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Adaptive Fuzzy Control for a Class of MIMO
Nonlinear Systems with Bounded Control Inputs

Zhigiang Song, Wu Fang, Xiaozhao Liu, and Aihong Lu

Abstract—An adaptive fuzzy control scheme is proposed for
a class of unknown multi-input multi-output (MIMO)
nonlinear dynamic systems with bounded control inputs. A
regularized inverse matrix was adopted to obtain a stable
controller. Using a hyperbolic tangent smoothing function, the
control signals can be limited to the amplitude range of
actuators. This solves the problem of an arbitrary amplitude of
control signals, which is very disadvantageous for the actuator.
The feasibility of the proposed approach is demonstrated by
simulations.

Index Terms—Adaptive fuzzy control, MIMO nonlinear
systems, bounded control inputs, simulation

I. INTRODUCTION

In the past two decades, controller design for nonlinear
systems has been given sustained attention. Traditional
feedback control theory is inadequate for designing a
controller in nonlinear systems that can meet performance
requirements, while the newer adaptive control technology
can ensure the stability of the system globally. In 1998, Ye
and Jiang [1] reported an adaptive scheme for nonlinear
systems that did not require prior knowledge of control
directions. Fuzzy control is also an effective method for
nonlinear system design, and has been widely used in many
industrial systems [2-3]. Al-Hadithi et al. [4] in 2015
developed a fuzzy optimal control scheme using a
generalized  Takagi-Sugeno  model for  nonlinear
multivariable systems, which was improved through a
weighting parameters approach.

With advances in intelligent theory, many adaptive control
systems have been generated, including those based on fuzzy
logic or neural networks. Indeed, for complex nonlinear
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systems, adaptive fuzzy control (AFC) is superior to
traditional methods for dealing with parameter changes,
unmodeled dynamics, and external disturbances [5].
Ghavidel and Kalat [6] proposed an observer-based adaptive
fuzzy controller for nonlinear systems, with a feedback error
function to approximate and compensate for unknown
uncertainties and external disturbances. Liu et al. [7]
developed an adaptive fuzzy controller for nonlinear
discrete-time systems with dead zone and input constraints.
The backstepping method has also been applied to the design
of nonlinear systems. Lin et al. [8] designed an AFC scheme
using backstepping for nonlinear pure-feedback systems with
unknown dead zone output and external disturbance. Tong et
al. [9] developed a fuzzy adaptive backstepping output
feedback control scheme for MIMO (multiple input, multiple
output) nonlinear systems with immeasurable states. Tong et
al. [10] described an adaptive fuzzy backstepping dynamic
surface control algorithm, with a fuzzy state observer
adopted to estimate immeasurable states.

An adaptive fuzzy output tracking control approach was
also proposed for SISO (single input, single output) unknown
nonlinear systems [11], and furthermore, for SISO nonlinear
systems with unstructured uncertainties and unknown dead
zone [12]. In the later, fuzzy logic systems were used to
approximate unstructured uncertainties.

In recent years, many scholars have studied the AFC of
MIMO nonlinear systems [13-24]. Labiod et al. [13] reported
an AFC method for uncertain MIMO nonlinear systems, in
which the non-singularity of the fuzzy controller is
guaranteed based on a generalized inverse of the matrix. To
avoid the singularity problem of fuzzy controllers, Tong et al.
[14] adopted singular value decomposition of matrices.
Labiod et al. [15] offered a direct AFC law to approximate an
unknown ideal controller; the parameters of the fuzzy
systems were adjusted using a gradient descent algorithm.
Three AFC schemes were proposed by Boulkroune et al. [16]
for MIMO nonlinear systems with known or unknown
control directions. A Nussbaum-type function was
incorporated to accommodate control gain matrices of
unknown sign. For MIMO nonlinear time-delay systems, this
group also developed an AFC of variable-structure using
matrix decomposition [17]. For MIMO non-affine systems, a
fuzzy indirect adaptive control, based on approximation, was
investigated by Boulkroune et al. [18], also with the
Nussbaum gain function. Nekoukar and Erfanian [19]
adopted an adaptive fuzzy sliding mode control for MIMO
uncertain nonlinear systems, to identify the dynamics of the
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plant. For unknown input nonlinearities such as
backlash-like hysteresis or dead-zone, an adaptive fuzzy
output feedback controller was presented by Reza [20]. Shi
[21] offered an indirect AFC approach for MIMO nonlinear
systems with asymmetric control gain matrix and unknown
control direction. For systems with asymmetric control gain
matrix and unknown dead-zone inputs, the same author
developed an AFC scheme using matrix decomposition [22].
Furthermore, Shi et al. [23] designed an indirect adaptive
fuzzy-prescribed performance control scheme for MIMO
feedback linearizable systems with unknown control
direction, and Shi and Li [24] proposed an AFC scheme
using prescribed performance bounds and Nussbaum-type
gain function for MIMO nonlinear systems with unknown
control direction and external disturbances.

