
 

 

Abstract—The two dimensional (2D) equations of motion for 

wrap-around fins (WAF), coupled with flutter and pitch, were 

derived by using the Lagrange method. The nonlinear 

aerodynamic forces of WAF were proposed based on the 

two-order piston theory. According to the strain expression of 

unilateral fixation cylindrical shell, the stiffness coefficient of 

WAF’s imaginary torsion spring is deduced based on the energy 

equivalent method. Additionally, the aeroelastic model is 

established. Based on this, the flutter characteristics of a single 

WAF were studied. The results show that the fluttering speed of 

WAF with the variation of various parameters is approximately 

the same as that of the straight wing having the same projected 

area. However, the former is slightly higher than the latter. The 

fluttering speed of WAF increases linearly with the increase in 

thickness, decreases in the index with the increase in chord 

length, and first increases and then decreases with the change in 

the position of elastic axis. When the radian and radius are 

small, the fluttering speed does not change much. However, 

when the value exceeds a certain value, the fluttering speed 

increases rapidly. A certain WAF model was taken as an 

example, and numerical simulations were performed. It was 

found that the vibration divergence in the flutter direction was 

severer than the pitch direction. Therefore, the influence of 

parameters involving the flutter direction should be considered 

in the structural design. 

 
Index Terms—Wrap-around fin; 2D wing; Flutter; 

Aeroelastic model; Nonlinearity 

 

I. INTRODUCTION 

AF is a special airfoil designed for the barrel launcher, 

and has been widely used in various types of rocket 

launchers and missiles due to its appearance that renders it 

specific structural advantages. However, due to a series of 

stability problems caused by the asymmetry of its structure, 

the flight instability issues of WAF missiles have occurred 

quite frequently [2-4].  

Many scholars have studied the divergence of such 

movements by analyzing the flight process aerodynamic 

characteristics [5-8]. However, considering WAF as a 

cylindrical shell structure, a complex deformation response 

will occur under aerodynamic load, which in turn will affect 

the aerodynamic force on the wing. Therefore, it is necessary 
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to consider WAF as an aeroelastic system, and analyze its 

flutter characteristics under the joint action of aerodynamic 

force, inertial force and elastic force for the stability of this 

type of missile.  

There is relatively little research on the aeroelastic flutter 

problem of large open cylindrical shells. Anderson [9,10] 

used the Galerkin method to analyze the flutter boundary of a 

cylindrical shell element. Bein [11,12] studied the nonlinear 

flutter problem of orthotropic flat shells, and obtained the 

limit cycle flutter amplitude value through direct integration. 

Algazin [13] used the finite difference method to solve the 

aerodynamic flutter boundary and modal of a cylindrical 

shell under arbitrary airflow decline. Wang [14] used the 

spline finite mode method and substructure method to study 

the flutter boundary of prismatic shell, compared the results 

with the existing analysis results and reported the verified 

accuracy and precision of the method. Azzouz [15,16] used 

the finite element method to solve the nonlinear flutter 

problem of a class of cylindrical flat shells with airflow 

decline, and solved the modal, frequency and amplitude of 

the flutter. Kumar [17] studied the vibration and stability of 

laminated double-curved shells under non-uniform load 

using the finite element method. Based on multi-field 

stratification theory, Oh [18] studied the critical dynamic 

pressure of piezoelectric cylindrical flat shell by considering 

the aerodynamic, thermal and piezoelectric effects. Shin [19] 

used the finite element method to study the flutter boundary 

and modes of composite viscoelastic cylindrical flat shells, 

and compared the effects of different layup methods on the 

results. Singha [20] used 16-node degenerating shell 

elements to study the effects of curvature, layering, airflow 

direction and boundary conditions on the flutter 

characteristics of cylindrical flat shells. In short, for the 

aeroelastic flutter problem of cylindrical shells, most of the 

researchers have used numerical methods to solve the 

problem, which is a complicated method to apply to 

aeroelastic engineering design. Therefore, it is necessary to 

seek a relatively simple analysis method for solving this 

issue. 

Based on the simplicity of open cylindrical shell structure 

deformation model, the WAF model with two degrees of 

freedom including flutter and pitch is proposed in this work. 

