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Output Feedback Stabilization via Reduced Order
Observer for a Class of Feedforward Nonlinear
Systems with Input Saturation

Yanling Shang, Fangzheng Gao, Guifang Qiao, Jiacai Huang and Xiaochun Zhu

Abstract—The problem of saturated output feedback stabi-
lization for a class of nonlinear systems with upper-triangular
structure is addressed in this paper. By constructing a reduced
order observer to estimates the unmeasurable states and by
skillfully using the homogeneous domination approach and
the nested saturation technique, a saturated output feedback
control scheme is successfully developed. It is prove that the
proposed controller with appropriate design parameters can
render the states of the closed-loop system globally asymp-
totically to zero without violation of the input constraint. A
simulation example is provided to demonstrate the effectiveness
of the proposed method.

Index Terms—Feedforward nonlinear systems, Input sat-
uration, Homogeneous domination approach, Reduced-order
observer

I. INTRODUCTION

During the past few decades, feedforward systems have
received widely attention because they can be used to model
many practical systems, such as the ball and beam system,
the cart-pendulum system, the TORA system, and so forth.
However, the design of globally stabilizing controller for a
feedforward system has proven to constitute a challenging
task due to the fact that such system is neither feedback
linearizable nor stabilized by applying the frequently-used
backstepping approach. To give this difficulty a solution, a
number of intelligent approaches have been developed such
as the nested-saturation method [1-6] and the forwarding
technique [7, 8]. Thanks to these effective approaches, the
state feedback stabilization problem has been well-studied
recently. Nevertheless, when only part of state variables are
measurable, the problem of global stabilization by output
feedback is more challenging and has received little attention.
As a matter of fact, the upper-triangular structure leads to an
intrinsic obstacle that makes it difficult to achieve even semi-
global output feedback stabilization of general feedforward
systems [9].

In the existing literature, there are numerous valuable re-
sults in coping with the output feedback stabilization problem
of feedforward systems under different growth conditions.
For example, by imposed the restriction that the nonlinear ter-
m is a linear growth, the global output feedback stabilization
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for uncertain feedforward systems was first studied in [10].
Later, by employing the homogeneous domination approach
introduced in [11], the linear growth condition was lifted in
[9] where global output feedback stabilization was achieved
for more general nonlinearities under a homogeneous growth
condition, and stimulated a series of subsequent works [12-
17]. However, the effect of the input constraint is omitted in
the above-mentioned results.

As we all know, the actuator saturation is a common
phenomenon in practical systems due to the inherent physical
limitations of devices. Its existence often severely limits
system performance, giving rise to undesirable inaccuracy or
leading to instability [18]. Thus, it is of great significance to
study the problem of saturated output feedback stabilization
of feedforward nonlinear systems. Nevertheless, to the best
of our knowledge, this issue has not been well-addressed in
the literature.

Based on the above observations, in this paper we focus
our attention to solve the problem of global stabilization for
a class feedforward nonlinear systems by saturated output
feedback. The major obstacle to tackle this problem lies
in that, the presence of input constraint may lead to a
system uncontrollable even if it is indeed controllable for
the unconstrained case, that is, the common assumptions and
output feedback control techniques mainly for unsaturated
feedforward systems are infeasible here. Until now it still
remains unanswered that under what conditions the feedfor-
ward nonlinear systems may exist saturated output feedback
controller. To overcome the aforementioned difficulty, we
first place a general homogeneous growth condition and
design an unsaturated state feedback controller for the con-
sidered system by employing the homogeneous domination
approach. Then, we impose a series of nested saturations
to the developed controller and obtain a saturated state
feedback controller. Moreover, different from the full order
observers proposed in [19,20], in this paper we construct a
reduced-order observer to estimate unmeasurable states, and
obtain a saturated output feedback controller that renders that
the states of the closed-loop system globally asymptotically
convergence to zero.

II. PROBLEM FORMULATION AND PRELIMINARIES

In this paper, we consider a class of feedforward nonlinear
systems represented by

T; :$i+1+fi(t,$i+2,"'axmu), i=1,---,n—-2
x.nfl = Tn +fn71(t7u)

Ty = U

y=x1

(1
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where © = (z1,--+,2,)T € R", u € R, y € R are the
system state, control input and system output, respectively,
and xo, - - -, x, are unmeasurable. The continuous functions
fi: RxR" " = R, i=1,---,n— 1 represent unknown
nonlinear perturbations.

