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Abstract—In this article is presented a novel strategy
for multi-objective optimal control of resources in a power
distribution system for service restoration. The distribution
system is modeled as a discrete Markov chain in state space by
considering the probability of failure and operation of a node.
A multi-objective cost function is proposed by considering the
dynamical model of the distribution system as well as the failure
and repair rates of each specialized crew, where the optimal
multi-objective optimal control solution is obtained by using an
exhaustive search algorithm. As a result, the obtained optimal
control signal is the adequate working group for each failure
that minimizes the repair rate and the travel time and therefore
guarantees the minimum time of permanence in the failure state
for the distribution system. A simulation by considering real
conditions and real data from a distribution system is performed
where a comparison among several scenarios is analyzed.

Index Terms—Multi-objective optimization, optimal control,
resource allocation.

I. INTRODUCTION

IN order to guarantee service continuity, utilities have
to allocate significant resources to failure response

and maintenance, namely: technical and professional staff,
transportation and specialized equipment, tools and supplies
[1]. Any disruption in the electricity service has operational
and economic consequences for the community but also
implies a cost relative to the technical and professional staff
(crews) required to move from the control center to the
failure node and their corresponding requirements in order
to achieve a restoration of the service [2].

In [3] is proposed a scheme of segmentation for
maintenance areas with their corresponding maintenance
crews for a power distribution system. However, an optimal
maintenance protocol should include a reasonable total time
of the process and quick restoration of the service. In [4]
a static solution based on a Vehicle Routing Problem is
proposed but using a static model and by using genetic
algorithms and simulated annealing methods as described in
[5]. Also, in [6] the vehicle routing problem with hard time
windows and stochastic service times. In addition, among the
factors that affect the aforementioned quality of maintenance,
we could report the criteria of resource allocation and the
displacement time of the maintenance crew. However, the
aforementioned methods only consider static models that
ignore the implicit dynamics of the process [4].

The selection of optimal crews for restoration pf the
service in a distribution system can be solved by applying
optimal multivariable control techniques, where a dynamical
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model of the system is required [7]. Since the problem
has multiple constraints, a multi-objective cost function that
involves the required constraints is also needed [8].

In this paper is shown a novel strategy for multi-objective
optimal control of resources in a power distribution system
for service restoration. Two contributions are presented: the
first contribution is a discrete state-space model as a discrete
Markov chain that describes the implicit dynamics, the repair
time, and the distance to the failure. It is worth noting that the
model considers the failure rate and repair rate of the crews
based on real data. The second contribution is an optimal
multi-objective control solution based on an exhaustive
search algorithm where the obtained control signal is the
crew assignation to attend the failure. The proposed approach
is evaluated for several scenarios considering real data. The
paper is organized as follows: in section II, a theoretical
framework of the proposed approach, which includes the
dynamical state-space model, is presented. In section III
are presented the results and discussions, and finally, in
section IV, the conclusions, and future works are presented.

II. THEORETICAL FRAMEWORK

A. Problem Statement

Consider the probability of failure and operation of a node
in a power distribution system as follows:[

Ṗo

Ṗf

]
=

[
−λ µ
λ −µ

] [
Po(t)
Pf (t)

]
(1)

being Po(t) the probability of operation and Pf (t) the
probability of failure of each node, and λ the failure rate
(failures per unit of time) and µ the repair rate (repairs per
unit of time). A discrete model can be obtained from (1) as
follows [9]:

Po[k + 1]− Po[k]

∆t
= −λPo[k] + µPf [k] (2)

being ∆t the sample time, and Po[k] the probability of
operation at sample k.

It can be seen that by considering that Pf [k] = 1− Po[k]
the following difference equation can be obtained to describe
the probability of failure for each node in terms of λ and µ

Po[k + 1] = (1− (λ+ µ) ∆t)Po[k] + µ∆t (3)

Equation (3) describes the implicit dynamics of the
operation of each node of an electric distribution system.

