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Abstract—It is very difficult to solve indefinite quadratic
programming problem. In this paper, for globally solving such
problem, a novel algorithm is presented. Firstly, the initial
problem (P) is converted into an equivalent problem (EP);
then, the problem (EP) is reduced to a sequence of linear
programming problems, which are very easy to be solved.
The convergence and the complexity of the proposed algorithm
is presented, and some experiments are provided to show its
feasibility.

Index Terms—Linear relaxation; Global optimization;
Generalized quadratic programming.

I. INTRODUCTION

This paper considers the following indefinite quadratic
programming problem

(P)

{
min xTQx+ cTx
s.t. x ∈ Z = {x | Ax ≤ b, x ≥ 0},

where Q is a n × n real symmetric matrix, A is a m × n
real matrix, c = (c1, c2, · · · , cn)T , b = (b1, b2, · · · , bm)T .

Quadratic programming has a wide broad of applications
in engineering design, planing and scheduling, facility al-
location and location problems, heat exchanger engineering
design, financial optimization, image processing, manage-
ment science, etc [1-7]. When Z is a box, problem (P)
is an important class of nonlinear optimization problems,
including linear least squares problems with positive definite
Q and nonnegativity constraints, a number of combinatorial
problems with positive definite Q, such as the maximum
clique problem or the maximum cut problem [8]. When
Q is positive, it is well known that every local optimal
solution is also a global optimal solution. There are many
efficient methods to solve such case [9-11]. However, when
Q is indefinite, it is quite difficult because there are multiple
local minimum points which are not globally minimum point
for problem (P). Under different kinds of conditions, many
algorithms have been designed for finding its local optima.
A fairly comprehensive list of algorithms is given in [12].
To find its global optimal solution, a branch-and-cut method
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was proposed for nonconvex quadratic programs with box
constraints by using Newton method, branching rule and
cutting plane [13]. Based on D.C. decomposition, Cholesky
factorization and convex relaxation, a decomposition-and-
relaxation algorithm for the general quadratic problem with
box constraints was given [14]. Through using D.C. decom-
position method and parametrical approach, a decomposition
method for solving nonconvex quadratic programs over a
compact polyhedral feasible region was presented [15]. By
decomposing a large-scale quadratic programming into a
serial of small scale ones, a decomposition algorithm for
solving large scale quadratic programming problem was
designed [16]. Through using a decomposition technique
and a relaxation method, a global optimization algorithm
for solving quadratic programs with linear constraints was
developed [17]. An approximation algorithm for indefinite
quadratic programming was designed, which can get an
approximation solution of problem (P) in polynomial time
[18]. By using cutting plane technique, a branch and bound
method for solving concave quadratic programming problem
was established [19]. By combining lagrangian underesti-
mation and interval Newton method, a global optimization
algorithm for quadratic program is proposed [20]. By using
parametric linear relaxation and linearizing technique, two
branch and bound algorithms for globally solving (P) were
presented [21,22]. A duality bound method for solving gen-
eral quadratic programming problem was given based on a
duality bound [23]. By combining some new linear relaxation
methods and branch-and-bound framework, two branch-and-
reduce algorithms with rectangle reducing technique were
proposed for solving (P) [24,25]. Based on branch-and-bound
scheme, a novel range division and contraction approach for
globally solving nonconvex quadratic program with quadratic
constraints was designed [26]. Based on three lower bound-
ing techniques, three branch and bound algorithms were
developed [27]. Recently, an algorithm was proposed for
general definite and bound constrained indefinite quadratic
programming [28].

In addition, for solving integer indefinite quadratic pro-
gramming, several efficient methods have been designed
[29,30].

In this paper, a novel global optimal algorithm for solving
problem (P) is presented. In this method, the initial problem
(P) is transformed into an equivalent problem (EP) first;
then, to solve problem (EP), a series of linear programming
problems are derived, which are very easy to be solved.
Finally, we discuss the convergence and the complexity
of the proposed algorithm, and do some experiments to
show its feasibility. The main contributions are: (1) A new
method for solving indefinite quadratic program problem
(P) is proposed, which only needs to solve some linear
programming problems. (2) The complexity and convergence
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of the algorithm are discussed.
The paper is organized as follows. In Section II, we present

the equivalent transformation of problem (P) and decompose
the equivalent problem into a series of linear subproblems.
Then, the ϵ-approximate solution algorithm, its convergence
analysis and complexity are presented in Section III. In
Section IV, five specific examples are implemented to show
the feasibility of the proposed algorithm.