The objective of this paper is to present an output feedback
control design strategy which globally stabilizes the system
(1) under the following saturation constraint:

_Umaz S u S um,am (2)

where »"“* is a priori known positive real number.

To this end, the following assumption regarding system
(1) is imposed.

Assumption 1. For ¢ = 1,---,n — 1, there are constants
b>0and 7 € (—1/n,+00) such that
n+1
LIS S faylrtnrm
j=i+2
where 41 =u, r1 =1, rip1=r;+7>0,i=1,--- ., n.
For simplicity, it is assumed that 7 = —2 with p being any

even integer and ¢ being any odd integer. Based on this, we
know that r; € (0, 1) is a ratio of two positive odd integers.
In what follows, we review some useful definitions and
lemmas which will serve as the basis of the coming control
design and performance analysis.
Definition 1), Consider a system

i = f(z) with f(0)=0, z€R" 3)

where f : Uy — R™ is continuous with respect to x on an
open neighborhood Uy of the origin # = 0. The equilibrium
xz = 0 of the system is (locally) finite-time stable if it is
Lyapunov stable and finite-time convergent in a neighbor-
hood U € Uj of the origin. By "finite-time convergence,” we
mean: If, for any initial condition 2(0) € U, there is a settling
time 7' > 0, such that every solution z(¢) with z(0) as its
initial condition of (3) is well defined with z(0) € U \ {0}
for t € [0,T) and satisfies lim;_,7x(t) = 0 and z(t) = 0
forany t > T. If U = Uy = R", the origin is a globally
finite-time stable equilibrium.

Lemma 1121, Consider the nonlinear system (3). Suppose
there is a C'! function V() defined in a neighborhood Ue
R"™ of the origin, real numbers ¢ > 0 and 0 < o < 1, such
that

(i) V(x) is positive definite on U;

(ii) V(z) + ¢V(x) <0, VzeU.

Then, the origin of system (3) is locally finite-time stable
with T < % for initial condition x(0) in some open
neighborhood U € U of the origin. If U = R" and V(z) is
also radially unbounded (i.e., V(z) — 400 as x — +00),
the origin of system (3) is globally finite-time stable.

Definition 2[°!. Weighted Homogeneity: For fixed coor-
dinates (z1,---, x,) € R™ and real numbers r; > 0,

i=1,--,n,
e the dilation A.(z) is defined by A.(z) =
(e"ay,---,e™a,) for any € > 0, where r; is called the

weights of the coordinates. For simplicity, we define dilation
weight A = (rq,--+,ry,).

e a function V € (R",R) is said to be homogeneous
of degree 7 if there is a real number 7 € R such that
V(A (x)) ="V (1, -, xy,) for any z € R™\ {0}, > 0.

e a vector field f € (R™, R"™) is said to be homogeneous
of degree 7 if there is a real number 7 € R such that
fi(Ac(x)) = ™17 fi(x), for any € R™\ {0}, > 0,
i=1---,n.

e a homogeneous p-norm is defined as ||z|a, =
(30, |@|P/m)Y/P for all x € R™, for a constant p > 1.
For simplicity, in this paper, we choose p = 2 and write
[[z]|a for [|z]| A 2.

Lemma 2, Suppose V : R* — R is a homogeneous
function of degree T with respect to the dilation weight A.
Then the following holds:

(i) 0V /9z; is homogeneous of degree 7 —r; with r; being
the homogeneous weight of z;.

(ii) There is a constant ¢ such that V(z) < c|lz|%.
Moreover, if V' (x) is positive definite, then ¢||z||\ < V(x),
where c¢ is a constant.

Lemma 3 ), For z € R, y € R, and p > 1 is a constant,
the following inequalities hold: (i) |z +y[P < 2P~ |zP 4 yP|,
(@) (| + [y /P < |2V + JyVP < 207 D/P (|| + [y]) VP,
Furthermore, if p > 1 is odd, then (iii) |z —y[P < 2P~ 1|2P —
yP|, (V)|z/P —yt/P| < 2=D/P (| —y|)1/P, (v) 2P —yP| <
plz — yller=t + 1] < clz — yll(x -yt + 71| for a
constant ¢ > 0.

Lemma 4[>2:2%] For any positive real numbers ¢, d and any
real-valued function w(x,y) > 0, the following inequality
holds: [x|°[y|* < Zfgm(x,y)|a|t + Zgm=/4(z, y)|y| .

