniformly
convergence of the integral denoted by v(t), one can obtain

v(t) ≥ b(T )A3

∫ t

0
sα−1ds =

b(T )A3t
α

α . Furthermore,
v′(t) ≥ b(T )A3t

α−1 ≥ 0 for t > 0, which implies v(t) is
nondecreasing for t ≥ 0. So under the condition that ω1, ω2

are nondecreasing, by use of the properties (iv) and (viii),
one can obtain

Dα
t v(t) = b(T )f(t)[ω1(u(t)) +

∫ t

0
ξα−1g(ξ)ω2(u(ξ))dξ]

p

≤ b(T )f(t)[ω1(v(t)) +
∫ t

0
ξα−1g(ξ)ω2(v(ξ))dξ]

p

≤ b(T )f(t)[ω1(v(t)) + ω2(v(t))
∫ t

0
ξα−1g(ξ)dξ]p

≤ b(T )f(t)[1 +
∫ t

0
ξα−1g(ξ)dξ]p[ω1(v(t)) + ω2(v(t))]

p,
which implies

Dα
t v(t)

[ω1(v(t)) + ω2(v(t))]
p ≤ b(T )f(t)[1 +

∫ t

0
ξα−1g(ξ)dξ]p.

By use of the property (v), one can obtain

Dα
t J(v(t)) =

Dα
t v(t)

[ω1(v(t)) + ω2(v(t))]
p

≤ b(T )f(t)[1+
∫ t

0
ξα−1g(ξ)dξ]p, (5)

Substituting t with s, fulfilling fractional integral of
order α for (5) with respect to s from 0 to t, together with
the use of the property (ix), one can deduce

J(v(t))− J(v(0))

≤ b(T )
∫ t

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds,

which implies

v(t) ≤ J−1{J(a(T )) + b(T )
∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds}. (6)

Furthermore,
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u(t) ≤ J−1{J(a(T )) + b(T )
∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds}, t ∈ [0, T ]. (7)

Letting t = T in (7), one can obtain

u(T ) ≤ J−1{J(a(T ))+

b(T )
∫ T

0
sα−1f(s)[1+

∫ s

0
ξα−1g(ξ)dξ]pds}. (8)

Since T is selected arbitrarily, substituting T with t
in (8), one can deduce the desired result.

Lemma 2. Suppose a, b, x, γ > 0. If 0 < γ ≤ 1,
then (a+ x)γ ≤ aγ + xγ .

Proof . Set f(x) = (a + x)γ − [aγ + xγ ]. Then f(0) = 0,
and f ′(x) = γ(a + x)γ−1 − γxγ−1 ≤ 0. So f(x) is
decreasing for x > 0, and the proof is complete.

Theorem 3. Under the conditions of Theorem 1,
furthermore, assume 0 < p ≤ 1, a, b are not necessarily
nondecreasing, ω1, ω2 are subadditive and submultiplicative,
that is, for ∀α ≥ 0, β ≥ 0, ωi(α + β) ≤ ω(α) + ω(β) and
ωi(αβ) ≤ ω(α)ω(β), i = 1, 2 always hold. If the inequality
(1) satisfies, then for t ≥ 0, one has the following explicit
estimate for u(t):

u(t) ≤ a(t) + b(t)J−1{J(H1(t))+∫ t

0
sα−1f(s)[ω1(b(s)) +

∫ t

0
ξα−1g(ξ)ω2(b(ξ))dξ]

pds}, (9)

where

H1(t) =
∫ t

0
sα−1f(s)[ω1(a(s))+∫ s

0
ξα−1g(ξ)ω2(a(ξ))dξ]

pds. (10)

Proof . Denote v(t) by
∫ t

0
sα−1f(s)[ω1(u(s)) +∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds. Then u(t) ≤ a(t) + b(t)v(t).
Similar to the analysis in Theorem 1, one can obtain v(t) is
nondecreasing, and v(0) = 0. Furthermore,

v(t) ≤
∫ t

0
sα−1f(s)[ω1(a(s) + b(s)v(s))

