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Applications of Left Almost
Subhypersemigroups to Fuzzy Subsets

Pairote Yairayong*

Abstract— In this paper, we introduce and analyze a new type
of fuzzy LA -hypersemigroups, as a generalization of fuzzy
hypersemigroup and left almost semihypergroups.Then we
discuss the relations between the fuzzy LA -hypersemigroups
and the fuzzy hypersemigroups. We introduce the notion of
fuzzy LA -subhypersemigroup, left fuzzy hyperideal (right
fuzzy hyperideal, fuzzy hyperideal), left fuzzy hypersimple and
fuzzy hyper bi-ideals of fuzzy LA -hypersemigroups and
obtain their basic properties. Finally, we obtain some
characterizations of left fuzzy hyperideal (right fuzzy

hyperideal, fuzzy hyperideal), left fuzzy hypersimple and fuzzy
hyper bi-ideals were obtained.

Index Terms—fuzzy LA -hypersemigroup, fuzzy LA -
subhypersemigroup, left fuzzy hyperideal, left fuzzy hypersimple,
fuzzy hyper bi-ideal.

. INTRODUCTION

N 2008, Sen et al. [19] introduced the notion of fuzzy

hypersemigroup, fuzzy hypergroup, fuzzy hyperideal,

homomaorphism, fuzzy homomaorphism, hyper
congruence, fuzzy hypercongruence. In 2009, Fotea and
Davvaz [10] defined the concept of fuzzy hyperrings. In 2010,
Yin et al. [22] introduced and studied the L -fuzzy
hypermodules over an L -fuzzy hyperring. The idea of fuzzy
join n-ary spaces and fuzzy canonical n-ary hypergroups
first introduced by Fotea in 2010 [9], as a generalization of
join spaces and canonical hypergroups. In 2011, Ameri and
Nozari [4] formulated and studied the notion of fuzzy regular
(fuzzy strongly regular) relations of hyperalgebras. Corsini et
al. [7] introduced the notion of prime (semiprime) hyperideals
and prime (semiprime) fuzzy hyperideals in semihypergroups
and studied basic properties of them. Yin et al. [20] defined
the concept of (weak) L -fuzzy polygroups. The concepts of
hypercongruence on hyperlattices and the fuzzy (strong)
hypercongruence on fuzzy hyperlattice were introduced and
discussed by He and Xin [11]. The idea of fuzzy hypervector
spaces first introduced by Ameri and Motameni [3], as a
generalization of fuzzy vector spaces. In 2013, Ameri and

Sadeghi [5] introduced and studied the fuzzy R.-

hypermodules. In 2016, Motameni et al. [15] studied this
structure under the name of prime fuzzy hyperideals and
maximal fuzzy hyperideals in fuzzy hyperrings. Ameri and
Nozari [16] formulated and studied the notion of commutative
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fundamental relation in fuzzy hypersemigroups. In 2018,
Ameri et al. [2] have shown that a fuzzy geometric space is
strongly transitive on hypergroups, while it is not strongly
transitive on hypersemigroups.

The idea of locally associative LA -semihypergroups
first introduced by Amjad et al. [1], as a generalization of
locally associative LA -semigroups. In 2017, Rehman et al.

[17] introduced the notion of hyperideals in LA-hyperrings
and studied basic properties of them. Khan et al. characterized
regular and intra-regular LA -semihypergroups by their
fuzzy hyperideals also see [13]. In 2018, Azar et al. [6]
introduced  the notion of fuzzy ordered LA -
semihypergroups and studied basic properties of them. Some
authors studied similar types of fuzzy subsets of other
algebraic structures seen in [18].

Now in this paper we introduced and study fuzzy left

almost hypersemigroups (fuzzy LA -hypersemigroup) as
generalization of LA -semihypergroup as well as fuzzy

hypersemigroups. The paper has been prepared in 5 sections.
In section 2 we recall some basic notions and results on fuzzy

hypersemigroups and LA -semihypergroups. In section 3,
we introduce some definitions and results of fuzzy LA -
hypersemigroups which we need to developing our paper. In
section 4, we introduced and study fuzzy LA -
subhypersemigroup and left fuzzy hyperideals (right fuzzy
hyperideal, fuzzy hyperideal) of fuzzy LA -hypersemigroups
and obtain its basic results. In section 5, we introduced and
study fuzzy hyper bi-ideals of fuzzy LA -hypersemigroups.

Il. PRELIMINARIES

In this section, we summarize some basic concepts (see
[14, 20]) which will be used throughout the paper and
introduce and study fuzzy hypersemigroups and LA -
semihypergroups.

Definition 2.1. [14] Let S be a non empty set and P "(S)
denotes the set of all non empty subsets of S. A
hyperoperation or join operation on S is a mapping
0:SxS —>P7(S) written as (a,b)>ach. A non

empty S together with a hyperoperation “c”is called a
hypergroupoid.

Let A and B be two non empty subsets of a non empty
set S and X € S. Then we denote
AoB= [ J ach,xoB={x}-B

acA,beB
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And Aox=Ao{x}.