III. THE DESIGN OF SATURATED OUTPUT FEEDBACK
CONTROLLER

In this section, we give a constructive procedure for
the globally stabilizer of system (1) by saturated output
feedback. Before designing the controller, we first introduce
the following coordinate transformation:

T; . _— ubPr

ﬁ’ 172’..~’n, (% —m (4)
where k; =n—1,i=1,---,nand 0 < L < 1 is a constant
to be determined later.

Then, under the new coordinates z;’s, system (1) is trans-
formed into:

21 = T1, %=

Zi:LZi+1+%’ i:l,...’n_l
p = Lo ®)
y=x

Noting that the transformation (4) is invertible, thus in
the next, we turn to designing a saturated output feedback
controller for system (5).

A. Unsaturated state feedback controller design

Step 1. Let p > maxj<;<n+1{7:} is a positive number

and choose the Lyapunov function V; = W; = fozl (sP/m —

0)(2p=7=1)/P(s. Clearly, the first virtual controller
2 = —Bree/? (©6)
with & = z; and 3§ > n being a constant, renders
. —T—7 * 6V
Vi < —nLe2+ LePP /Py — n) 4 8711f1 7

Step i (i = 2,---,n). In this step, we can obtain the
following property, whose similar proof can be found in [9]
and hence is omitted here.
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Proposition 1. Assume that at step i — 1, there is a C!,
proper and positive definite Lyapunov function V;_;, and a
set of virtual controllers 27, - - -, z; defined by

=0, & = A4 -n
E3
o= B, & = AT -z
. (®)
Ti/ P P/Ti *pP/Td
z = _B;—1fi7—/1 & = Zi,/ =z /m

with B]* >0,5=1,---,i— 1, being constants, such that

(n—i+2 LZ§2+28V J;

Vi, < —
e <0z L5 (9)

+L§2p T 1)/’7(21—,2 )

Then the ith Lyapunov function defined by

2
‘/i — ‘/7;71 +/ (89/7"11 _ Z;‘p/ri)@ﬁ_T—ﬁ)/l)dS (10)
z¥

is O, proper and positive definite, and there exists the C°
virtual controller z}, | = —3; 5““/ ” such that

oV; f
Vi < —i+1)L J
+L§i2p ~ Tl)/p(zwl _Z¢+1)
where [3; > 0 is a constant.
Hence at step n, choosing
DL [E wp/r\ (2p—T=Ti)/p
_ Z/ (sP/” - zip/“) ds (12
i=1"7%
and
s = g
- _ n( p/rn +ﬂ*p/r"( n/’“lnfl + .-
+5*p/r3( p/ra +B*p/r221)))rn+1/P
-
o+ Biz P/m) rnt1/p
(13)
where
_ ot LGt
Bi*:{f” ST E el )
from Proposition 1, we arrive at
, = OV, £
Vo<—-L) & :
- Zgj +Z (')z LEi (15)

jfl J=1
FLEHTTT (0 = z40)

Consequently, the following result is obtained.

Lemma 5. For the nonlinear system (5) under Assumption
1, the unsaturated state feedback controller v = z;,, in
(13) renders the origin of the closed-loop system is globally
asymptotically stable.

B. Saturated state feedback controller design

In this subsection, a saturated state feedback controller is
designed to solve the global stabilization problem for system
(5). By the combined saturation technique, we impose a
series of nested saturations to the controller v = 23, in
(13) and obtain a saturated controller as following form

ol (Zne))

Vssg = Vn(Zn) = —Bao" 17 (2470
(16)

where vy = 0, 0;(Z;) = —Bio" /P (2 — o1 (Zi1)),
Zi= (21, 2z),i=1,,n,
| esign(z), |x|>¢€
o(z) = { x, lz| < e

for a small constant £ > 0 to be determined later, and the
gains (3;’s are selected as

B > max{ﬁfjl“"‘}
Bi > max{ﬂ;‘, 2rivi/e (4(1 + Bi—1)ai-1(+) + 2)} (a7

i=2,,n
with
ar(B1) = pBY " (1 1+
@B, By) = L (14 B )P/ (1 + B))
ﬁp/errla]* ()7 ]:2,,TL—1
(18)

Remark 1. From (16) and the definition of saturation
function o(-), it can clearly be seen that the controller
Vssf = Un(Zy,) is bounded by a constant §,&"+!, which
means that the bound of controller (16) can be arbitrarily
small by choosing appropriate design constant €.

We begin our the main result of this subsection by in-
troducing an important lemma, whose similar proof can be
found in [2].