According to the piston theory, the unsteady aerodynamic 

force on the wing is solved, and a 2D WAF flutter model is 

established. Additionally, the analysis of WAF’s flutter 

characteristics is also conducted in this paper. 

II. OPEN CYLINDRICAL SHELL DEFORMATION MODEL 

The open cylindrical shell model is constructed as shown 

in Figure 1. The radian is set to be 0 , whereas the length of 

chord is c . The bus on the middle surface is represented by 
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x , whereas the circumference is given by: s R  . 

Furthermore, / 2R r b  , which represents the radius of 

curvature along the direction of circumference. In this 

correlation, r  is the radius of missile and b  is the thickness 

of wing. The elastic modulus is given by E , while the 

Poisson's ratio is  . The dimensionless coordinate 

parameters are given by: /x R  ,   . The load 

concentrations along the bus and circumference directions 

were ignored. The load concentration normal to the middle 

surface is nq . 

φ

Φ0

S

b

r

R

qn

 

Fig.1 Cylindrical shell model 

Auxiliary function ( , )   is introduced, which 

represents the relationship among displacements u , v  and 
w  along the directions of x , s  and normal to the middle 

surface, respectively. They are represented using Equation 

(1). 
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 According to the cylindrical shell simplification theory, 

the deformation problem can be solved by solving the 

following eight-order partial differential equations under 

given boundary conditions (Equation (2)) [8]. 
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The boundary condition of the WAF structure is 

unilaterally clamped, and the remaining three sides are free. 

This is expressed by the auxiliary function using Equations (3) 

– (5). 
3 3

2 3

3 3

2 3

4 4 4

4 2 2 4

5 5 5

4 2 3 5

0

(2 ) + 0

2 0

2 0


  


  

   

    

    
 

  

    

 
  


        

    


     
              

(3) 

 

4 4

4 3

6 6 6 6

6 2 4 2 4 6

7 7 7

7 2 5 6

0

2
0

(4 ) (2 )
0

  

 

     

 

    

    
 

  

       

   
     

        
  

    

     

(4) 

4 6 6 6 6

2 2 6 4 2 2 4 6

2 4 6 6 6

2 3 5 3 3 5

7 7 7 7

7 3 4 5 2 6

(2 ) (1 2 )
0

12(1 )
0

(5 2 ) (4 ) (2 )
0

R

b
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( , )    can be solved using Equations (2) – (5). Then, 

the  displacements u , v , and w  can be obtained. 

According to the moment theory of cylindrical shell [8], the 

three strain components in the middle surface are given by 

Equation (6). 
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The changes in curvature and twist rate are given by 

Equation (7). 
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(7) 

However, while solving this model, it is difficult to find a 

certain form of the auxiliary function that meets all the 

boundary conditions, which means that the above equation 

can only be solved by numerical methods. It is impossible to 

qualitatively analyze the chatter characteristics of systems 

with different parameters without analytical expressions. 

Therefore, it is necessary to find a relatively succinct 

alternative model for subsequent theoretical research. 

III. TWO-DEGREE-OF-FREEDOM WAF MODEL 

In the case of small disturbances, the displacements of the 

points on WAF can be represented by the two degrees of 

freedom of flutter and pitch [21]. Assume that, there are two 

springs, which have the imaginary stiffnesses of K
 and K

. 

At the base of the fins, two degrees of freedom, namely the 

flutter  and pitch   are introduced. 
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A. Free vibration model  

In order to simplify the research process, the influence of 

open angles is ignored. The arc radius of WAF is represented 

by 0 , whereas the medium radius of the curve is represented 

by r . Furthermore, the chord length is represented by c . 

The aerodynamic center is located at the 1/ 4  of chord 

length and the elastic axis is located behind it ec , as shown 

in Figure 2. 

 

Fig.2 WAF model 

The displacement of a certain point O on the wing in its 

normal direction can be expressed using Equation (8). 

( , , )=2 sin ( ) ( )cos ( )
2

fz x t r t x x t


        (8) 

Therefore, the kinetic energy of WAF is given by Equation 

(9). 

0 2

0 0

1

2

c

T mr z d dx





                         (9) 

where m  represents the mass per unit area. 

Spring strain energy is given by Equation (10). 
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The free vibration model of WAF can be obtained by 

applying the Lagrange equations to the generalized 

coordinates  and  , respectively (see Equation (11)). 
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where the inertia matrix 
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. 