+
∫ s

0
ξα−1g(ξ)ω2(a(ξ) + b(ξ)v(ξ))dξ]pds

Under the assumptions 0 < p ≤ 1, and that ω1, ω2

are subadditive and submultiplicative, together with the use
of Lemma 2, one can deduce

v(t) ≤
∫ t

0
sα−1f(s)[ω1(a(s)) + ω1(b(s)v(s))

+
∫ s

0
ξα−1g(ξ)[ω2(a(ξ)) + ω2(b(ξ)v(ξ))]dξ]

pds

≤
∫ t

0
sα−1f(s)[ω1(a(s)) + ω1(b(s))ω1(v(s))

+
∫ s

0
ξα−1g(ξ)[ω2(a(ξ)) + ω2(b(ξ))ω2(v(ξ))]dξ]

pds

≤
∫ t

0
sα−1f(s)[ω1(a(s)) +

∫ s

0
ξα−1g(ξ)ω2(a(ξ))dξ]

pds

+
∫ t

0
sα−1f(s)[ω1(b(s))ω1(v(s))

+
∫ s

0
ξα−1g(ξ)[ω2(b(ξ))ω2(v(ξ))]dξ]

pds

= H1(t) +
∫ t

0
sα−1f(s)[ω1(b(s))ω1(v(s))

+
∫ s

0
ξα−1g(ξ)ω2(b(ξ))ω2(v(ξ))dξ]

pds, (11)

where H1(t) is defined in (10).

By the similar analysis as in Theorem 1, one can see
H1(t) is nondecreasing. If we fix T ≥ 0 and let t ∈ [0, T ],
then

v(t) ≤ H1(T ) +
∫ t

0
sα−1f(s)[ω1(b(s))ω1(v(s))

+
∫ s

0
ξα−1g(ξ)ω2(b(ξ))ω2(v(ξ))dξ]

pds, t ∈ [0, T ]. (12)

Denote the right hand side of (12) by z(t). Then
v(t) ≤ z(t), t ∈ [0, T ]. By use of the properties (iv)
and (viii) one has

Dα
t z(t) = f(t)[ω1(b(t))ω1(v(t))

+
∫ t

0
ξα−1g(ξ)ω2(b(ξ))ω2(v(ξ))dξ]

p

≤ f(t)[ω1(b(t))ω1(z(t))

+ω2(z(t))
∫ t

0
ξα−1g(ξ)ω2(b(ξ))dξ]

p

≤ f(t)[ω1(b(t))

+
∫ t

0
ξα−1g(ξ)ω2(b(ξ))dξ]

p[ω1(z(t)) + ω2(z(t))]
p,

which implies

Dα
t z(t)

[ω1(z(t)) + ω2(z(t))]
p ≤

f(t)[ω1(b(t)) +
∫ t

0
ξα−1g(ξ)ω2(b(ξ))dξ]

p.

Then fulfilling a similar process to (5)-(8), one can
deduce

z(t) ≤ J−1{J(H1(T ))+∫ t

0
sα−1f(s)[ω1(b(s))+

∫ t

0
ξα−1g(ξ)ω2(b(ξ))dξ]

pds}. (13)
Furthermore,

u(t) ≤ a(t) + b(t)J−1{J(H1(T )) +
∫ t

0
sα−1f(s)

[ω1(b(s))+
∫ t

0
ξα−1g(ξ)ω2(b(ξ))dξ]

pds}, t ∈ [0, T ]. (14)

Setting t = T in (14), and after substituting T with
t, one can obtain the desired estimate (9).

Next we present the following Volterra-Fredholm type
inequality based on the inequality (1).

u(t) ≤ C +
∫ t

0
sα−1f(s)[ω1(u(s))

+
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds+
∫ T

0
sα−1f(s)[ω1(u(s))
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+
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds, t ∈ [0, T ], (15)
where C, T > 0 are constants, α, u, f, g, ω1, ω2, p are
defined as in the inequality (1).