Lemma 6. Consider the system (5) with saturated con-
troller (16). For ¢+ = 1,---,n — 1, under the condition
|z;] < erﬂ'/p(l + Bj-1), j = i+ 1,---n+ 1, there exist
a series of functions «;(531,--,3;) defined as (18) and a
constant 0 < €7 < 1 such that for any 0 < ¢ < g1, t > ¢,
the following inequalities hold:

o] <Ll (19)
o (Z@) — o Zi(0)] < Laa () P(E - )
(20)

With the help of Lemmas 5 and 6, we are ready to state
the main result of this subsection.

Theorem 1. For the nonlinear system (5) under Assump-
tion 1, the saturated state feedback controller (16) renders
that the origin of the closed-loop system is globally asymp-
totically stable.

C. Reduced order observer and main result

Since zo,-- -, 2, are not available for feedback, the con-
troller (16) is not implementable. To estimate the unmeasur-
able states, we construct a homogeneous observer

0y = —Ll;_12

: Zi—1)"/T 21
Zi = (771 +l¢_1zi_1)’“z/n_1’ ( )

1=2,---.n
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where 21 = z;. Based on (16), we design a saturated output
feedback controller

sog (2) = tn(Z) = 0™ /7 (3017 — /77 ()
(22)

where vy = 0, v;(Z;) = —5 grin/e(gPlTE Pl 7 1Y),
Z; = (21,--+,%),i=1,---,n and (;’s are determined by

a7.

Remark 2. From (22) and the definition of saturation
function o(-), one can easily verify the following inequality
holds:

|'Usof(2)| <o(2) £ Bn (Bn\inl”/” + Bn71|2n71|p/7'n—1

_  N\Tn+1/p
+ "+51\21|>

(23)

Remark 3. Similarly to [17], using the certainty equiva-

lence principle together with (13), one can also obtain an

implementable unsaturated output feedback controller for
system (5) as follows

Vuof (2)
= 76n(_n Ap/“l + Bn 1% Ap/rln !

7'n+1//’

4B Ap/ﬁ)
(24)
Pi—1

Define the estimate errors ¢; = (2/'~! — 20i=1)p/(ripi-1),
i=2,---,n, and choose the Lyapunov function

(2p—T—ri_1)/7i

(3
Ui — (sTi_l/(prTf’r‘i_l)
’Y(2P*7*7'71—1)/7'1;—1

i

—;)ds  (25)

where v; = 1; +l;—12;—1. Then, for i = 2, --- n, it follows

from (21) and (25) that

. ou; f;
U = —(L : )
o - +an1 oU
[ L ; 1—1 ) 7L7il7'_ Ai
+62Zi1( S e oY
_ p— Tr* Ti—lL ‘(2p—7'—7“,;_1—m)/r71 (Z:i_l/ri B "Yi)zi,-t,-l

—LZZ, 6 (z(2p T—ri—1)/Ti _21_(2;7—7'—”,1)/7‘,-)
- 7(2/)—7——7"1',1)/7",3,1>

i

—Lli—leii (27;(21) T 7‘7,71)/7"7‘,
oU; f; oU;  fi1
Bzi Lri 8zi,1 Lri-1

_|_

(26)

where 2,11 = vso7(£). The following propositions give the

proper estimations of some terms of the right-hand side of
(26) whose proofs can be achieved by lemmas 3 and 4.

Proposition 2. There exists a positive constant A; such

that
_ (2p=7—ri1)/ri _ pQp—T—riz1)/7i
li—ie)! (z Z; ) @7
> _li—l)\iei
Proposition 3. For i = 2,--- . n — 1, there holds
2/) —T = Ti1 _(2p—T—ri1—71i)/ri/ Tio1/Ti
. Zz( : o/ (2 i Vi)Zi+1
] i+1
< D) Z 5]2 +mie} + gi(lio1)e;
j=i—1
(28)

where g; is a continuous function of /;_; and m; > 0 is a
constant.

Proposition 4. For the saturated output feedback controller
Usof(£), we obtain

2p—T —Tn1 ZT(L2p—T—rn71—rn)/rn (Z:Ln—l/"‘n — ) Vsof
Tn
1 n n
gz Czef + gn(ln-1)en
j=1 i=2
(29)

where ¢,, is a continuous function of /,,_; and ¢ > 0 is a
constant.
Proposition 5. For i = 3, -- -, n, there holds

( (2/7 T—ri—1)/Ti _7529_7_7'7;71)/7%—1)
1

S 16( +§ )+€?+hi(li_1)€?_1

where h; is a continuous function of /;_;.