I , I , and I  represent the flutter inertia moments, 

pitch inertia moments and inertial products, respectively, and 

are given by Equations (12) – (14). 
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B. Generalized force solution based on piston theory 

For Point O, the wash speeds of upper and lower airfoils 

are given by Equation (15).  
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x t
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According to the second-order piston theory, the pressure 

difference between the upper and lower surfaces of Point O is 

given by Equation (16). 
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where 
21

2
q V  and represents the dynamic pressure 

of air. 

Then, the aerodynamic force and aerodynamic torque on 

the wing could be solved (see Equations (17) and (18)). 
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(18) 

When the generalized coordinates   and   have 

increments of   and  , respectively, the incremental 

displacements at Point O are given by Equations (19) and 

(20). 
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Therefore, the incremental work done by the aerodynamic 

forces on WAF is given by Equation (21). 
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Then, the generalized force can be obtained and is given by 

Equations (22) and (23). 
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(23) 

The free-vibration model (Equation 11) is combined, and 

the complete flutter model could be proposed (see Equation 

(24)). 
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C. Stiffness coefficient solution based on energy equivalent  

In the flutter model, the stiffness coefficient of imaginary 

torsion spring is a key parameter, which is determined by the 

wing shape. For straight wings, it could be calculated by the 

zero airspeed frequency [9], which is not applicable for WAF. 

Therefore, it is necessary to find an appropriate alternative 

method to establish the equivalent stiffness model of WAF. 

In vibration theory, energy method is often used to 

calculate the structural equivalent stiffness. Because the 

WAF flutter model involves two torsion springs, and the 

aerodynamic load on the wing will inevitably lead to 

deformation in the two directions, the load should be 

decomposed into two components. Each component affects 

the displacement in one direction.  

Furthermore, the aerodynamic force component along the 

normal direction is set to be ( )nq  . The action position from 

the aerodynamic center to the elastic axis is translated, and 

defined as
1nq . A pair of force couples of size

( )

2

nq 
 is 

added, which acts on the aerodynamic center and the relative 

positions of elastic axes. They are defined as 
2nq  and 

3nq ,  

respectively, as shown in Figure 3. 

 

Fig.3 Aerodynamic equivalence 

When considering only 
1nq , the moment in pitch direction 

is zero, while the moment acting on flutter torsion spring is 

given by Equation (25). 
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The elastic potential energy is given by: 
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For the cylindrical shell model, under the action of load 

1nq , the deformation energy consists of two parts. One part 

corresponds to the uniform deformation energy in the 

direction of thickness, which is the deformation energy of the 

film’s stress state. 
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Another part corresponds to the bending deformation (see 

Equation (27). 
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 The stress-strain value in the above equation can be solved 

numerically using Equations (6) and (7). Furthermore, 

1 2pT U U  , and the equivalent stiffness coefficient of 

fluttering spring under specific load conditions can be solved. 

Similarly, considering only the couple load 
2nq  and 

3nq , 

the moment in the flutter direction is zero, and the equivalent 

stiffness coefficient of pitching spring can be solved. 

IV. ANALYSIS OF FLUTTER CHARACTERISTICS OF WAF 

A. Flutter Critical Speed Solution 

Assume that the solution of Equation (24) is given by 

Equation (28). 
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0
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                  (1) 

Suppose that 

K xV  , K xV                (29) 

where   represents the ratio of two spring stiffness 

coefficients, and x  is an unknown coefficient that needs to 

be solved. 

If Equation (24) has a non-zero solution, then Equation 

(30) can be obtained. 
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The following quartic equation can be obtained by solving 

the determinant. 
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(

32)  

According to the Routh-Hurwitz stability criterion, the 

critical condition for system flutter is given by Equation (33). 

2 2

4 1 1 2 3 0 3 0b b b b b b b                    (33)  

Substituting each parametric expression into the equation 

and eliminating the term of 
2V , the quadratic equation about 

the unknown coefficient x  can be obtained. 
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(34)  
Substituting the root of this equation into Equation (29), 

the flutter speed could be solved. 