Theorem 4. Suppose J is defined as in Theorem 1,
and define G by G(x) = J(2x− C)− J(x), x ≥ C. If the
inequality (15) holds, and G is strictly increasing. Then one
has the following estimate for u(t):

u(t) ≤ J−1{J{G−1{
∫ T

0
sα−1f(s)[1+

∫ s

0
ξα−1g(ξ)dξ]pds}}

+
∫ t

0
sα−1f(s)[1+

∫ s

0
ξα−1g(ξ)dξ]pds}, t ∈ [0, T ]. (16)

Proof . Denote the right hand side of (15) by v(t).
Then one has

u(t) ≤ v(t), t ∈ [0, T ], (17)

Similar to Theorem 1, one can obtain v(t) is nondecreasing,
and

v(0) = C +
∫ T

0
sα−1f(s)[ω1(u(s))

+
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds.

So

v(t) = v(0)+∫ t

0
sα−1f(s)[ω1(u(s)) +

∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds

≤ v(0) +
∫ t

0
sα−1f(s)[ω1(v(s))

+
∫ s

0
ξα−1g(ξ)ω2(v(ξ))dξ]

pds, t ∈ [0, T ]. (18)

Then a suitable application of Theorem 1 to (18) yields

v(t) ≤ J−1{J(v(0)) +
∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds}, t ∈ [0, T ], (19)

that is,

J(v(t))− J(v(0)) ≤
∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds, t ∈ [0, T ], (20)

Since 2v(0)− C = v(T ), from (20) one can obtain

J(v(T ))− J(v(0)) = J(2v(0)− C)− J(v(0))

≤
∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds,

which implies

G(v(0)) ≤
∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds,

Using G is strictly increasing, it follows that

v(0) ≤ G−1{
∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds}, (21)

Combining (17), (19) and (21), one can get the desired result.

Now we consider the following fractional integral
inequality

u(t) ≤ a(t) +
∫ t

0
sα−1h(s)u(s)ds+ b(t)

∫ t

0
sα−1f(s)

[ω1(u(s)) +
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds, t ≥ 0, (22)

where h is a nonnegative continuous function defined
on t ≥ 0, and α, u, a, b, f, g, ω1, ω2, p are defined as
in the inequality (1).

Lemma 5. Let 0 < α < 1, a, b, u be continuous
functions defined on t ≥ 0. Then for t ≥ 0,

Dα
t u(t) ≤ a(t)+b(t)u(t)

implies

u(t) ≤ u(0) exp[
∫ tα

α

0
b((sα)

1
α )ds]

+
∫ t

0
τα−1a(τ) exp[

∫ tα

α
τα

α

b((sα)
1
α )ds]dτ.

Proof . By the properties (ii), (iii), (v), one has the
following observation

Dα
t {u(t) exp[−

∫ tα

α

0
b((sα)

1
α )ds]}

= exp[−
∫ tα

α

0
b((sα)

1
α )ds]Dα

t u(t)

+u(t)Dα
t {exp[−

∫ tα

α

0
b((sα)

1
α )ds]}

= exp[−
∫ tα

α

0
b((sα)

1
α )ds]Dα

t u(t)

−b(t)u(t) exp[−
∫ tα

α

0
b((sα)

1
α )ds]Dα

t (
tα
α )

= exp[−
∫ tα

α

0
b((sα)

1
α )ds][Dα

t u(t)− b(t)u(t)]

≤ a(t) exp[−
∫ tα

α

0
b((sα)

1
α )ds].