Although the contributions of the above authors have been
valuable, yet systems in which the control input is limited
have not been considered. In actual systems, the output
amplitude of the actuator is bounded within limits and
control law cannot be applied. The present study formulated
a control goal for MIMO nonlinear systems, and presents an
AFC scheme with bounded control inputs. The control
scheme is then demonstrated via simulation with a two-link
rigid robot manipulator.

This paper is organized as follows. Section Il formulates a
class of MIMO nonlinear systems and the control goal. In
Section |11, an adaptive fuzzy control scheme with bounded
control inputs is presented. In Section 1V, the control scheme
is applied to a two-link rigid robot manipulator. Section V
concludes this paper.

Il. PROBLEM FORMULATION
Consider the following MIMO nonlinear system [13]:

p
(%) = £ (x) +Z;gli (X)u;
, )
Yy = f (x)+_ng,<x)u

whereX:[yl,yl,m, AU ,y(p )} is the system

state vector which is assumed measurable, u=[uy,..., up]T is
the control input vector, y=[y,...,y,]" is the output vector,
and fi(x), gj(x), i,j=1,2, ,p are unknown smooth
nonlinear functions.

Let
y“):[ () . ,yéﬂ} ’

FO)=[ £, 1,097,
911(X) glp(x)

G(x)=| : o
95 (X) 9pp (X)

Then (1) can be rewritten as:

y" = F(X)+G(X)u. @)

By designing the control law u(t), it is guaranteed that all
variables of the closed-loop system are bounded, and the
output of the system can track the desired trajectory:

Ya(O)=[Yar(®),....yap(®O]".

We make two assumptions throughout this report, as
follows.
Assumption 1. G(x) is a positive definite matrix, and there

exists a real number o, >0 such that G(x)> o, | 0

Assumption 2. The desired trajectory yq(t), i=1,...,p is
bounded, and r;-order derivatives are bounded.

Trajectory tracking errors are defined as:

el(t) =Ya (t)- yl(t)

: . (©)]
e, (t) =Yg () -y, (1)
Filter tracking errors are defined as:
d .
Sl(t)=(a+ﬂl)l e (t), 4 >0
4
d o
Sp(t):(a+/1p) e,(t), 4,>0
According to Newton's binomial theorem:
(a+h)"=> Cia'b"", (5)
i=0
i n!
where Cr'1 = ——— are hinomial expansion coefficients.
(n—i)'i!
Applying (5) to (4), one obtains:
-1 _1)|
s;(t —+i’1 _(h=Hr d e (A
()= +4) e (t)= Jzo(r__]),“(dt) ©AT
Loor-npt d )T
=2 hioia S04
(6)
Then
( 1) e /lrJ (r) 1) SN GYAR
502 g 04 = +Z(r—n'u i OF
WL (=Dt e ()45
R e O
= 100-F 0,000+ 3B e
' ! & - DG-D!
(7)

The time derivatives of the filtered errors can be rewritten
as:

p
=V;— fl(x)_zglj(x)uj
=
, (8)
p
Sp=Vp — fp(x)_zgm’ (X)ui
=

where vs,...,v, are as follows:
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— y(n) (n-1) 3
v, = ydll +ﬂ1,r1—1el ' +"'+ﬂ1,1e1

I, r.— X ) 9
Vo = yép"’ +ﬂp,fp-leép ) +"'+ﬂp,pep ®
__ (=D - o
e O ALY e

Denote s(t)=[si(t),. .., ()] ", V({O)=[V1(1),..., vp(t)]", then (8)
can be expressed as:
S=v-F(x)-G(x)u. (10
If the nonlinear functions F(x) and G(x) are given, the
following control law can be used:
uU=G(X)(-F(X)+V+K.s), (11)
where Ko=diag[kos,. .., Kopl, koi>0, i=1,...,p.
Substituting (11) into (10) yields:

SO =-Kst),  (12)
or, equivalently
() =—-K,s(t),i=1...,p. (13)
Solving differential equations yields:
s(t)=s(0)e " i=1...,p. (14

which implies that s;(t) — 0 as t — .