If the node is not operational, a crew must be sent in order
to change the current state. There is a distance effect related
to the displacement of the crew from the control center to
the failure point. Two matrices are defined, a location matrix
of the crews U in (4) and a distance matrix D in (5).
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U =


1 1 1 0 0 0 0 0 0 · · ·
0 0 0 1 1 1 0 0 0 · · ·
...

...
...

...
...

...
...

...
...

. . .
0 0 0 0 0 0 1 1 1 · · ·

 (4)

from (4) it can be interpreted that crews 1, 2 and 3 are of
type 1 and are located in control center 1, meanwhile crews
4, 5 and 6 are located in control center 2.

D =


d1,1 d1,2 · · · d1,L
d2,1 d2,2 · · · d2,L

...
...

. . .
...

dI,1 dI,2 · · · dI,L

 (5)

where di;l is the distance from the point of failure i to
the control center l this distance is a function of the
Universal Transverse Mercator (UTM) coordinates of each
point. Therefore the distance to the failure i of a selected
crew u[k] at sample k (time instant tk = k∆t) can be
computed as

di[k] = EfDUu[k] (6)

being Ef defined as a row vector of 67 elements where Efi ∈
{0, 1} indicates the point of occurrence of the failure.

On the other hand, the repair time that each crew requires
for an specific failure depends of the skills of the crew. To
this end, a matrix of skills is defined of the following form:

Ha =

h11 · · · h1N
... · · ·

...
hJ1 · · · hJN

 (7)

where hjn represents the estimated time it takes for a crew
type j to repair a type n failure.

Therefore, the repair time that requires the selected crew
u[k] at sample k can be computed as

tr = PtfHau[k] (8)

being Ptf a vector of probabilities for the type of failure
that follows a negative binomial distribution, where Ptf =
[pi1, . . . , pin, . . . , pi5] is the probability of occurrence for a
failure at point i. This model describes the probability that
a failure at point i be type n.

B. Proposed dynamical model

The following model xi[k + 1] = f(xi[k], u[k]) has been
proposed to consider the implicit dynamic, the distance
effects and the repair times for each i node:

Pi[k + 1] =α((1−∆t(λ+ µ))Pi[k] + µ∆t)

+β(Pi[k] + ∆t · f1(EfDUu[k]))

+θ(Pi[k] + ∆t · f2(PtfHau[k])) (9)

where u[k] is the control signal defined as a column vector
where ul ∈ {0, 1} indicates the crew that is assigned to repair
a new failure in the system at time instant k. The parameters
α, β, θ are the weights of the model related to the implicit
dynamic, displacement time and repair time respectively.

The functions f1 and f2 are defined as follows:

f1 =
1

∆t
√

2πσ2
1

· e
(ln∆t−µ1)2

2σ2
1 (10)

f2 =
1

∆t
√

2πσ2
2

· e
(ln∆t−µ2)2

2σ2
2 (11)

being µ1, σ1 are computed as follows:

Ex1
=

di
50Km/h

(12)

Vx1 =

[
40di

2100Km2/h2

]2
(13)

σ2
1 = ln

(
Vx1

E2
x1

+ 1

)
(14)

µ1 = lnEx1
− σ2

1

2
(15)

and µ2 and σ2 are computed as:

Ex2
=tr (16)

Vx2 = (tr)
2 (17)

σ2
2 = ln

(
Vx2

E2
x2

+ 1

)
(18)

µ2 = lnEx2
− σ2

2

2
(19)

with di and tr computed by using (6) and (8).