Definition 2.2. [12] A hypergroupoid (S,°) is called a left

almost semihypergroup (LA -semihypergroup) if
(Xoy)oz=(zoy)ox

forall X,y,Z €S.

Sen et al. [19] introduced the notion of fuzzy
hypersemigroups as a generalization of semigroups, fuzzy
semigroups and fuzzy subsets. Let us see now what
subhypermodules are.

Definition 2.3. [19] Let S be a non empty set and F (S)
denotes the set of all fuzzy subset of S. A fuzzy
hyperoperation on S is a mapping

0:SxS—>F(S)
written as (@,b) > acb. A non empty S together with a
fuzzy hyperoperation “o ” is called a fuzzy hypergroupoid.

It is natural to speak now about hyperoperation on
F (S).

Definition 2.4. [19] Let (S,°) be a fuzzy hypergroupoid and
,v €F (S). Thenwe define zov by

(uov)(@) = [J (#() A (xey)@) Ar(y))

X,yes
forall aeS.

I1l. Fuzzy LA -HYPERSEMIGROUPS

The notions of fuzzy hypersemigroups and LA -
semihypergroups are introduced by Sen et al. in [19] and
Marty in [14], respectively. In a similar way, we give the
definitions of fuzzy left almost hypersemigroups (fuzzy

L A -hypersemigroup) as follows.

Definition 3.1. A fuzzy hypergroupoid (S,°) is called a
(fuzzy LA -
(X o y) o7 =

fuzzy left almost hypersemigroup
hypersemigroup) if for all X,y,Z €S,

(zoy)oX, whereforany i €F (S)
(xos)@) Au(s) ;ifu=0
(Xo p)(a) = g
0 ; otherwise
and
Ju@G)A(seox)(@) ;ifu=0
(ueox)(@) =qsss
0 :otherwise.

In what follows let S denote a fuzzy LA -
hypersemigroup unless otherwise specified. The following
four theorems provide us some examples of fuzzy LA -
hypersemigroups.

Theorem 3.2. Let S be a non empty set. Define a fuzzy
hyperoperation “°” on S by Xoy=y, . for all

X,y €S, where Xix.yy denotes the characteristic function

of the set {X,y}. Then (S,°) is a fuzzy LA -

hypersemigroup.
Proof. Let &,X,Y,Z€S. We divide our proof into two
cases.

Case 1 a €{X, Y, z}. By assumption,

((xe¥)e2)(@) =(y°2)(@)
=U (2o () A (50 2)(a))

seS
= Z{x,y,z} (a)
=1
and

(zoy)ox)(@) =(2y°%)(@)
=U (703 (8) A (50 %)(a) )

seS
= Z{z,y,x}(a)
=1
It follows that (Xo y)oZ=(ZoYy)oX.

Case2 a ¢{X,Y,Zz}. Itiseasy to see that,
((Xey)oz)(@) =y, 5(@)

=0

= Z{z,y,x}(a)

=((zoy)ox)(a).

Hence (S,°) isafuzzy LA -hypersemigroup.

Theorem 33. Let S be an LA -semigroup and
0+# w1 €F (S). Define a fuzzy hyperoperation “o” on S
by

(xoy)(@) :{,U(X)/\ﬂ(Y) iifa=xy

0 ; otherwise

forall X,y €S. If u isafuzzy LA -subsemigroup on S,
then (S,°) isafuzzy LA -hypersemigroup.
Proof. Let @, X, Y,Z €S. Itis easy to see that,

((xoy)oz)(@) = J((xeo y)(s) A(s02)(@))

= s(E,u(x) A u(y)) A(xyoz)(a)

and

(zoy)ox)(@) =(J((z° y)(s) A (s0X)(@))

= (u(2) A () A (Y2 X)()
forall &,X,y,z€S. If a=(xy)z, then a=(zy)x. By

assumption,

(xoy)eoz)(@) = (u(x) A u(y)) A (xyoz)(a)
= 1(X) A p(y) A p(xy) A p(2)
= u(X) A u(y) A u(2)
= 1(2) A pu(y) A p(zy) A p(X)

= (u(2) A u(y)) A (2y 2 X)(@)
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=((zey)ex)(a).

Assume that a=(xy)z. Thus a=#(zy)X. Clearly,

((xoy)oz)(@)=0=((zoy)ox)(a). Hence (S,°) isa
fuzzy LA -hypersemigroup.

Theorem 3.4. Let S=2Z" U{0,1,...,n}. Define a fuzzy
hyperoperation “©” on S by Xoy= Hmaxx.yy for all
X,y €S. Then (S,0) isafuzzy LA -hypersemigroup.
Proof. Let @, X, Y,Z € S. Clearly,

((XO y) o Z)(a) = (Zmax{x,y} © Z) (a)

- U(Zmax{x,y}(s) A(se Z)(a))

= (max{x, y}- z)(a)

= Xmax{max{x,y}z} @

= Xmaxgmax{z,y}.3 @

= (max{z, y} x)(a)
=Xy (9) A (52 %)(®))

= (Zmax{z,y} © X) (a)
=((zoy)ex)(a).