II. EQUIVALENT PROBLEM

Let qi = (qi1, qi2, · · · , qin) be the qth row of Q, and yi =
qix, i = 1, 2, · · · , n. To solve problem (P), we first derive an
equivalent problem (EP) of (P), and then we give an global
algorithm to solve (EP). The equivalent problem (EP) of (P)
is given as follows:

(EP)


min

n∑
i=1

xiyi + cTx

s.t. qix ≤ yi,
Ax ≤ b,
x ≥ 0.

The equivalence between problem (P) and (EP) is given by
the following theorem.

Theorem 1. x∗ is the optimal solution of problem (P), if
and only if (x∗, y∗) is the optimal solution of problem (EP),
where y∗i = qix

∗.
Proof: Assume x∗ is the optimal solution of problem (P).

Let
y∗i = qix

∗(i = 1, · · · , n).

It’s obvious that (x∗, y∗) is a feasible solution of (EP).
Suppose (x∗, y∗) is not the optimal solution for (EP). That

means that there is (x̃, ỹ), which satisfies:

n∑
i=1

x̃iỹi + cT x̃ <

n∑
i=1

x∗
i y

∗
i + cTx∗.

Let ỹi = qix̃, then (x̃, ỹ) is a feasible solution of (EP), and
we have

n∑
i=1

x̃iỹi + cT x̃ =
n∑

i=1

x̃iqix̃+ cT x̃

= x̃TQx̃+ cT x̃

=
n∑

i=1

x̃iỹi + cT x̃

≤
n∑

i=1

x∗
i y

∗
i + cTx∗

= x∗TQx∗ + cTx∗,

which contradicts the fact that x∗ is the optimal solution of
(P), so (x∗, y∗) is the optimal solution of problem (P).

Conversely, assume that (x∗, y∗) is the optimal solution
for problem (EP), and y∗i = qix

∗. Obviously, x∗ is a feasible
solution of (P). Suppose x∗ is not the optimal solution for
problem (P), which means there is x̃ ∈ X such that

x̃TQx̃+ cT x̃ < x∗TQx∗ + cTx∗,

that is
n∑

i=1

x̃iqix̃+ cT x̃ <
n∑

i=1

x∗
i qix

∗ + cTx∗.

Let ỹi = qix̃, then (x̃, ỹ) is a feasible solution of problem
(EP). Furthermore, we have

n∑
i=1

x̃iỹi + cT x̃ <
n∑

i=1

x∗
i qix

∗ + cTx∗,

which contradicts that (x∗, y∗) is the optimal solution for
problem (EP). So, x∗ is the optimal solution of problem (P).

III. ϵ-OPTIMAL ALGORITHM, ITS COMPLEXITY AND
CONVERGENCE

Based on the above discussion, for solving problem (P),
we only need to solve its equivalent problem (EP) instead.
To this end, this section will present an ϵ-optimal algorithm
first, and then discuss its complexity and convergence.

A. ϵ-optimal algorithm

At first, we give the definition of ϵ-approximate solution.
Definition 1. Given ϵ ∈ [0, 1], a point x̃ ∈ Z is called an

ϵ-approximate solution for problem (P) if it satisfies

f(x̃)− f(x∗)

f(x∗)
≤ ϵ,

that is
f(x̃) ≤ (1 + ϵ)f(x∗).

For i = 1, 2, · · · , n, let

li = min
x∈Z

qix,

ui = max
x∈Z

qix.

Obviously, li and ui can be obtained easily, because they are
all linear programming problems. After that, we can have a
superrectangle box

H = {y|0 < li ≤ yi ≤ ui, i = 1, 2, · · · , n},

where yi = qix, i = 1, 2, · · · , n.
For problem (EP), we find if y is fixed, then it can

be transformed into a corresponding linear programming
problem. Given θ ∈ (0, 1), consider the i-th interval of H ,
and define γi as follows:

γi = argmax{τ ∈ N |li(1 + θ)τ ≤ ui}, i = 1, 2, · · · , n.

Then, H can be divided into a series of small matrices with
vertex set Bθ:

Bθ = {(v1, v2, · · · , vn)|vi ∈ Dθ
i , i = 1, 2, · · · , n},

where
Dθ

i = {li, li(1 + θ), · · · , li(1 + θ)γi}.

Obviously, for ∀(y1, y2, · · · , yn) ∈ H , there exits point
(v1, v2, · · · , vn) ∈ Bθ such that

vi ≤ yi ≤ (1 + θ)vi, i = 1, 2, · · · , n.

