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On the Persistent and Extinction Property of a
Discrete Mutualism Model with Time Delays

Runxin Wu

Abstract—Sufficient conditions are obtained for the per-
manence and extinction of the following discrete model of
mutualism
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where we assume that one of the following conditions holds.

(A) 7, Ki,ai, 7 and o;,7 = 1,2 are nonnegative sequences
bounded above and below by positive constants, and o; >
Ki;,i=1,2. 8;,0;,i = 1,2 are all positive constants;
(B) ri,a4,7i0i,t = 1,2 and K; are nonnegative sequences
bounded above and below by positive constants, i is a negative
sequences bounded above and below by negative constants, and
a1 > Ky, Bi,0:,1 = 1,2 are all positive constants.

The results obtained here generalize the main result of
Fengde Chen.

Index Terms—Nonautonomous; Mutualism model; Discrete
model; Delays; Permanence.

I. INTRODUCTION
HROUGHOUT this paper, for any bounded sequence
{h(n)}, set h* = sup{h(n)} and h! = inf {h(n)}.
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The aim of this paper is to investigate the persistent
property of the following discrete model of mutualism
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where

Ky (k) + on (k)25 (k — ma(k))

fi(za(k — 12(k))) 4 22 (k — 7a(k))

Ks(k) + as(k)al® (k — (k)
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We assume that the coefficients of system (1.1) satisfies:

fa(z1((k —71(k)))

(A) r;, K;, oy, T;and 04,1 = 1,2 are nonnegative sequences
bounded above and below by positive constants, and o; >
K;,i=1,2. 8;,6;,1 = 1,2 are all positive constants.

(B) 7,04, 704,10 =1,2 and K; are nonnegative sequences
bounded above and below by positive constants, Ky is a
negative sequences bounded above and below by negative
constants, and oy > Kj, 3;,6;,¢ = 1,2 are all positive
constants.

Let 7 = sup{m(k),o0:(k),i = 1,2}, we consider (1.1)
k
together with the following initial conditions

x;(0) vi(0) >0,0 € N[-7,0] = {—-7,—7+1,...,0},
(1.2)

It is not difficult to see that solutions of (1.1)-(1.2) are well
defined for all £ > 0 and satisfy

xzi(k) >0, for ke Zi=12.

During the last decade, many scholars investigated the
dynamic behaviors of the mutualism model, see [1]-[26]
and the references cited therein. Some excellent results
about the existence of positive periodic solution (almost
periodic solution), the persistent property of the system etc
are obtained.

Li[1] proposed the following two species discrete model
of mutualism

ik +1) = ai(k)exp {Tl(’f) [gl(wz(k —72(k)))
—m@—aﬂmﬁ}
za(k+1) = wﬂ@am{mwﬂmuuknw»>
ok — 02(/{))} }
(1.3)
where
_ Ki(k) + an(k)za(k — 72(k))
Y (= 1(5) N
iy = BB bt ne)
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Under the assumption r;, K;,«;,7; and o0;,7 = 1,2 are
periodic positive sequences with common period w, and
a; > K;. By applying coincidence degree theory, he showed
that system (1.1) admits at least one positive w-periodic
solution. Chen[2] argued that a general nonautonomous
nonperiodic system is more appropriate, and thus, he as-
sume that r;, K;,o;, 7 and o0;,7 = 1,2 are nonnegative
sequences bounded above and below by positive constants,
and a; > K;,i = 1,2. Under those assumption, he showed
that system (1.3) is permanent.

It bring to our attention that the model (1.3) is based on
the following single species discrete model:

2(k + 1) = z(k) exp {rl(k) [Kl(k) - xl(k)} } (1.4)

Already, during the past decades, in his series works, based
on the traditional single species Ayala model, Fengde Chen
and his coauthors ([16]-[20]) proposed several kind of non-
linear population models, and investigated the extinction,
persistent, and stability property of the system. Specially, in
[19], they proposed the following discrete n-species Gilpin-
Ayala competition model

(k) exp [b(K) = 3= gy () ()" .