Consequently, (S, o) isafuzzy LA -hypersemigroup.

The following theorem presents the connection between
L A -semigroups and fuzzy LA -hypersemigroups.

Theorem 3.5. Let S be a LA -semigroup. Define a fuzzy
hyperoperation “o” on S by Xoy= Hpgy Tor all

X,y €S, where Xwyy denotes the characteristic function of
the set {xy}. Then (S,0) isafuzzy LA -hypersemigroup.
Proof. Let @,X,Y,Z € S. Then

((xoy)e2)(@) =(y°2)(@)
=U( 2y (9) A (502)(a))

=((xy)2)(a)

= X (D)

= X (@)
=((zy)ox)(a)

=U( Xy (5) A (s0X)(a))

- (Z{zy} ° X) (@)
=((zoy)ox)(a).

Hence (S,°) isafuzzy LA -hypersemigroup.

The next theorem show a connection between
hyperoperations of characteristic functions and LA -
hypersemigroups.

Theorem 3.6. Let S be a fuzzy LA -hypersemigroup. Then
the following statements hold:

L yyox,=Xoy foral X,y €S,

2. For every XeS§,y,oX=SoX and
Xo ys =XoS.
3. For every ueF(S),ysou=Sou and

Mo s =peS.
Proof. 1. By assumption,

reox,@ = (nAres)@) sz, (s))

r,seS

=1a(xoy)(a)al
=(xey)(a)
forall @, X,y €S. Hence y, © y, =XeY.
2. Let a,X € S. By assumption,

(%5 2 x)(@) = (%5 (5) A (s°%)(@))

seS

U(l/\(SOX)(a))

seS

=J(s>x)()

_(5-x)(a).

Hence y5oX=SoX

Similarly we can show that
Xo ys =XoS.
3.Let £eF (S) and a € S. ltis easy to see that,

(s o 1)(@) = |J (zs(NA(ros)(@) A us))

r,seS

= J ((res)@) A u(s))

r,seS

=J((rop)(@))

reS
=(Seu)(a).
Hence ysou=Sou. Similarly we can show that

Mo s =peS.

Next, let us give some theorem which are useful for the
following theorems.

Theorem 3.7. Let S be a fuzzy LA -hypersemigroup and

1,v,A €F (S). Then the following statements hold:
1.Forevery X,y € S,(Xoy)ou=(uoy)oX.
2. Forevery X,y €S,(Xou)oy=(yopu)ox
3.Forevery X,y €S,(uox)oy=(yoX)o s
4. Forevery Xe S, (uov)ox=(Xov)opu.
5.Forevery Xe S, (uoX)ov=_(VvoX)ou.
6.(tuov)od=(Aov)ou.

Proof. 1. Let @,X,yY € S and u € F (S). By assumption,

((xoy)ou)(@) = J(((xo y)or)(@) A pu(r))

reS
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=U (((rey)ox)(@) A u(r))
= U ((roy)(s) A(sex)(@) Au(r)
= U (u(r) A(roy)(s) A (sox)(@))

r,seS

=J((ueon)(s) A (s0%)(@))

=((uoy)ox)(a).
Hence (Xoy)o u=(poy)ex.
2.Let a,X,y €S and ¢ €F (S). By assumption,

((xo p)oy)(@) = J((xo )(r) A(roy)(@))
= [J ((xos)(r) A ur) A (roy)(@)

r,seS

= [J((xes)(r) A(rey)(@) Au(r))

r,seS

= |J (((xos) o y)(@) A pu(r))

r,seS

= J ((yos)ox)(@) A u(r))

r,seS

= [JWyos)(r) a(reox)(a) au(r))

r,seS

=J((yo )(r) A (rox)(a))

= ((yo ) ox)(a).
Hence (Xo g)oy = (Yo u)eox.
3.Leta, X,y €S and i €F (S). By assumption,

(oo y)@) = (o) A (roy)(@)
= J () A5 0)(r) Alre y)(@))

r,seS

= [J((sox)(r) A(roy)(@) Au(s))

s,res

=U((S°X)OY)(3)Au(S))
= U((y X)os)(@) A u(s))

= ((YOX) 1)(a).
Hence (Xo )oYy =(you)eox.
4.Let a,Xxe S and u,v € F (S). By assumption,

((uov)eox)(a) = U ((uov)(r) A(rox)(a))
= U (u(8) A(sov)(r) A(rex)(a))
=U(ﬂ(S)A((SOV)°X)(a))

seS

U () A ((xov)os)(@))

seS

U (u(s) A (xov)(r) A (ros)(@)

r,seS

= [J ((xev)(r) a(reos)(@) Au(r))
_ U((Xo v)(r) A(rou)(a))

reS
= ((xev)e u)(a).
Hence (Xo )oYy =(yo u)ox.
5. The proof is similar to part 4.
6.Let ae S and u,v, A eF (S). By assumption,

((uov)e )@ =[J((uov)(r) alroA)(a))
= [J (us) A (sov)(r) A

r,seS

(r ol)(a))
U A (5on- @)

—U H(s) A ((Aov)es)(a))
= U (u(S) A (Aev)(r) A

s,reS

(res)(@))
= J (o)) A(ros)(a)

Au(S))
U (Gev)D) A (re (@)

— ((Aov) o p)(a).
(Aov)op.