It means that H can be approximated by the set Bθ.
Therefore, we can obtain the ϵ-approximate optimal solution
of (EP) by solving a series of linear programming problems
when y is the vertex value of Bθ.

Next, we will show that, by using the set Bθ, the optimal
solution of (EP) can be obtained by solving a series of linear
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programming problems. Towards this end, for any v ∈ Bθ,
consider the following problem:

(Q(v))

 ϕ(v) = min
n∑

i=1

xivi + cTx

s.t. (x, v) ∈ X(v),

where X(v) = {(x, v) ∈ R2n | Ax ≤ b, x ≥ 0, qix ≤ vi, i =
1, 2, · · · , n}. When X(v) = ϕ, let ϕ(v) = +∞.

Based on the above discussion, the detailed description of
the ϵ-approximate algorithm is given in Algorithm 1.

Algorithm 1: ϵ-approximate algorithm
Step 0(Initialization): Set ϵ ∈ (0, 1), θ = ϵ, LB = +∞.
Step 1: Divide each dimension by using ratio (1+θ), and

obtain a series of vertex v = (v1, v2, · · · , vn), v ∈ Bθ.
Step 3: If Bθ ̸= ϕ, for any v ∈ Bθ , solving ϕ(v) to get

the optimal solution xv; else, go to Step 5.
Step 4: If LB < ϕ(v), then Bθ = Bθ\v; else LB = ϕ(v),

x∗ = xv,
Step 5: Stop, x∗ is an ϵ-approximate solution.
According to this algorithm, when it stops, we can obtain

an ϵ-approximate solution of problem (P)

B. Convergence of the algorithm

This subsection will give the convergence of the algorithm.
Assumption Suppose x∗ is the optimal solution of (P),

and it satisfies cTx∗ ≥ 0.
Theorem 2. For any ϵ ∈ (0, 1), set θ = ϵ, ṽ =

argmin{ϕ(v) | v ∈ Bθ}. If x̃ is the optimal solution of
Q(ṽ), then x̃ is an ϵ-optimal solution of problem (P).

Proof. Let y∗i = qix
∗(i = 1, 2, · · · , n). Since

li ≤ y∗i = qix
∗ ≤ ui,

there exist v∗ ∈ Bθ such that

(1 + θ)−1v∗i ≤ y∗i ≤ v∗i .

According to the definition of ϕ(v), we have

f(x∗) =
n∑

i=1

x∗
i qix

∗ + cTx∗

=
n∑

i=1

x∗
i y

∗
i + cTx∗

≥
n∑

i=1

(1 + θ)−1x∗
i v

∗
i + cTx∗

= (1 + θ)−1(
n∑

i=1

x∗
i v

∗
i + (1 + θ)cTx∗)

≥ (1 + θ)−1(
n∑

i=1

x∗
i v

∗
i + cTx∗).

Suppose x is the optimal solution of Q(v∗), then we have

n∑
i=1

x∗
i v

∗
i + cTx∗ ≥

n∑
i=1

xiv
∗
i + cTx = ϕ(v∗).

Furthermore, we have

f(x∗) ≥ (1 + θ)−1ϕ(v∗).

Since x̃ = argmin{ϕ(v) | v ∈ Bθ}, we have

ϕ(v∗) ≥ ϕ(ṽ).

In addition, since

ϕ(x̃) =
n∑

i=1

x̃iṽi + cT x̃

=
n∑

i=1

x̃iqix̃+ cT x̃ = f(x̃),

it follows that

f(x∗) ≥ (1 + θ)−1f(x̃),

this implies that

f(x̃) ≤ (1 + ϵ)f(x∗).

The proof is completed.
Theorem 3. Set x∗ is the optimal solution of problem

(P). If there exists a point v∗ ∈ Bθ satisfying v∗i = qix
∗(i =

1, · · · , n), then x∗ is the optimal solution of problem Q(v∗).
Proof. Obviously, x∗ is a feasible solution for the problem

Q(v∗). So, we have
n∑

i=1

x∗
i v

∗
i + cTx∗ =

n∑
i=1

x∗
i qix

∗ + cTx∗

= f(x∗).

Assume that x∗ is not the optimal solution of problem
Q(v∗), then there exists a feasible solution x

′
of problem

Q(v∗), which satisfies

qix
′
≤ v∗i (i = 1, · · · , n),

and
n∑

i=1

x
′

iv
∗
i + cTx

′
<

n∑
i=1

x∗
i v

∗
i + cTx∗.