Let U = Z?:z U;. Using the estimates (27), (28), (29)
and (30), the time derivative of U satisfies

—li—1€)
(30)

. 1<
U= 3 1:21512 + (— lidg +mao 4+ c+ gs(l2) + ha(lz))eg
n—1

+Z <_li71)\i+mi+1+c+gi+l(l)+hz+1(l )) e;
=3
+(~lp_1dn + 1+ c)e?

(3D
By (13), (22), (23) and (24), we can estimate
g (vens — 2,50 by the following proposition.

Proposition 6. There exists a positive constant ;4 such that

) S G nY
i=1 =2

With the help of Proposition 6, defining I' = V,, + U,
combining (15) and (31), and recursively choosing

52;0*7'*7”11

i (Vsop — (32)

1
lnfle;1(1+1+c+u)

1
li—g > AZl(Z +mi+1+C+M+gi+1(li)+hi+1(li))
t=n—1,---,3

1
>t (Z +ma +c+ p+gs(lz) + h3(lz))
(33)
we obtain

re-bSe-ta S

The main result of the paper can be summarized into the
following theorem:

Theorem 2. For the high-order feedforward nonlinear
systems (1) under Assumption 1, the saturated output feed-
back controller u = L®*Tlyg,r in (4), (21) and (22),
renders that the origin of the closed-loop system is globally
asymptotically stable.

Proof. From the construction of I', it can be verified
that T is positive definite and proper with respect to Z =
(21, 2n, M2, -+ ,mn) T . Denoting the dilation weight

A:(T17"'7
—_——

(34)

Tn Tl 1)

(35)
for zi,zn for ma-mn

from Definition 2, it can be shown that I' is homogeneous
of degree 2p — 7 with respect to A. Furthermore, by Lemma

2, there is a constant mq, such that

L <m||Z|3" (36)
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Time(sec)

Fig. 1. System states.
where my > 0 and 1Z]|a =
O ) + (S /). Simitarly,  since

Sor & 4+ Yo ,e? is homogeneous of degree 2p, by
Lemma 2.2, there is a constant msy such that

n—1
. or | f;
< —moLl| 2%+ ’—H 7
Noting (23), we can find a constant k such that
I3 < —kT2r/(2p—7) (38)

Therefore, the closed-loop system (5)with (21) and (22) is
globally asymptotically stable. Furthermore, by noting that
(4) is an equivalent transformation, the closed-loop system
consisting of (1), uP» = L T1yP» in (4), (21) and (22), has
the same properties as the system (5) with (21) and (22).
Thus, the proof is completed.

Remark 4. By noting the factthat 0 < L < 1 and x,,+1 >
0, it is easily observed from Remark 1 that the control law
u(t) is bounded by a constant 3,1, that is, by choosing
design parameters € and S, as S+t < u™, |u(t)| <
u™* can be guaranteed.

IV. SIMULATION EXAMPLE
Consider the following feedforward system
T1 = To + ud
j?Q =Uu
y=1o

(39)

with the requirement of |u| < u™** = 1. Choosing 7 =
—% € (=1,0), we have 11 = 1, ro = % and 73 = % It
is obvious that Assumption 1 holds with b = 1. Therefore,
by Theorem 2, we can explicitly construct a saturated output
feedback controller for this example. Specifically, we can

choose
Mo = —Lly2y, 2o = (n2 + lLy)%/°
w=—L3By0t/> (23/3 + ﬂf/sa(y)>

with appropriate positive constants /1, 81, 2, € and a small
enough gain L such that the output feedback controller (40)
renders the system (39) globally asymptotically (finite-time)
stable.

In the simulation, by choosing the design parameters as
Bl = 12, 52 = 14, ll = 3, g = 06, L = 0.85 and the

(40)

Time(sec)

Fig. 2. Observer state.

15

0.5

i i i i
2 4 6 8 10
Time(sec)

Fig. 3. Control input.

initial condition as (z1(0), x2(0),72(0))= (1,—2,1), Figs.
1-3 are obtained to exhibit the responses of the closed-loop
system, from which the validity of the proposed method is
demonstrated.

V. CONCLUSION

This paper has solved the problem of saturated stabiliza-
tion by output feedback for a class of feedforward nonlinear
systems. With the help of the homogeneous domination
approach and the nested saturation technique, a constructive
design procedure for reduced order observer-based output
feedback control is given, which can guarantee that the
closed-loop system states are globally asymptotically regulat-
ed to zero and the amplitude of the control signal is bounded.
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