Substituting t with τ , fulfilling fractional integral of order
α with respect to τ from 0 to t, one can deduce

u(t) exp[−
∫ tα

α

0
b((sα)

1
α )ds]

≤ u(0) +
∫ t

0
τα−1a(τ) exp[−

∫ τα

α

0
b((sα)

1
α )ds]dτ,

which implies

u(t) ≤ exp[
∫ tα

α

0
b((sα)

1
α )ds]{u(0)+∫ t

0
τα−1a(τ) exp[−

∫ τα

α

0
b((sα)

1
α )ds]dτ},

The desired result can be obtained subsequently.

Theorem 6. Assume ω1, ω2 are submultiplicative,
that is, for ∀α ≥ 0, β ≥ 0, ωi(αβ) ≤ ω(α)ω(β), i = 1, 2
always holds. If the inequality (22) satisfies, then one has
the following estimate for u(t):

u(t) ≤ J̃−1{J̃(a(t)) + b(t)
∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds} exp[

∫ tα

α

0
h((sα)

1
α )ds], t ≥ 0, (23)
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where J̃ is defined by

J̃(v) =
∫ v

1
1

[ω̃1(r) + ω̃2(r)]
p dr, (24)

with J̃(v) < ∞ for v < ∞, and

ω̃1(v(t)) = ω1(v(t))ω1(exp[
∫ tα

α

0
h((τα)

1
α )dτ ]),

ω̃2(v(t)) = ω2(v(t))ω2(exp[
∫ tα

α

0
h((τα)

1
α )dτ ]), (25)

Proof . Let v(t) = a(t) + b(t)
∫ t

0
sα−1f(s)[ω1(u(s)) +∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds.

If we fix T ≥ 0 and let t ∈ [0, T ], then one has

u(t) ≤ v(t) +
∫ t

0
sα−1h(s)u(s)ds

≤ v(T ) +
∫ t

0
sα−1h(s)u(s)ds, t ∈ [0, T ].

Setting z(t) = v(T ) +
∫ t

0
sα−1h(s)u(s)ds, one has

Dα
t z(t) = h(t)u(t) ≤ h(t)z(t).

By use of Lemma 5, one can obtain

z(t) ≤ z(0) exp[
∫ tα

α

0
h((sα)

1
α )ds]

= v(T ) exp[
∫ tα

α

0
h((sα)

1
α )ds].

So it follows that

u(t) ≤ v(T ) exp[
∫ tα

α

0
h((sα)

1
α )ds], t ∈ [0, T ].

Setting t = T one has

u(T ) ≤ v(T ) exp[
∫ Tα

α

0
h((sα)

1
α )ds].

After substituting T with t, one can obtain

u(t) ≤ v(t) exp[
∫ tα

α

0
h((sα)

1
α )ds], t ≥ 0. (26)

So

v(t) ≤ a(t)+b(t)

∫ t

0

sα−1f(s)[ω1(v(s) exp[

∫ sα

α

0

h((τα)
1
α )dτ ]))

+
∫ s

0
ξα−1g(ξ)ω2(v(ξ) exp[

∫ ξα

α

0
h((τα)

1
α )dτ ])dξ]pds.

Under the assumption that ω1, ω2 are submultiplicative,
one can obtain

v(t) ≤ a(t)+

b(t)
∫ t

0
sα−1f(s)[ω1(v(s))ω1(exp[

∫ sα

α

0
h((τα)

1
α )dτ ])

+
∫ s

0
ξα−1g(ξ)ω2(exp[

∫ ξα

α

0
h((τα)

1
α )dτ ])ω2(v(ξ))dξ]

pds

= a(t) + b(t)
∫ t

0
sα−1f(s)[ω̃1(v(s))

+
∫ s

0
ξα−1g(ξ)ω̃2(v(ξ))dξ]

pds, (27)

where ω̃1, ω̃2 are defined in (25).

Applying Theorem 1 to (27), one can deduce

v(t) ≤ J̃−1{J̃(a(t))+

b(t)
∫ t

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds}, t ≥ 0. (28)

where J̃ is defined in (24).

Combining (26) and (28), one can deduce the desired
result.