(1.5)
where i = 1,2,...,n; x;(k) is the density of competition
species ¢ at k-th generation. They investigated the per-
manence and stability of the system (1.5). Their success
motivated us to propose the nonlinear mutualism model (1.1).

The aim of this paper is, by further developing the analysis
technique of [2], [19], [20], to obtain a set of sufficient
conditions to ensure the permanence of the system (1.1).
More precisely, we will prove the following result.

xl(k + 1) =

Theorem 1.1. Under the assumption (A), system (1.1) is per-
manent, that is, there exist positive constants m;, M;, 1 = 1,2
which are independent of the solutions of system (1.1), such
that for any positive solution (x1(k),xo(k))" of system (1.1)
with initial condition (1.2), one has:

m; < liminfz;(k) < limsupx;(k) < M;,i=1,2.
k—+o00 k— 00

Remark 1.1. When 3; = §; = 1, Theorem 1.1 degenerate to
Theorem 1.1 in Chen[2], thus, we generalize the main result
of Chen[2] to the nonlinear case.

On the other hand, by considering the relationship of cus-
tomer fish and cleaner fish, Jiang, Xie and Ye[27] established
the following two species obligate mutualism model:

Lt'l = T1$1<1—I$\711+0'1%22),
(1.6)
.’tQ = T2x2<_1+0-2%11_%>7

where x; and x, are the densities of first and second species
at time t, respectively. r; is the intrinsic growth rate of
the first species, 75 is the death rate of the second species,
N;,i = 1,2 are the carrying capacity of the i-th species, re-
spectively. 0;,7 = 1,2 reflects the efficiency of cooperation.
Here, obligate means that the first species benefiting from
the presence of each other, however it may also survive in
the absence of each other, while the second species may

survive only by association. The authors investigated the
local stability property of the equilibria of system (1.6).
By constructing a suitable Lyapunov function, Chen, Yang,
Han et al[28] obtained sufficient conditions which ensure the
global asymptotical stability of the positive equilibrium and
boundary equilibrium of above system. They showed that the
conditions which ensure the local stability of the nonnegative
equilibria is enough to ensure their global asymptotical
stability. Chen[29] and Wu et al[30] also proposed the
commensalism model with one party could not survival
independently. All of their study shows that with the help of
other species, the system may become permanent. However,
to this day, still no scholars investigated the discrete type
cooperation system with one species could not survival
independently. This leads us to study the dynamic behaviors
of system (1.1) under the assumption (B).

In system (1.1), without the help of the first species, then the
second species satisfies the equation

2ok +1) = w2 (k) exp {7"2(]4;) [Kg(k) 2l (k- 0—2(k))} }

Since K- (k) is negative sequence, one could easily see that
x9(k) — 0 as k — +oo. Now, for system (1.1), under
the assumption (B), is it possible for us to investigate the
persistent or extinct property of the system? We will give the
affirm answer to this problem, indeed, we have the following
results:

Theorem 1.2. Assume that
ryF
1+ M
and (B) hold, then the species xo will be driven to extinction,
and the species x1 is permanent, that for any positive solu-
tion (x1(k),z2(k))T of system (1.1) with initial condition
(1.2), one has:

+ryas <0 (H)

lim xz(k) = 0,
k—+4oc0
my < liminfz (k) < limsupz (k) < M;
k—+oo k——+o00

Theorem 1.3. Assume that

KL 1, B2
w>0 (F)
1+mi?

and (B) hold, then system (1.1) is permanent.

We will prove Theorem 1.1 - 1.3 in the next section, and
end the paper by a briefly discussion.