Therefore e;i(t) and its ri-1 order derivative converge to
zero uniformly. When f;(x) and gi;(x) are known, the control
law (11) is easily obtained, but in the actual system, the
nonlinear functions fi(x) and g;j(x) are unknown, and the
control law (11) cannot be designed. Fuzzy systems can be
used to approximate the nonlinear functions fi(x) and gj;(x).

I1l. ADAPTIVE FUZZY CONTROL SCHEME

A. Fuzzy Logic Systems

The fuzzy system applied in this paper consists of a
fuzzifier, some fuzzy IF-THEN rules, a fuzzy inference
engine, and a defuzzifier. The fuzzy inference engine utilizes
the fuzzy IF-THEN rules to perform a mapping from an input

vector X=[Xu,....X,]" € R" toan output variableye R . The
Ith fuzzy rule can be written as:

RO :IF x is Fl' and... and X, is FnI Thenyis G',

where FiI and G' are fuzzy sets associating with fuzzy

member functions £z, (X;) and g4, () ,respectively, and

I=1,...,M; M is the number of rules.

Applying singleton fuzzification, product inference, and
center-average defuzzification to design the fuzzy system,
the output of the fuzzy system is expressed as follows:

y(x) =12\ ,
Z[._ ’uF.' (Xi)j

1=1

(15)

I _
where y' = ”Qf}?‘”e' (y).

Define the fuzzy basis function as:

[T e ()

S(X) =574 , (16)
1=1 \i=1
then (15) can be rewritten as:
y(x)=¢7(x) 8, (17)

where &(X) =[&(X),++, &y (O] 0=y y"T"

B. Adaptive Fuzzy Control Scheme

If fuzzy systems are used to approximate the unknown
nonlinear  functions fi(x) and gi(x), then these
approximations are employed to design the adaptive control
laws, to meet the control goal. Let the nonlinear functions f;(x)
and g;j(x) be approximated by fuzzy systems as follows:

f(x.0,)=¢&(x)6,,i=1-p, (18
gij(xiegij) zf(;j (X) 69"' !i =1|"', p, (19)
where & (X) and &, (X) are fuzzy basis vectors, then

6, and 0%_ are the adjustable parameter vectors of each

fuzzy system, respectively.
Define

g, =argminfsup| f,(x)— f,(x.6) [}, (0

fi  XeDy

6, =arg min{sup | g; ()~ Gy (x.6,) [} (2)

glj

as the optimal approximation parameters of @, and 091iJ ,

respectively; 0]: and 199*_ ~are only for analytical purposes.
i ij
Define

éfi = eft _efi ! égij - 0;] _ogij ! (22)
& () =100 fi(x.6),
€gij (X) = gij (X) - gij (X, 0;] ) ,

where & (X) and gg”_(x) are the minimum fuzzy

(23)
(24)

approximation errors.

We assume that the compact set Dy is large enough so that
it can guarantee that x e D,. It is fair to assume that the
minimum approximation errors are bounded for x € Dy, that
is,

&, (0| <7, . |&,, (0] <5, . VxeD,,

where &; and Eg_v are known constants.
I 1

Denote
Fx8) = 00 F,00]
[ G,,(x) Gy, (X)
G(x.6,)=| P
1§,:(X) G0 (X)
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(0=, -+ & (],
_ggu (x) &, (x)
g(X)=| N
2, (0 0 & ()
5 (0 =[5, (9,7, (O
&, (X) &, (x)
£00=| - Lo
7 (0 B ()

By using F (X, 6;)and é(x, 6,) respectively, instead

of F(x) and G(x) in (11), then from the above analysis, we
have:

F()—F(x,6)=F(x,6))~F(x,6)+&(x), (25

G(X)-G(x,6,) =G(x,6)) ~G(x,6,) +&,(x). (26)

Consider the control law u=u., where u. is the control
term defined as

U, =G(x,0,)(-F(x,6,)+V+Kgs). (@7)

Since the matrix é(x,eg) is generated on-line by
estimating the parameters 6, it is difficult to guarantee
the non-singularity G (X, 0,).