Finally, based on the inequality (22), we consider
the following Volterra-Fredholm type fractional integral
inequality

u(t) ≤ C +
∫ t

0
sα−1h(s)u(s)ds+

∫ t

0
sα−1f(s)

[ω1(u(s)) +
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds

+
∫ T

0
sα−1h(s)u(s)ds+

∫ T

0
sα−1f(s)

[ω1(u(s)) +
∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds, t ∈ [0, T ], (29)

where C, T > 0 are constants, α, u, f, g, h, ω1, ω2, p
are defined as in the inequality (22).

Theorem 7. Suppose J̃ is defined as in Theorem 6,
and define G̃ by G̃(x) = J̃(2KTx−KTC)− J̃(x), x ≥ C,
where KT = exp[−

∫ Tα

α

0
h((sα)

1
α )ds]. If the inequality

(29) holds, and G is strictly increasing, then one has the
following estimate for u(t):

u(t) ≤ J̃−1{J̃{G̃−1{
∫ T

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds}}+

∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds} exp[

∫ tα

α

0
h((sα)

1
α )ds], t ∈ [0, T ]. (30)

Proof . Denote the right hand side of (29) by v(t).
Then

u(t) ≤ v(t), t ∈ [0, T ], (31)

Furthermore, one can see v(t) is nondecreasing, and

v(0) = C +
∫ T

0
sα−1h(s)u(s)ds+∫ T

0
sα−1f(s)[ω1(u(s)) +

∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds.

So

v(t) = v(0) +
∫ t

0
sα−1h(s)u(s)ds+∫ t

0
sα−1f(s)[ω1(u(s)) +

∫ s

0
ξα−1g(ξ)ω2(u(ξ))dξ]

pds

≤ v(0) +
∫ t

0
sα−1h(s)v(s)ds+

∫ t

0
sα−1f(s)[ω1(v(s))

+
∫ s

0
ξα−1g(ξ)ω2(v(ξ))dξ]

pds, t ∈ [0, T ]. (32)
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Applying Theorem 6 to (32), one can obtain

v(t) ≤ J̃−1{J̃(v(0)) +
∫ t

0
sα−1f(s)[1+∫ s

0
ξα−1g(ξ)dξ]pds} exp[

∫ tα

α

0
h((sα)

1
α )ds], t ∈ [0, T ], (33)

Furthermore,

J̃{v(t) exp[−
∫ tα

α

0
h((sα)

1
α )ds]} − J̃(v(0))

≤
∫ t

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds, t ∈ [0, T ], (34)

Considering 2v(0)− C = v(T ), from (34) one has

J̃{v(T ) exp[−
∫ Tα

α

0
h((sα)

1
α )ds]}

= J̃{(2v(0)− C) exp[−
∫ Tα

α

0
h((sα)

1
α )ds]}

≤ J̃(v(0)) +
∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds,

which can be rewritten as

G̃(v(0)) ≤
∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds. (35)

Under the assumption that G is strictly increasing,
one can obtain

v(0) ≤ G̃−1{
∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]pds}, (36)

Combining (31), (33) and (36), one can deduce the
desired result.

Remark. If we set α = 1, a(t) = b(t) ≡ 1, ω1(u) =
u2−p, ω2(u) = uq , where 0 < p ≤ 2, 0 ≤ q < 1, then the
inequality (1) reduces to the inequality (2.28) in [7, Theorem
2.5]. If we set α = 1, b(t) ≡ 1, ω1(u) = ω2(u) = u, where
0 < p < 1, then the inequality (1) reduces to the inequality
(2.73) in [17, Theorem 2.9].

III. APPLICATIONS

In this section, we present some applications for the
results established above. The boundedness and continuous
dependence on the initial value of solutions of certain
fractional differential and integral equations will be
investigated.

Example 1. Consider the following IVP of fractional
differential-integral equation:{

Dα
t u(t) = F (t, u(t), IαM(t, u(t)), t ≥ 0,

u(0) = u0,
(37)

where 0 < α < 1, u ∈ C([0,∞), R), M ∈
C(R×R,R), F ∈ C([0,∞)×R2, R).