Hence ((ov)od =

Remark. Let S be a fuzzy LA -hypersemigroup and
P "(S) denotes the set of all non empty subsets of S. Then

by Theorem 3.7 (6), (P "(S),°) isa LA -semihypergroup.

As a consequence of Theorem 3.7, we obtain the
following result.

Corollary 3.8. Let S be a fuzzy LA -hypersemigroup and
1,v, A, & €F (S). Then the following statements hold:

1L (xey)e(zop)=(xoz)o(you) for every
X,Y,Z€S.

2. (xey)o(uoz)=(xou)o(yez) for every
X,Y,Z€S.

3. (uox)o(yez)=(ucy)eo(xez) forevery
X,Y,Z€S.

4. (Xey)o(uov)=(xou)e(yov) for every
X,Y,Z€S.

5. (uov)e(xey)=(uox)e(vey) for every
X,Y,Z€S.

6. (Xeu)o(vey)=(xeov)o(uoy) for every
X,Y,Z€S.
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7. (Xop)o(vold)=(Xov)o(uold) for every
X,Y,Z€S.

8. (uoX)o(vold)=(uov)o(xoAd) for every
X,Y,2€S.

9. (uov)o(dox)=(uoA)o(vox) for every
X,Y,Z€S.

10. (uov)o(Aeg)=(ucA)o(vel).
Proof. 1. Let X, Y,z € S and ¢ €F (S). By Theorem 3.8
(Xoy)e(zop) =((zou)oy)eoX
=((you)oz)ox
= (xo2)o (Yo u).
2-10. The proof is similar to part 1.

In what follows, we consider a first connection between
L A -semihypergroups and fuzzy LA -hypersemigroups,
using the ¢ -cuts of a fuzzy subset.

Let S bean LA -semihypergroup, endowed with a
fuzzy LA -hypersemigroups “o” and forall X,y € S,
consider the ¢ -cuts

(Xoy), ={s€S:(xoy)s)>a}
of XoY, where @ €[0,1]. Forall & €[0,1], we define
the following crisp hyperoperationon S :

Xo, yi=(Xoy),.

Theorem 3.9. Let S be an LA -semihypergroup and
X€S. Then y, =XoS ifandonly if S=Xo_ S for all

a €[0,1].
Proof. Suppose that y; = XoS forall XeS. Let ae S
and a €[0,1]. By assumption,

UJ(xes)(@) =z (a) =12a.

seS

Then there exists €S such that (Xor)(a) > ¢, which
means that & € Xo_ I'. Hence S = Xo_ S.

Conversely assume that, S = Xo_ S forall o €[0,1].
By assumption, S =Xo, S. Then there exists S€ S such
that aes,
(xos)(a) =1. Consequently, s = XoS.

aeXo s for all which means that

Connections between fuzzy hyperoperations and the
above associated hyperoperations have been considered by
Sen et al. [19] in the context of semihypergroups. They have

shown that if (S, ) is a fuzzy hypergroup, then (S,o,) isa
hypergroup while (S,°) is a fuzzy semihypergroup if and
only if (S,e_) isasemihypergroup (see [8]).

The next theorem establishes a similar result for LA -
semihypergroup.

Theorem 3.10. Let S be an LA -semihypergroup and
X e S. Then (S,°) isafuzzy LA -semihypergroup if and

only if (S,o,) isan LA -semihypergroup.
Proof. Let a,X,Y,z€S and a €[0,1]. Itis easy to see

that ((xoy)oz)(@)={J((xcy)(s)A(soz)(@)2a

seS

if and only if there exists I € S such that I € Xo_ y and
aero,z, which means that (Xo y) (rN=z2a and

(r ° z)(a) > . Hence ae(Xo, y)o, z. This complete
the proof.

Let S beafuzzy LA -hypersemigroup. We say that an
element € of S is left identity if for all r,Se S, then

(eos)(s)=1.

Theorem 3.11. Let S be an LA -semigroup with left
identity. Define a fuzzy hyperoperation “©” on S by
XoY = Y,y forall X,y €S, where Xxyy denotes the

characteristic function of the set {Xy} Then (S,°) is a
fuzzy LA -hypersemigroup with left identity.

Proof. By Theorem 5, (S,o) is a fuzzy LA -
hypersemigroup. Let X € S. By assumption,
(eox)(x) = Z{ex}(x)
= Z{x}(x)

=1.
Hence (S,o)is a fuzzy LA -hypersemigroup with left
identity.

Next, let us give some lemma which are useful for the
following theorems.

Lemma 3.12. Let S be a fuzzy LA -hypersemigroup with
left identity. Then the following statements hold:

1. eou=p foral ueF (S).

2. €o(Xoy)=Xoy forall X,y €S.