II. PROOF OF THE MAIN RESULTS
Now we state several lemmas which will be useful in
proving of our main results.

Lemma 2.1.[2] Assume that {z(k)} satisfies x(k) > 0 and
ok +1) < x(k) exp {a(k) - b(k:)a:(k:)}

for k € N, where a(k) and b(k) are nonnegative sequences
bounded above and below by positive constants. Then
1
lim sup z(k) < 5 exp(a* —1).
k—40c0
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Lemma 2.2.[2] Assume that {x(k)} satisfies
2(k+1) > z(k) exp {a(k) - b(lc)x(k)}, k> No,

limsupy,_,, o, (k) < 2* and x(Ng) > 0, where a(k) and
b(k) are nonnegative sequences bounded above and below
by positive constants and Ny € N. Then

l 1

a a

liminf z(k) > min { — exp{a' — b%z*}, — ».

jim inf 2(k) = {b“ p{  pu
Now we are in the position to prove the main results of

this paper.

Proof of the Theorem 1.1. Let (x1(k),x2(k)) be any
positive solution of system (1.1) with initial condition (1.2).
From the first equation of system (1.1) it follows that

xl(k + 1)
Ki(k) + ar(k)zh! (k — (k)
< xl(k)exp{m(ki)[ 1+:1721(k77'2(/€)) }}
an (k) + s (K)a5' (k = (k)
< e in® | T )
= ai(k)exp {ri(k)an (k) |
< wi(k)exp {rtat}.
(2.1)
By using (2.1), one could easily obtain that
x1(k — o1(k)) > x1(k) exp{—riair}. (2.2)

Substituting (2.2) into the first equation of system (1.1), it
follows that

z(k+1) < xl(k)exp{r%a’f

(2.3)
—rk exp{—&riatr}ad (k)}
That is
2 (k+1) < a8 (k)exp {517"71@%
—rioyexp{~érrtatrial (k) }. >
Set
ur (k) = 29 (k), (2.5)
then,
u(k+1) < wu(k)exp {Jlri‘a’f
(2.6)

—rl 8y exp{ =617t }uy (k:)}
As a direct corollary of Lemma 2.1, according to (2.6), one
has
1

7 exp {617’71‘(1"1‘(7' +1) - 1} Lof uj.
7“151

(2.7)

limsupu; (k) <

k— 400

Consequently,

1 \" 1Y de
limsupzy (k) < | 5+ exp {rqfalf(T—i-l)——} <.
k— o0 r101 01

(2.8)

By using the second equation of system (1.1), similar to the
analysis of (2.1)-(2.8), we can obtain

1 \™ 1
lim sup 22 (k) < <l> exp {rgag(fﬂ)——} M.
7’2(52 (52

k——+oo

(2.9)
For any small positive constant € > 0, from (2.8)-(2.9) it
follows that there exists a N; > 0 such that for all £ > Ny
and ¢ = 1,2,

wi(k) < M +e. (2.10)

For k > Nj + 7, from (2.10) and the first equation of system
(1.1), we have

Ky (k) + a1 (k)25 (k = m2(k))
14+ 25 (k — m2(k))

= ai(kyexp {ru (k)]
~at (k — o1 (k)] |

Ky (k) + Ky (k)2 (k — (k)
1+ a5 (k — 12 (k))

Y

x1(k) exp {7"1 (k) [
—a (k= oa(k)] }

> ai(k)exp { LKL - ri(My + ) ).
(2.11)
Thus, by using (2.11) we obtain

z1(k—o1(k)) < x1(k) exp{ — {rlle
(2.12)
—ri (M +€)51i|7'}.

Substituting (2.12) into the first equation of system (1.1), for
t > Ni + 7, it follows that

z1(k+1) > xzi(k)exp [riK{—Hlel(k) ,

(2.13)

where

Hy =riexp { — 4 {rllKi —ri (M + 5)51_ T},
and so
28 (k +1) > 29 (k) exp [mgf{{ — 6 Hyz3 (k)} . (2.14)