For this reason, the regularized
inverse: GT(X,Hg)[EOI » +G(X, QQ)GT(X, 6,)] s

used instead ofé"l(x,é?g), and (27) can be expressed
as:
U, =GT (X, G)l5 1, +G(x,6,)G" (X, G (-F (x,6) +V+K;$).
(28)
where &, is a small positive constant and I, is an identity

matrix.
To reduce the reconstruction errors, the robust control
term u, is introduced to the control law:

U=Uc+u, , (29)
T p— p—
s|s |(& +& U |+, )
= 5 , (30)
oolls| +6
Uy = &le1, +G(X,8,)GT(x,0,)1(-F (x,6,) +V +K,s).
(31
where 4 is a time-varying parameter, defined below.
To meet the control goal, the design parameter 6 and
the adaptive parameters 0fi and 0_%_ are updated by the
following adaptive laws:
T p— p—
|s” [ (& +&; U, |+[u, )
=T 2 ) (32)
ols| +6
efi =T, ffi (X)s;, (33)

9% = _ngij ggij (X)Siucj ! (34)

where 77, >O,779” >0,7,>0,and5(0) >0.

If the system (1) satisfies the Assumptions 1 and 2, and
adopts the control laws defined by (28)-(30) with the adaptive
laws designed by (32)-(34), then all signals in the closed loop
system are bounded, and the tracking errors and its
derivatives asymptotically converge to zero [13].

However, the above control laws do not consider the
problem of limited control inputs. In practical control
applications, the output amplitude of the actuator, due to its
own physical characteristics, is limited. Thus, the problem of
input limitation must be considered.

To satisfy |u(t)| < U, , consider the following hyperbolic
tangent smoothing function:

uluy _ p-uluy

u €
f (U) = UM tanh(ﬁ) = UM W

which has the following characteristics:
u
| f(u)|=u, tanh(—)
l"IM

of (u) 4
< ou - (eu/uM +e—u/uM) =
Control law (29) is then modified as follows:

. (39)

<Uy,

0

u =u, tanh(ui) , (36)

M
where u, is the real control input.

IV. SIMULATION

A. Control Inputs Without Restriction

For a two-link rigid robot manipulator moving in a
horizontal plane, the dynamic equations can be written as

[13]:
M12:||:q1:|+|:_hq2 _h(ql+q2):||:q1:|:|:ul:|
Mzz qz hQ1 0 Q2 u,

|: M 11
M 21
(37)
Equation (37) can be written as

ql _ M11 M12 B U _ _hqz _h(Q1+q2) ql
d, - M21 Mzz u, hql 0 a,
 (38)
where

M,, =& +2a,c0sq, +2a,sinqg,,
M,, =M, =a,+a,cosq, +a,sing,,

Mzz =a,,
h=a,sing,—a, cosq,
with
2 2 2
ai = |1+rnl|c1+ Ie +me|ce+me|1 '
2
a2 = Ie +me|ce'

a, =m,l_ cosa,,
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a, =mJll,sing,
Let m;=1, me=2, I;=1, 15=0.5, 1,,=0.5, 1,=0.12, 1.=0.25,
0, =n/6, and let y=[qy, a21", u=[uy, uo]", x=[0,,0,,0,,0, 1"

Then:
hd,

F(X):{fl(x)}:_M -1 |:_ .- _h(q1+q2)}{q1}
f,(x) hg, 0 d,

G(X):|:gll g12:|:M1:|:M11 M12:|_1
g21 922 MZl M22

and the robot system described by (38) can be express as
y=F(x)+G(x)u. (39)
The control goal is to make the system outputs g; and ¢
track the desired trajectories yg=sint and yg=sint,
respectively. With the simulation, F(x) and G(x) are assumed
to be unknown, i.e., the adaptive fuzzy controller does not
need the knowledge of the system’s model, and the dynamic
model is only required for simulation. For
x=[0q;,0,,0,,d,]", we define three Gaussian membership

functions as:

1, () = e (—E(X'gl(f‘:’)),
/qu(X) eXp(_E(ﬁ))
s () o5 B2y 1-1,23.4.

First, the control IaW (29) is employed. The initial
conditions of the robot: x(0)=[0.5 0 0.25 0]", and the design

parameters of the simulation are selected as
follows: £, =0.1, 7 =05, 7, =0.5, 77, =0.001,

- 0.2 0.2
0,=02 , 060)=0 , & :{0.2 0.2} ,
er=[02, 02].

When 1,=25, 1,=25, and Ky=15l,, the simulation results
for the first and second links are shown in Figs. 1 and 2,
respectively, and for the control inputs are shown in Fig. 3.
From the simulation experiments, we conclude that the
values of 44, 4,, and K, have great influence on the control
input u, and the control input u increases with increases in 14,
A2, and Ko.