3. Xo(eoy)=Xoy forall X,y €S.

4. (eoX)o(yoz)=Xo(yoz) forall X,y,z€S.
Proof. 1. Let aeS and meF (S). By assumption,
(eocu)(a@) = U((e or)(a) A ,u(r)) = u(a). Consequent

res
ly, €op = p.
2. The proof is similar to part 1.
3.Let &,X,Y €S. Then

(xo(eoy)(@ =J((xos)(@) A (e°y)(s))

seS
=(xey)(a).
Consequently, Xo (oY) =Xoy.
4, Clearly,
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(eox)o(yoz)(@) = (J ((eox)(r) A

r,seS

(ros)(@) A (yoz)(s))
=J((xos)(@) A (y=z)(s))

seS

=(xo(y°2))(a)

forall a,X,y,Z€S. Thus(€oX)o(yoz)=Xo(yoZ).
As a direct consequence, we have the following result.

Theorem 3.13. Let S be a fuzzy LA -hypersemigroup with
left identity and z,v,A€F (S). Then the following
statements hold:
1.Forevery X €S, sro(Xoy)=Xo(uoy).
2.Forevery Xe S, pro(Xoy)=Xo(uoy).
3.Forevery Xe S, uo(voX)=vo(uoX).
4. Forevery Xe S, po(voX)=vo(uoX).
5.Forevery Xe S, uo(vol)=vo(uoA).
Proof. 1. Let @,X,y €S and ¢ €F (S). By Lemma3.12,
po(xoy) =(eou)o(xoy)
=((xey)ou)oe
=((uoy)ex)oe
=(eoX)o(uoy).
2.Let a,X,Y,Z€S. By Lemma3.12,
xe(yoz) =(eox)o(ye2)
~((yo2)ox)o
= ((xo2)oy)ee
=(eoy)eo(xo2)
=Yyo(Xo2z).
3.Let Xe S and u,v eF (S). By Lemma3.12,
po(vox) =(eou)o(vex)
=((vox)ou)oe
=((uox)ov)oe
= (eov)o (uox)
=vo (uoX).

Next, as the following example shows, the LA -
hypersemigroup is a fuzzy hypersemigroup.

Example 1. Let S = {1, 2,3, 4}, the binary operation “-”

on S be defined as follows:

|1 2 3 4
11 2 3 4
21 2 3 4
311 4 2 3

4 1 3 4 2
Clearly, S isan LA -semigroup (see (Yaqoob et al.; 2013)).
By Theorem 3.5, (S,o) is a fuzzy LA -hypersemigroup.
Then it can be easily verify that

((324)2)(2)

= Xzayy (2

= Z{z}(z)

=1

#0

=X (2)

= X@@2y (2
=(30(402))(2).

Thus (S, °) is not a fuzzy hypersemigroup.

The following theorem presents the connection between
fuzzy hypersemigroups and fuzzy LA -hypersemigroups.

Theorem 3.14. A fuzzy LA -hypersemigroup S is a fuzzy

hypersemigroup if and only if Xo(yoZz)=(zoy)oX

holds for all X,y,Z € S.

Proof. Suppose that S is a fuzzy hypersemigroup. Let

X,Y¥,Z€S. Then (Xoy)oz=(Zoy)oX=20o(yoX).
Conversely assume that, Xo(yoz)=(ZoYy)oX holds

forall X,Y,Z € S. By assumption,

(Xoy)ez=(zoy)ox=Xo(yo2).
Hence S isafuzzy LA -hypersemigroup.

IV. LEFTFUZZY HYPERIDEALS

In this section we shall introduce and analyze the notions of
fuzzy LA -subhypersemigroups, left fuzzy hyperideals, right

fuzzy hyperideals and right fuzzy hyperideals in fuzzy LA -
hypersemigroups. In particular, we shall analyze the left fuzzy
hypersimple of fuzzy LA -hypersemigroups.

Definition 4.1. Let S be a fuzzy LA -hypersemigroup. A
fuzzy subset & of S is called a fuzzy left almost

subhypersemigroup (fuzzy LA -subhypersemigroup) of
Sif popc p.

As a direct consequence, we have the following result.

Theorem 4.2. LA -
subhypersemigroups of a fuzzy LA -hypersemigroup S,

If 4 and v are two fuzzy

then LM v isalso afuzzy LA -subhypersemigroup of S.
Proof. It is straight forward.

Next, we shall introduce the left fuzzy hyperideals, right
fuzzy hyperideals and fuzzy hyperideals of fuzzy LA -
hypersemigroups, as follows:

Definition 4.3. A fuzzy subset x of a fuzzy LA -

hypersemigroup S is called a left fuzzy hyperideal (right
fuzzy hyperideal) of S if

Souc u(pesc p)
for all S€S. A fuzzy subset u of S is called a fuzzy
hyperideal of S if it is a left and a right fuzzy hyperideal.
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Obviously, every left fuzzy hyperideal (right fuzzy
hyperideal, fuzzy hyperideal) of a fuzzy LA -
hypersemigroup is a fuzzy LA -subhypersemigroup of S.
The converse is not true, in general, that is, a left fuzzy
hyperideal may not be fuzzy LA -subhypersemigroup the
following example shows.