C. Multi-objective Optimal control

The main aim is to minimize the travel time and the repair
time for each new failure that appears holding that the system
must be in operational state (operational probability must be
equal to one). To this end, an exhaustive search algorithm is
proposed. The multi-objective cost function used to this end
is a combination of the multiple objectives of the problem
and also the state space equation of the model, as follows:

J =α((1−∆t(λ+ µ))Pi[k] + µ∆t) (20)
+β(Pi[k] + ∆t · f1(EfDUu[k]))

+θ(Pi[k] + ∆t · f2(PtfHau[k]))

where:
• i is the node that is in failure state
• α is the weight related to the state space model
• β is the weight related to the displacement time
• θis the weight related to the repair time
The solution is obtained by maximizing the probability of

operation (maximizing J) in terms of the displacement time
and repair time, that are computed from u[k]

u[k] = argmax
u[k]

J (21)

It is worth noting that the obtained multi-objective optimal
control signal u[k] is the crew that is assigned to repair a
failure in the distribution system at each time sample k.

III. RESULTS AND DISCUSSION

In order to evaluate the performance of the method, several
scenarios are considered. The real data used for this study
is the database presented in [3]. The database provides
the coordinates (UTMx, UTMy) and includes 67 nodes of
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failure. From these points, 30 nodes are randomly simulated.
For each of these nodes is analyzed tf and tr to synthesize
the sets λi and µi for i = 1, 2, 3, ......67. Under similar
criteria, 5 types of failures and 5 types of crews are defined
for the simulation. Using the definition of probability by
relative frequency, the following vector of point probabilities
is calculated for each type of failure [10]:

Ptfo =
[
0.7446 0.0820 0.0718 0.0582 0.0434

]
(22)

The method of solution for this problem is an exhaustive
search, as described in [11] and [12]. In this case, the main
objective is to find the nearest group to the fail that minimize
the displacement time and repair time by considering the
dynamic state space model of the distribution system of (20).

For this problem, the simulation has 14 working groups
or crews which are divided as follows: 8 are type 1, 2
are type 2, 2 are type 3, 1 is type 4 and 1 is type 5.
The travel time between a point of failure and the control
center is calculated by the following formula: Dil/v where
v ∼ N (50[km/h], 20[km/h]).

At the top of the graph, in the Fig. 1 a simulation by using
30 nodes for an interval of 48 hours is showed. It is worth
noting that in the Fig. 1 the black lines represent the time
that a failure is active in an specific node for a certain period
of time.

The bottom of the graph in Fig. 1 shows the optimal crew
that is selected to attend the failure at each time sample k
(control signal u[k]).

Fig. 1. Simulation of 30 nodes during 48 hours using a ∆t = 0.25 hours,
with their corresponding crew optimally selected to attend the failure

The total number of failures generated for this simulation
is 56. In the bottom of the Fig. 1 is presented the optimal
control signal u[k] obtained for each failure. It is worth
noting that the control signal is the optimally selected crew
that is available to repair each failure.

In Fig. 2 a segment of the first 30 samples of Fig. 1 is
presented where the optimal crew (control signal u[k]) and
the failure occurred at sample k are superposed. It can be
seen clearly which crew is selected optimally to attend each
failure, as well as the number of samples required to restore
the system to normal operation.

In Fig. 3 is showed the histogram describing the number
of failures attended for each crew for the simulation of 30
nodes and 48 hours with a sample time ∆t = 0.25 hours.

Finally, in the Fig. 4, it is showed the probability of
operation for the all power electric distribution system after
repair the fail

Fig. 2. Segment of 30 samples of Fig. 1 where it is shown the optimal
crew (control signal u[k]) for each failure occurred at sample k.

Fig. 3. Histogram describing the number of failures attended for each crew
for the simulation of 48 hours

Fig. 4. The probability of operation of each fail attended for 30 nodes and
48 hours
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The second simulation is performed for 30 nodes for an
interval of 72 hours. The simulation results are presented
in Fig. 5. The total number of failures generated in the
simulation with the same number of nodes, but with 72 hours
is showed at the top of the graphic in the Fig. 5, the number
of the failures was 84. In the bottom of Fig. 5 is showed the
number of failures attended for each crew for the simulation
of 30 nodes and 72 hours with a sample time ∆t = 0.25
hours, in the graph is presented too the optimal control signal
u[k] obtained for each failure, where the control signal is the
optimally selected crew that is available to repair each failure
at each time instant.