Position tracking for Link 1
N o [N
<
1 1 1

Time(sec)

Speed tracking for Link 1

e e e t t ¢ e ¢ e
0 1 2 3 4 5 6 7 8 9 10
Time(sec)

Fig. 1. Tracking curves of Link 1: actual(-) and desired(--)

Position tracking for Link 2
= o
é
' ' '

Time(sec)

Speed tracking for Link 2
= o -
g
h ; '

Time(sec)

Fig. 2. Tracking curves of Link 2: actual(-) and desired(--)

-400 [~

-600 -

800 ¢ ¢ t ¢ t t ¢ e t
0 1 2 3 4 5 6 7 8 9 10
Time(sec)

Fig. 3. Control inputs: us(-) and ux(--)

From the simulation results, we can conclude that the
control laws are effective for the unknown nonlinear systems.
However, the maximum of u is 333.7, and the minimum of u
is -291.4. It is unrealistic to consider that an actual control
signal will be free from restrictions or constraints.

B. Control Inputs With Restriction
For restricted control inputs, the control law (36) is
exploited. When U,, =150 and all other parameters are the

same as those in Section 1V, the simulation results are shown
in Figs. 4-5.
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Position tracking for Link 1
L o o

Position tracking for Link 2

0 1 2 3 4 5 6 7 8 9 10
Time(sec)

x 4 T T T T T T T T T

=

-

=

Lo

(=2}

£

<

[=}

s

=

(7]

2 4 ‘ ‘ ‘ ‘

? 0 1 2 3 4 5 6 7 8 9 10

Time(sec)

Fig. 4. Tracking curves of Link 1 with bounded control inputs (uy =150):

actual(-) and desired(--)

"o 1 2 3 4 5 6 7 8 9 10
Time(sec)

Speed tracking for Link 2
)
g

Time(sec)
Fig. 7. Tracking curves of Link 2 with bounded control inputs (um=100):
actual(-) and desired(--)
When U,, =50 and all other parameters are the same as
those in Section 1V, the simulation results are shown in Figs.

Position tracking for Link 2
BN o

0 1 2 3 4 5 6 7 8 9 10

Time(sec)

~N

x 2 T T T T T T T T T

£

- “

L g J

(=2}

c P -

£

[S]

£2 1

o

[

2, ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

?” 0 1 2 3 4 5 6 7 8 9 10
Time(sec)

Fig. 5. Tracking curves of Link 2 with bounded control inputs (uv=150):
actual(-) and desired(--)
When U,, =100 and all other parameters are the same as

those in Section IV, the simulation results are shown in Figs.
6-7.

Position tracking for Link 1
o
T

Position tracking for Link 2
= o
<
' ' '

0 1 2 3 4 5 6 7 8 9 10
Time(sec)

- T T T T T T
£ 2f
£
S 1
2
o0
o
g
54
o
7
2 -2 —
%) . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
Time(sec)

Fig. 6. Tracking curves of Link 1 with bounded control inputs (uy =100):
actual(-) and desired(--)
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o 2
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1
@
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0 1 2

T T T T T
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5 6 7 8 9 10
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Fig. 8. Tracking curves of Link 1 with bounded control inputs (uy =50):

actual(-) and desired(--)

Speed tracking for Link 2
o
g
'

Time(sec)

Fig. 9. Tracking curves of Link 2 with bounded control inputs (um =50):

actual(-) and desired(--)
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100 T T T T T T T T T

80 q

100 r r r r r r r r r
0 1 2 3 4 5 6 7 8 9 10

Time(sec)

Fig. 10. Control inputs with restriction (uy =50): us(-) and ux(--)

The simulation results show that tracking capability of the
proposed controller is acceptable, when the control inputs
have restricted amplitudes.

V. CONCLUSION

In this paper, an adaptive fuzzy control scheme with
bounded control inputs is proposed for a class of MINO
nonlinear systems. The proposed approach does not know the
mathematical model of the plant with the help of fuzzy
systems. To avoid a situation in which the control signal
exceeds its amplitude, a hyperbolic tangent smoothing
function is incorporated in the control terms to deal with the
unknown amplitude of control signals. Simulation results
demonstrate the feasibility and capability of the proposed
approach. The proposed approach is of practical significance
for the control of real nonlinear systems.
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