Example 2. Consider the fuzzy LA -hypersemigroup
given in Example 1. Then, the fuzzy subset x4 of S
defined by (1) =1= u(2) and u(3)=p(4)=0. Itis
easy to see that, 4 is a fuzzy LA -subhypersemigroup of
S but y is aleft fuzzy hyperideal of S, because

3o u(4) =U(3o S)(4)/\y(s) =1£0= u(4).

seS

Now the following theorem is one of the prominent
characterization of the left fuzzy hyperideal (right fuzzy
hyperideal,  fuzzy hyperideal) in fuzzy LA -
hypersemigroups.

Theorem 4.4. Let S be a fuzzy LA -hypersemigroup and
€ F (S). Then the following statements hold:

1. Then u is a left fuzzy hyperideal of S if and only if
Souc p.

2. Then u is aright fuzzy hyperideal of S if and only
if oS c u.

3. Then u is a fuzzy hyperideal of S if and only if
Souc pand peoSc p.
Proof. 1. Suppose that # is a left fuzzy hyperideal of S.
Then

(Seu)(@) = J(se m)(@) <Up(a) = u(a).

seS

Hence Souc u.
Conversely, assume that S o ¢z < . Let S€S. Then

(so)(@) < J(so (@) < u(a).

seS
Hence u is a left fuzzy hyperideal of S.
2, 3. The proof is similar to part 1.

The next two theorems show connections between the
left fuzzy hyperideals and fuzzy hyperideals of fuzzy LA -
hypersemigroups.

Theorem 4.5. Let S be a fuzzy LA -hypersemigroup with

SoS =S, Then every right fuzzy hyperideal of S is a
fuzzy hyperideal.
Proof. Suppose that g is a right fuzzy hyperideal of S.
Then

Sou =(SeS)ou
=(#08)°S
C oS
-y 22
Hence g is a fuzzy hyperideal of S.

Theorem 4.6. Let S be a fuzzy LA -hypersemigroup with
left identity. Then every right fuzzy hyperideal of S is a
fuzzy hyperideal.

Proof. Suppose that g is a right fuzzy hyperideal of S.

Then by Lemma 3.6,
S o =ysop
=(eoxs)op
= (:uc')(s)oe
cC uce
c U
Hence u is a fuzzy hyperideal of S.

As a direct consequence, we have the following result.

Theorem 4.7. Let 4 and v be two left fuzzy hyperideals

of a fuzzy LA -hypersemigroup S. Then the following
statements hold:
1. g isa left fuzzy hyperideal of S.

2. 1OV is a left fuzzy hyperideal of S.
Proof. 1. Let & and v be two left fuzzy hyperideals of S
and @,S € S.Then

(se(unv))(@) =J((s°r)(@ A (unv)(r))

reS

=J((son(@) A (u(r) av(r)

reS

=J((sen(@ A p(n) A

res
((ser)(@) Av(r))
=(seu)(@)~(sev)(a)
<u(@)av(a)
=(unv)(a).
Consequently, NV is a left fuzzy hyperideal of S.
2. Let u and v be two left fuzzy hyperideals of S
and @,S € S. Then

(se(uuv))(@) =J((ser)(@ A (uuv)r))

res

=U((sen)@) A (u(r) v v(r)

reS

=J((sor)(@) A p(r))

reS

Vv((ser)(a) av(r)))
=(sou)(a)v(sev)(a)
<u(@)vv(a)
=(uov)(a).

Consequently, UV is a left fuzzy hyperideal of S.

The following is the corollary of Theorem 4.7.
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Corollary 4.8. Let x4 and v be two right fuzzy

hyperideals of a fuzzy LA -hypersemigroup S. Then the
following statements hold:
1. 4N v isaright fuzzy hyperideal of S.

2. p v is aright fuzzy hyperideal of S.
Proof. Follows from the Theorem 4.7.

Theorem 4.9. Let S be a fuzzy LA -hypersemigroup and
let & and v be two fuzzy hyperideals of S. Then the
following statements hold:

1. g v isafuzzy hyperideal of S.

2. 1OV isafuzzy hyperideal of S.
Proof. Follows from the Theorem 4.7 and Theorem 4.8.

The next theorem establishes a similar result for fuzzy
L A -hypersemigroups.

Theorem 4.10. Let S be a fuzzy LA -hypersemigroup.
Then the following statements hold:

1. ys isafuzzy hyperideal of S.