Set
(2.15)

then,

ul(k‘ + 1) > ul(k) exp [517‘%[(% — 51H1U1(k‘)] , (216)
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Thus, as a direct corollary of Lemma 2.2, according to (2.7)
and (2.16), one has

lim inf > mi {A A } .
lim inf up(k) > minq Ay, Aoe (2.17)
where
lKl
Ao = b exp {0 [fK - (M 407 |7}, (218)
1
Ay = Aj exp [517«111({ — 61H1u’{] . (2.19)
Noticing that
ri K — (M + &)™
< Ki- M
= Kl— L ex {r“a“5 (r4+1)— 1}
- Mg P71 01 (2.20)
1
7105
< K!-at
< 0

and so, by using (2.20), one has
(517"Z1K{ — (51H1’LLT

1
= &K} — 61 Hy—— exp {517”1‘0/1‘(7' +1)— 1}
T161

< SriKl— T—} exp {51r71‘047f(7 +1) - 1}
1
< SrtKL—6irtat(r + 1)
< 0
(2.21)
Therefore,
. S '
lim inf uy (k) 2 Az (2.22)
And so,
1
. 5
>
a2 (1)
Setting € — 0, then
- 1 3 def
liminf 4 (k) > *(Ag) = mj. (2.23)
k—-+o00 2
where
A2 = A1 exp |f$17”iKi — 51HTUT]
(2.24)
lKl
A = Lr” Lexp {51 [rllK{ — T?(Ml)(sl}T}.

1

Similarly to the analysis of (2.11)-(2.24), by applying (2.9),
from the second equation of system (1.1), we also have that

1 5 de
liminf x5 (k) > 5 (BQ) %2 def ma > 0,

k— oo

(2.25)

where
Bg = Bl €exp |ég7’éKé — (52ng’2‘]
Tl Kl
By = =-22exp {52 [TéKé —Tg(Mz)(SQ}T}
T'a
HY = T%exp{—él {TZIK{—T%M{SI}T}
Hy, = TSGXP{ — 02 {leKéfrlzL(Mz)@]T},
* 1 u . u
uy = ——exp {52r2a2(7+1) - 1}.
’1”2(52

(2.26)
(2.8), (2.9) (2.23) and (2.26) show that system (1.1) is
permanent. The proof of the Theorem 1.1 is completed.

Proof of the Theorem 1.2. Let (z1(k),z2(k)) be any
positive solution of system (1.1) with initial condition (1.2).
Similar to the analysis of (2.1)-(2.8), (2.11)-(2.23), we can
obtain

my < lkim inf x1 (k) < limsupz (k) < M. (2.27)

—rtoo k—+o00
From (H), there exists a small enough positive constant ¢
such that
ry K}
14+ (M +¢)8
From (2.27), for above ¢, there exists a No > 0 such that
for k > N,

+riat < 0. (2.28)

w1(k) < My +e. (2.29)

Substituting (2.29) into the second equation of system (1.1),
for k > Ny + 7, it follows that

Ks(k) + ao(k)al® (k — (k)
1+ 222 (k — 7 (k)

= x9(k)exp {Tg(k) [
~af? (k — oak)] |

Ko(k)
1+ 2% (k — 1 (k))

IN

2 (k) exp {rg(k)[ + ag(k)] }
rh KL

= ”@””{TI@EISE

+ rgag}.
(2.30)

For condition (2.28), there exists small enough positive v >
0, such that

ry K}
1+ (Ml + 6)62
Substituting (2.31)to (2.30), for all k£ > Ny + 7, it follows

za(k + 1) < @2(k) exp{—7}.

+ryay < —y <0. (2.31)

(2.32)

Therefore,

wa(k+1) < 22(No +7) exp { k= (N +T)h}, (2.33)

Volume 28, Issue 1: March 2020



Engineering Letters, 28:1, EL._28 1 23

which yields
lim (k) =0.

k— o0

(2.34)

The proof of the Theorem 1.2 is completed.