Theorem 8. Suppose u(t) is a solution of the IVP (37). If
|F (t, x, y)| ≤ f(t)(

√
|x|+ |y|)2, and |M(t, z)| ≤ g(t)

√
|z|,

where f, g are nonnegative continuous functions on [0,∞),
then one has the following estimate for u(t):

|u(t)| ≤ |u0| exp{4
∫ t

0
sα−1f(s)[1+

∫ s

0
ξα−1g(ξ)dξ]2ds} , t ≥ 0, (38)

Proof . Using the property (ix) and the definition of
the conformable fractional integral, one can deduce

u(t) = u0+
∫ t

0
sα−1F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)ds.(39)

So

|u(t)| ≤ |u0|+
∫ t

0
sα−1|F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)|ds

≤ |u0|+
∫ t

0
sα−1f(s)[

√
|u(s)|

+|
∫ s

0
ξα−1M(ξ, u(ξ))dξ|]2ds

≤ |u0|+
∫ t

0
sα−1f(s)[

√
|u(s)|+

∫ s

0
ξα−1|M(ξ, u(ξ))|dξ]2

≤ |u0|+
∫ t

0
sα−1f(s)[

√
|u(s)|

+
∫ s

0
ξα−1g(ξ)

√
|u(ξ)|dξ]2ds. (40)

After applying Theorem 1 to (40) (with ω1(x) = ω2(x) =√
x, p = 2), one can obtain

|u(t)| ≤ J−1{J(|u0|)+∫ t

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]2ds}, t ≥ 0,

where J(v) =
∫ v

1
1

[ω1(r) + ω2(r)]
p dr =

∫ v

1
1
4r dr =

1
4 ln |v|. After some basic computations, one can get the
desired estimate (38).

Theorem 9. Suppose |F (t, x1, y1) − F (t, x2, y2)| ≤
f(t)(

√
|x1 − x2| + |y1 − y2|)2, |M(t, x1) − M(t, x2)| ≤

g(t)
√
|x1 − x2|. Then the solution of (37) depends

continuously on the initial value u0.

Proof . Suppose ũ(t) is the solution of the following
IVP{

Dα
t ũ(t) = F (t, ũ(t), IαM(t, ũ(t)), t ≥ 0,

ũ(0) = ũ0,
(41)

Then one has

ũ(t) = ũ0 +

∫ t

0

sα−1F (s, ũ(s),

∫ s

0

ξα−1M(ξ, ũ(ξ))dξ)ds,

(42)

By a combination of (39) and (42), one can deduce

|u(t)− ũ(t)| ≤ |u0 − ũ0|

+
∫ t

0
sα−1|F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)

−F (s, ũ(s),
∫ s

0
ξα−1M(ξ, ũ(ξ))dξ)|ds

≤ |u0 − ũ0|+
∫ t

0
sα−1f(s){

√
|u(s)− ũ2(s)|

+|
∫ s

0
ξα−1[M(ξ, u(ξ))−M(ξ, ũ2(ξ))]dξ|}2ds

≤ |u0 − ũ0|+
∫ t

0
sα−1f(s){

√
|u(s)− ũ2(s)|

+
∫ s

0
ξα−1|M(ξ, u(ξ))−M(ξ, ũ2(ξ))|dξ}2ds
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≤ |u0 − ũ0|+
∫ t

0
sα−1f(s){

√
|u(s)− ũ2(s)|

+
∫ s

0
ξα−1g(ξ)

√
|u(ξ)− ũ2(ξ)|dξ}2ds, (43)

Applying Theorem 1 to (43) (with ω1(x) = ω2(x) =√
x, p = 2 in Theorem 1), one can deduce |u(t)− ũ2(t)| ≤

|u0−ũ0| exp{4
∫ t

0
sα−1f(s)[1+

∫ s

0
ξα−1g(ξ)dξ]2ds} , t ≥ 0,

which implies a little vibration of the initial value u0 leads to
little vibration for the solution u(t). So the proof is complete.