2. For every XeS if S is a fuzzy LA-
hypersemigroup with left identity, then S o X is a left fuzzy
hyperideal of S.

3. For every xeS if S is a fuzzy LA-
hypersemigroup with left identity, then Xo S is a left fuzzy
hyperideal of S.

4. For every ueF (S) if S is a fuzzy LA -

hypersemigroup with left identity, then S o z is a left fuzzy

hyperideal of S.
5. For every ueF (S) if S is a fuzzy LA -

hypersemigroup with left identity, then zoS is a left fuzzy

hyperideal of S.
Proof. 1. It is straight forward.
2. Let S,X € S. Then by Theorem 3.6,

$o(Sex) =so(xs°X)
=(eoS)o (s °X)
= xs°((eos)ox)
= Xs °((Xos)oe)
=(Xo8)o(xs °€)
=((xs °€)os)oX
S XsoX

=Sox
Hence S o X is a left fuzzy hyperideal of S.
3. Let S,X € S. Then by Theorem 3.6,

So(XeS) =so(Xox)
:XO(SOZS)
S Xoxs

=XoS.
Hence Xo S is a left fuzzy hyperideal of S.

4. The proof is similar to part 2.
5. The proof is similar to part 3.

The following is the corollary of Theorem 4.10.
Corollary 4.11. Let S be a fuzzy LA -hypersemigroup
with left identity. Then the following statements hold:

1. For every Xe S if u is a left fuzzy hyperideal of

S, then o X is aleft fuzzy hyperideal of S.

2. Forevery X e S if u is a left fuzzy hyperideal of
S, then Xo y is a left fuzzy hyperideal of S.

3. Forevery v € F (S) if u is a left fuzzy hyperideal
of S, then v o u is a left fuzzy hyperideal of S.
if u
hyperideal of S, then gov is a left fuzzy hyperideal of

S.
Proof. Follows from the Theorem 4.10.

4. For every veF (S) is a left fuzzy

Theorem 4.12. Let S be a fuzzy LA -hypersemigroup
with left identity. If #€F (S), then So u is a smallest

left fuzzy hyperideal of S containing zs.

Proof. By Theorem 4.10, So u is a left fuzzy hyperideal
of S containing 4. Let x be a left fuzzy hyperideal of S
containing . Then g cv. Thus by Theorem 4.4,
SoucSovcv. Hence So u is a smallest left fuzzy
hyperideal of S containing .

Now, we introduce the notion of the left fuzzy
hypersimple, as follows.

Definition 4.13. A fuzzy LA -hypersemigroup S is called
a left fuzzy hypersimple if goX = for all left fuzzy

hyperideal £ of S and X € S.

Theorem 4.14. Let S be a fuzzy LA -hypersemigroup.
Then S is left fuzzy hypersimple if and only if SoX =y,

forall X e S.
Proof. Suppose that S is left fuzzy hypersimple. Let
X€S. Then by Theorem 3.6, SoX= ysoX. By
assumption, s oX = ys. Hence SoX = y..

Conversely, assume that SoX = y forall XeS. Let

M be a left fuzzy hyperideal of S and @,X € S. Then by
Theorem 3.6,

(Sem)(a) =(xs°u)(@)
= |J (s (N A(ros)(@) A u(s))

r,seS

= [J ((ros)(@) A u(s))

r,seS

=J(rou)(@)

reS

< u(a)
and
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(Seu)(@) =(xs°u)(a)
= |J (s () A(ros)(@) A u(s))

r,seS

=J((xs o s)@) A u(s))

seS

=J((Ses)(@) A u(s))

seS

=J(xs (@) A ua(s))

seS

= Ju(s).

seS

w(@) <[ Ju(s) = (S - u)(@) < u(a).

seS

U,u(s) = u(a). By assumption,

seS

(uox)(@) =|J(u(s) A (sox)(@))

seS

<[ Juts) A (s (@)

seS seS

=) A (8 = )(@)

seS

=Ju(s) ~ 75 (3)

seS

=Ju(s)

seS
= u(a).
Consequently, S is left fuzzy hypersimple.

Then Hence

V. FuUzzY HYPER BI-IDEALS

In Sen (2008) a new approach to the fuzzy hyper bi-ideal of
fuzzy semihypergroup was introduced. In the sequel we
follow Sen (2008) in order to extend this approach to fuzzy

hyper bi-ideals of fuzzy LA -hypersemigroups. In order to
do this, we need to give some notions, as follows.

Definition 5.1. Let S be a fuzzy LA -hypersemigroup. A
fuzzy LA -subhypersemigroup £ of S is called a fuzzy

hyper bi-ideal of S if (£0S)ou < u forall Se€S.

Now the following theorem is one of the prominent
characterization of the fuzzy hyper bi-ideal in fuzzy LA -
hypersemigroups.

Theorem 5.2. Let 4 be a fuzzy LA -subhypersemigroup of
a fuzzy LA -hypersemigroup S. Then p is a fuzzy hyper
bi-ideal of S ifand only if (g0 S)o u < p.
Proof. Suppose that g is a fuzzy hyper bi-ideal of S. Let
a € S. Then by Theorem 3.6,
((r28)o p)(@) = ((u° xs5) o p)(@)

= J ((uo z5)(n) A

r,seS

(res)(@) A u(s))

= J w®Atow(r)a

2 W) A (Fo8)(@) A ()
= U ((uow)(r) Al

AT =5)(8) A 4(9))
- U ((‘u o W) o 3)(3-) N /,l(S))

s,weS

= U(ew)o )(s)
seS
< u(a).
Hence (z£oS)ou C p.
Conversely, assume that (goS)ou < p. Since
(roS)opuc (uoS)opuc i forall SeS, we have u

is a fuzzy hyper bi-ideal of S.