Fig. 5. Simulation of 30 nodes during 72 hours using a ∆t = 0.25 hours,
with their corresponding crew optimally selected to attend the failure

In Fig. 6 a segment of the 50 samples starting at sample
125 to sample 175 of Fig. 5 is presented where the optimal
crew (control signal u[k]) and the failure occurred at sample
k are superposed. It can be seen clearly which crew is
selected optimally to attend each failure, as well as the
number of samples required to restore the system to normal
operation.

Fig. 6. Segment of 50 samples of Fig. 5 where it is shown the optimal
crew (control signal u[k]) for each failure occurred at sample k.

In Fig. 7 is showed the histogram describing the number
of failures attended for each crew for the simulation of 30
nodes and 72 hours with a sample time ∆t = 0.25 hours.

In the Fig. 8 is showed the probability of operation for the
whole electric distribution system after repair the fail for a
simulation of 72 hours.

In Fig. 9 and Fig. 10 is showed the repair time mean for
the failures occurred in a period of time from 48 hours and
72 hours, respectively

In addition, in Fig. 11 is presented how the objective
function improves the operation probability for the electric
power distribution system.

Fig. 7. Histogram describing the number of failures attended for each crew
for the simulation of 72 hours

Fig. 8. The probability of operation of each fail attended for 30 nodes and
72 hours

Fig. 9. Repair time mean for a simulation with 30 nodes and 48 hours
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Fig. 10. Repair time mean for a simulation with 30 nodes and 72 hours

Fig. 11. Probability of improvement for one fail

Finally, several scenarios are considered in the case of
multi-objective optimal control where the cost function
considering all the constraints or the cost function
considering only one constraint (repair time or displacement
time) are considered. To this end, 20 experiments (trials)
are performed, where θ = 0 means that the repair time
constraint is not considered, and β = 0 means that the
displacement time constraint is not considered. It can be seen
that the weights α, β and θ always are selected in order to
assign the same weight to each part of the cost function. The
corresponding results can be seen in Fig. 12 and Fig. 13.

From Fig. 12 and Fig. 13 it can be seen that the in
both cases (48 hours and 72 hours) the lowest cost function
value is obtained for the proposed method where all the
constraints (repair time, displacement time, and the state
space dynamical model) are considered.

From Fig. 2 and Fig 6 and also from Fig. 1 and Fig. 5
it can be seen that the optimal selected crews successfully
restore the system to the normal state. However, the repair
time and the displacement time is directly related to the crew
that is selected for each failure, and therefore, in Fig. 2 and
Fig 6 and also from Fig. 1 and Fig. 5 it is noticeable that

Fig. 12. Simulation of 30 nodes during 48 hours using a ∆t = 0.25
hours, by considering the complete cost function or a reduced cost function
without the repair time constraint (θ = 0) or without the displacement time
constraint (β = 0)

Fig. 13. Simulation of 30 nodes during 72 hours using a ∆t = 0.25
hours, by considering the complete cost function or a reduced cost function
without the repair time constraint (θ = 0) or without the displacement time
constraint (β = 0)

some failures are active during more time.

IV. CONCLUSIONS

A novel strategy for multi-objective optimal control of
resources in an electric power distribution system for service
restoration is presented. Two contributions are clarified: the
first contribution is the selection of a discrete state space
model as a discrete Markov chain in order to describe the
implicit dynamics, the repair time and the distance to the
failure. In this case, is worth noting that the model considers
the failure rate and repair rate of the crews based on real
data.

The second contribution is an optimal multi-objective
control solution based on an exhaustive search algorithm
where the obtained control signal is the crew assignation to
attend the failure. It can be seen that the proposed approach
is adjusted to real data and allows the optimal selection of
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the crew considering the implicit dynamics of the distribution
system, the repair time and the travel time.

As future work, several methods for solution of the
multi-objective optimal control can be explored in order to
reduce computational cost and to obtain an adequate method
for real time implementation.
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