Proof of the Theorem 1.3. Let (x1(k),x2(k)) be any
positive solution of system (1.1) with initial condition (1.2).
Let (z1(k),x2(k)) be any positive solution of system (1.1)
with initial condition (1.2). Similar to the analysis of (2.1)-
(2.24), we can obtain

my <liminfz;(k) < limsupx(k) < M;
fee k—+oo (2.35)
limsupas(k) < Mo. ‘
k— 400

From (F’), there exists a small enough positive constant ¢,
such that
Kb+ ab(my —¢)P2
1+ (m1 — 8)’82

> 0. (2.36)

From (2.35) for above ¢, there exists a N3 > 0, such that
for kK > N3
371(141) >my — €, xg(k) < My + . (237)

Substituting (2.37) into the second equation of system (1.1),
for £ > N3 + 7, it follows that

zo(k +1)
oo (1252 (k —
= ok exp {ra(h) [Kz(’”li <2 i iik)) (k)
02

—T,

(k= oa(k)] }

-

By using (2.38) we obtain

ryl K5 + ah(my — )]
1+ (my —e)b2

> wzo(k)e

(2.38)

. Ké + alz(ml — 5)52
2 1+ (m1 — 6)52

zo(k — o2(k)) < iEz(k)exp{—[r

(2.39)
Substituting (2.39) into the second equation of system
(1.1), for k > N3 + T, it follows that

rh K5 + oy (my — €)™]
14 (mq —e)b2

zo(k+1) > xg(k)exp{

—  Hsap (k)},
(2.40)
where
| Kb 4 ab(my — )™
2 14 (my —e)P

Hs = rexp {—52 [T 7T§(M2+€)62}T},

and so

Volume 28, Issue

—ry(My + 5)51 }

Sorb[KL + ab(my — )2
02 02 2722 21
o’ (k+1) > x5 (k)exp{ T+ (m1 — )P
— 62H3.1‘(2§2 (k)},
(2.41)
. Set
ug (k) = 252 (k), (2.42)
then,
hil) > (he Sorb [KL + aby(my — )P2]
" = e L+ (my —e)
- 52H3U2(k)}
(2.43)

According to (2.9), we have

1

limsup uz(k) < ——exp {627“12‘0/5(7 +1) - 1} = uj.
k—+o0 T262

(2.44)
Thus, as a direct corollary of Lemma 2.2, according to

(2.43) and (2.44), one has

lim inf uy (k) > min {Crc, (2.45)
where
rl [Kl + al (ml _ 5),32]
c,. = It 2 {5
! Tl +my — )P P02
{ ) K3+ ab(my — )™ (2.46)
2 1+ (m1 — 5)52
— (M +2)% |7},
Jarb K + ab(my — )]
C e = C €
2 1 eXp{ 1+(m17€)52
(2.47)
- 52H3u§}.
And so

o«‘H

lim inf 25 (k) > min 2
k— o0

Setting € — 0, then

((e)* )
()" ()"

3

def

1
liminf x5 (k) > imin = ms.

k—+4oc0

C1 exp {

r5 (K5 4 abm)?)
ry (1 +mp?)
T%MSQ}T},

(2.48)
where

Oarh (K5 + abmi]
1+ m7?

CQ —§2H§u§}

Ch exp {52 {—Té(Ké + abmy)

1+ mi?

(2.49)
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where

Kb+ alzmﬁz

* U . 1 L upsé
H; =7 exp{ 52{@ 1+mf2 T2M22}T}. (2.50)

(2.35), (2.49) and (2.50) show that system (1.1) is perma-
nent. The proof of the Theorem 1.3 is completed.

III. DISCUSSION

In this paper, we proposed the nonlinear discrete cooper-
ative system (1.1), which can be seen as the generalization
of the model (1.2). Under the assumption (A), we show that
system (1.1) is permanent, the result generalize the main
result of Chen [2]. Also, it bring to our attention that in
the nature, many species could not be survival without the
help of the other species, this motivated us to study the
dynamic behaviors of the system (1.1) under the assumption
(B). By developing some new analysis technique, we finally
obtain sufficient conditions which ensure the partial survival
or permanence of the system.
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