Example 2. Consider the following Volterra-Fredholm
type fractional integral equation:

u(t) = C + IαF (t, u(t), IαM(t, u(t))

+[IαF (t, u(t), IαM(t, u(t))]t=T , t ∈ [0, T ], (44)

where 0 < α < 1, T, C > 0, u ∈ C([0,∞), R), M ∈
C(R×R,R), F ∈ C([0,∞)×R2, R).

Theorem 10. Suppose u(t) is a solution of (44). If
|F (t, x, y)| ≤ f(t)(

√
|x| + |y|), and |M(t, z)| ≤ g(t)

√
|z|,

where f, g are nonnegative continuous functions on [0,∞),
then for t ∈ [0, T ], one has the following estimate for u(t):

|u(t)| ≤ {
√
G−1{

∫ T

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]ds}

+
∫ t

0
sα−1f(s)[1 + 1

Γ(α)

∫ s

0
ξα−1g(ξ)dξ]ds}2, (45)

where G is defined by G(x) =
√
2x− C −

√
x, x ≥ C.

Proof . Similar to Theorem 8, by (44) one has

u(t) = C +
∫ t

0
sα−1F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)ds

+
∫ T

0
sα−1F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)ds. (46)

So

|u(t)| ≤ |C|+
∫ t

0
sα−1|F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)|ds

+
∫ T

0
sα−1|F (s, u(s),

∫ s

0
ξα−1M(ξ, u(ξ))dξ)|ds

≤ |C|+
∫ s

0
sα−1f(s)[

√
|u(s)|

+|
∫ s

0
ξα−1M(ξ, u(ξ))dξ|]ds

+
∫ T

0
sα−1f(s)[

√
|u(s)|+ |

∫ s

0
ξα−1M(ξ, u(ξ))dξ|]ds

≤ |C|+
∫ t

0
sα−1f(s)[

√
|u(s)|+

∫ s

0
ξα−1|M(ξ, u(ξ))|dξ]

+
∫ T

0
sα−1f(s)[

√
|u(s)|+

∫ s

0
ξα−1|M(ξ, u(ξ))|dξ]

≤ |C|+
∫ t

0
sα−1f(s)[

√
|u(s)|+

∫ s

0
ξα−1g(ξ)

√
|u(ξ)|dξ]ds

+
∫ T

0
sα−1f(s)[

√
|u(s)|+

∫ s

0
ξα−1g(ξ)

√
|u(ξ)|dξ]ds.(47)

To apply Theorem 4, one can see that ω1(x) = ω2(x) =√
x, p = 1, J(v) =

∫ v

1
1

[ω1(r) + ω2(r)]
p dr =

∫ v

1
1

2
√
r
dr =

√
v−1, G(x) = J(2x−C)−J(x) =

√
2x− C−

√
x, x ≥ C.

So G′(x) = 1√
2x− C

− 1
2
√
x

> 0 for x ≥ C, which

means G is strictly increasing. Then a suitable application
of Theorem 4 to (47) one can deduce

|u(t)| ≤ J−1{J{G−1{
∫ T

0

sα−1f(s)[1 +

∫ s

0

ξα−1g(ξ)dξ]ds}}

+
∫ t

0
sα−1f(s)[1 +

∫ s

0
ξα−1g(ξ)dξ]ds}, t ∈ [0, T ]. (48)

After basic computations one can get the desired estimate
(45).

IV. CONCLUSIONS

We have presented some new fractional integral inequal-
ities, and by use of them derived explicit bounds for un-
known functions concerned. Based on these inequalities,
some Volterra-Fredholm type fractional integral inequalities
are also established. For illustrating the validity of the estab-
lished results, we presented some examples, and researched
boundedness, continuous dependence on initial value of
solutions of two fractional differential and integral equations.
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