The next theorem establishes a similar result for fuzzy
L A -hypersemigroups.

Theorem 5.3. If 1 and v are two fuzzy hyper bi-ideals of a
fuzzy LA -hypersemigroup S, then g Nv is a fuzzy
hyper bi-ideal of S.
Proof. Let & and v be two fuzzy hyper bi-ideals of S.
Then by Theorem 5.2,
((unwv)eS)e(unv)c(ueS)ou
and
((unv)eS)e(unv)c(veS)ov.
This implies that & N v is a fuzzy hyper bi-ideal of S.

In what follows, we consider a first connection between
left fuzzy hyperideals and fuzzy hyper bi-ideal of fuzzy

L A -hypersemigroups.

Theorem 5.4. Let S be a fuzzy LA -hypersemigroup with
left identity, £ be a left fuzzy hyperideal of S and let v be

a fuzzy hyper bi-ideal of S. Then the following statements
hold:

1. vo u is afuzzy hyper bi-ideal of S.

2. 11 ov isafuzzy hyper bi-ideal of S.

Proof. 1. By assumption,
(vou)o(vou)=(ov)e(uopu)cvou,
implies that vou is a fuzzy

subhypersemigroup of S. By Theorem 3.6,

((ver)oS)e(veu) =((veu)exs)e(veu)
=((vem)ov)e(xsom)
((voxs)ev)ou

:((VoS)oV)olu
CVoLu.
Then by Theorem 5.2, v o 1 is a fuzzy hyper bi-ideal of S.
2. By assumption,

which LA -
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(1? ov)o(u? ov) = (1 o i®) o (vov) C p’ov,
which implies that g’ov is a fuzzy LA -

subhypersemigroup of S. By Theorem 3.6,

(P ov)oS)o(u® ov) =((1* ov)o x5 )= (17 o)
=((xs ov)o p?)o (1P o)
=(1o(voxs))e(u?ov)
= (#2042 )o (Vo x5)°v)
c 1fo((voS)ev)

c p’ov.

Then by Theorem 5.2, ,u2 oV is a fuzzy hyper bi-ideal of S.
As a direct consequence, we have the following result.

Theorem 5.5. Let S be a fuzzy LA -hypersemigroup with
left identity. If & and v are two fuzzy hyper bi-ideals of S,

then g0V is afuzzy hyper bi-ideal of S.

Proof. By assumption,
(uov)o(uov)=(uou)o(vev)c uov,
implies that wov is a fuzzy

subhypersemigroup of S. By Theorem 3.6,

((erov)oS)e(uev) =((uov)e xs)o(pov)
=((uov)eo(ee gs))o(uov)
=((uoe)o(ve gs))o(uov)
=((uoe)op)o((veys)ov)

 ((uoS)ou)o((voS)eov)
c uov.

which LA -

Then by Theorem 5.2, gz v is a fuzzy hyper bi-ideal of S.

The following theorem presents the connection between
fuzzy hyper bi-ideals and uzzy hyperideals of fuzzy LA -
hypersemigroups.

Theorem 5.6. Let @ be a fuzzy hyper bi-ideal of a fuzzy

LA -hypersemigroup S with left identity. If ,uz = 4, then

M is a fuzzy hyperideal of S.
Proof. By assumption,

MoS = o g
:,UZOZS
=(Xsop)op
=(xs o p)ou*
= 1% o (o x5)
=((uoxs)om)on
=((poS)op)ou
CHop
c u.

Then by Theorem 4.6, u is a fuzzy hyperideal of S.

Corollary 5.7. If u is a left fuzzy hyper ideal of a fuzzy

LA -hypersemigroup S with left identity, then z° is a

fuzzy hyper bi-ideal of S.
Proof. By assumption,

(4 o 8)o p® =(p*o(S8))our”
=((ueS)o(uo8))ou’
=((Sep)o(Som))eu’

S HoH
:lL[Z'
Then by Theorem 5.2, 4 is a fuzzy hyper bi-ideal of S.

VI. CONCLUSION

We extend the study initiated in Sen (2008) about fuzzy
semihypergroups to the context of fuzzy LA -
hypersemigroups.In this paper, we introduce and analyze a
new type of fuzzy L A -hypersemigroups, as a generalization
of fuzzy hypersemigroup and left almost
semihypergroups.Then we discuss the relations between the

fuzzy LA -hypersemigroups and the fuzzy hypersemigroups.

We introduce the notion of fuzzy LA -subhypersemigroup,
left fuzzy hyperideal (right fuzzy hyperideal, fuzzy
hyperideal), left fuzzy hypersimple and fuzzy hyper bi-ideals
of fuzzy LA -hypersemigroups and obtain their basic
properties. Finally, we obtain some characterizations of left
fuzzy hyperideal (right fuzzy hyperideal, fuzzy hyperideal),
left fuzzy hypersimple and fuzzy hyper bi-ideals were
obtained.
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