Thus, it follows that

f(x
′
) =

n∑
i=1

x
′

iqix
′
+ cTx

′

≤
n∑

i=1

x
′

iv
∗
i + cTx

′

<
n∑

i=1

x∗
i v

∗
i + cTx∗

= f(x∗),

which contradicts the fact that x∗ is a global optimal solution
of problem (P). The result immediately follows.

C. Computation complexity of the algorithm

In this section, the computational complexity analysis of
Algorithm 1 will be discussed. According to Algorithm 1,
the following theorem gives its maximum complexity.

Theorem 4. To get an ϵ-optimal solution, the maximum
complexity of Algorithm 1 is(

lnω2 − lnω1

ln(1 + ϵ)

)n

.

Proof. Let

ω1 = min{l1, l2, · · · , ln},
ω2 = max{u1, u2, · · · , un}.

By Algorithm 1, the number of points in Bθ is at most
n∏

i=1

(log(1+θ)

ui

li
+ 1).
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Since ui

li
≤ ω2

ω1
, we have

ln
ui

li
≤ lnω2 − lnω1.

Furthermore, for any ϵ ∈ (0, 1), we can obtain

log(1+θ)
ui

li
= log(1+ϵ)

ui

li

=
ln

ui
li

ln(1+ϵ)

≤ lnω2−lnω1

ln(1+ϵ) .

Therefore, the number of points in set Bθ, is bounded as
follows:

|Bθ| =
n∏

i=1

(log(1+θ) +1)

≤
(

lnω2−lnω1

ln(1+ϵ) + 1
)n

.

According to Theorem 4, When the termination error ϵ
is given, the maximum complexity of the algorithm is only
related to the dimension n of the problem.

IV. NUMERICAL EXPERIMENTS

In this section, in order to verify feasibility of the proposed
algorithm, five numerical experiments are carried on. In
these five examples, the termination error ϵ = 0.1. The
algorithm is coded in Matlab (2012b), and the test examples
are implemented on the microcomputer with dual process
CPU (2.33Hz), Intel(R), and Core (TM) i3.

The numerical examples are described as follows. The
computation results are given in Table I. In Table I, Iter
represents the number of iterations, T denotes the running
time.

Example 1.

min −2x2
1 + 8x1x2 − 8x2

2 + 2x1 + 4x2

s.t. −x1 + x2 ≤ −4,
x1 ≤ 2,
x2 ≤ 3.

Example 2.

min (x1 + x2)(x1 − x2 + 7)
s.t. 2x1 + x2 ≤ 14,

x1 + x2 ≤ 10,
−4x1 + x2 ≤ 0,
−2x1 − x2 ≤ −6,
−x1 − 2x2 ≤ −6,
x1 − x2 ≤ 3,
−x1 − x2 ≤ 0,
−x1 + x2 ≥ 7.

Example 3.

min x1 + (2x1 − 3x2 + 13)(x1 + x2 − 1)
s.t. −x1 + 2x2 ≤ 8,

−x2 ≤ −3,
x1 + 2x2 ≤ 12,
x1 − 2x2 ≤ −5,
x1 ≥ 0
x2 ≥ 0.

Example 4.

min x2
1 − x1x2 + x2

2 − 3x1

s.t. −x1 − x2 ≥ −2,
x1 ≥ 2,
x2 ≥ 2.

Example 5.

min x2
1 + x2

2 − 2x1 − 4x2 + 5
s.t. −x1 + x2 ≥ 1,

x1 − x2 ≥ −1,
x−+x2 ≥ 2.

TABLE I
COMPUTATION RESULTS OF FIVE NUMERICAL EXAMPLES

Examples Optimal solution Optimal value Iter T
Example 1 (1,3) -36 25 1.258
Example 2 (2,8) 10 22 1.163
Example 3 (0,4) 3 49 1.526
Example 4 (2,2) -2 2 0.11
Example 5 (0.5,1.5) 0.5 125 5.257

From these results given in Table I, we see that Algorithm
1 can find the optimal solutions of these five problems, which
implies that the proposed algorithm is feasible.

V. CONCLUSION

In this paper, we proposed a new method for finding
a global minimum of an indefinite quadratic programming
problem (P). To solve this problem, the problem (P) is
decomposed into a series of linear subproblems, which are
very easy to be solved. Moreover, the convergence and com-
plexity of the proposed algorithm are discussed. To verify
the feasibility of the proposed algorithm, five numerical
examples are carried out. The complexity result given in this
article can be used as an indicator of the difficulty, and so
we should expect to design a more sophisticated approach
where its performance is at least as good as the proposed
algorithm.

In order to improve the efficiency of the algorithm, we
will study the technique of node deletion in the future work.
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