B. Parameter impact analysis 

Obviously, the flutter speed is affected by various 

structural parameters. Therefore, it is necessary to analyze 

the variation trend of flutter speed with different parameters 

to provide a theoretical basis for the aerodynamic design of 

WAF. 

Figures 4-6 show the comparison of variation in flutter 

speed with different structural parameters of WAF and flat 

wing with the equal projection area. 

 

 

Fig.4 Flutter speed varies with thickness  

 

Fig.5 Flutter speed varies with chord length 

 

Fig-6 Flutter speed varies with Elastic axis position 

Based upon numerical simulation results, following 

observations can be made. 

1. The variation trends of flutter speed of the two kinds of 

wings are almost the same. However, the flutter speed of 

WAF is slightly higher than the flat wing. Therefore, in terms 

of the flutter stability of a single wing, WAF is better than the 

flat tail. 

2. Flutter speed increases linearly with the increase in 

thickness, which means that increasing the thickness is an 

effective way to improve the stability of WAF. 

3. Flutter speed decreases in the index with the increase of 

chord length. Obviously, under the premise of ensuring 

sufficient lift area, shorter the design chord length, better is 

the stability. 

4. The variations in flutter speeds with the change in 

position of the elastic axis of the two kinds of wings are 

obviously different. The flutter speed of flat wing flutter 

monotonously decreases, while that of the WAF first 

increases, and then, decreases. Therefore, in the structural 

design, the position of the elastic axis should be as close to 

the “extreme point” as possible. 

Fig. 7 and Fig. 8 show the variation curves of the flutter 

speed with radian and radius of WAF. 
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Fig.7 Flutter speed varies with radian 

 

Fig.8 Flutter speed varies with winding radius 

It can be seen that the flutter speed does not change much, 

but only slightly increases or decreases before the two 

parameters increase from zero to a certain point. However, 

after that point, the fluttering speed increases sharply. 

In fact, for the WAF design of a certain projectile type, the 

caliber is determined, and the arc is also decided by the 

number of wings. Therefore, more attention is paid to the 

influence of chord length and position of elastic axis on the 

flutter speed. Figure 9 shows the variation of flutter speed 

with the two factors. 

 

Fig.9 Flutter speed varies trend 

C. Case study 

Take a specific WAF model as an example. The structural 

parameters are as follows. 
Tab.1 Model structure parameters 

0  1.57rad 
Aerodynamic 

center position 
0.25c 

r  0.061m 
Elastic axis 

position 
0.45c 

c  0.155m K
 1.879 N m / rad  

d  0.006m K
 2.795 N m / rad  

 7.9×103kg/m3 
Lift line slope 5.73 

According to the Routh-Hurwitz method, the flutter speed 

of model is 79.48 m/s.  

Under the condition that the initial values of pitch and 

flutter were all taken to be 0.004 rad, the dynamic responses 

of WAF at the airspeeds of 75 m/s, 80 m/s, 85 m/s, 90 m/s, 

and 100 m/s Figures 10 – 14, respectively.  

 

Fig.10 Timing response of tail vibration under 75m/s speed 

 

Fig.10 Timing response of tail vibration under 80m/s speed 

 

Fig.11 Timing response of tail vibration under 85m/s speed 

 

Fig.12 Timing response of tail vibration under 90m/s speed 

 

Fig.13 Timing response of tail vibration under 100m/s speed 

When the airspeed is lower than the flutter speed, the 

vibration decays exponentially due to the action of 

aerodynamic damping. When the airspeed reaches the critical 

flutter speed, WAF makes a simple harmonic vibration. As 

the airspeed continues to increase, the vibration presents a 

divergent trend.  

It is easy to observe that the vibration divergence in the 

pitch direction is significantly weaker than that in the flutter 

direction. Therefore, in the structural design, the influence of 

parameters related to flutter direction on the flutter speed 

must be emphasized. 
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V. CONCLUSIONS 

In this paper, the aeroelastic model of WAF, which 

involved two degrees of freedom, namely the flutter and 

pitch, is established by simplifying the vibration form of 

cylindrical shell. Based on this model, the flutter 

characteristics of WAF were analyzed, which showed that 

the aeroelasticity of WAF is slightly better than that of the 

flat wing with the equal projection area. Variation of flutter 

speed with different structural parameters was studied, which 

provides a theoretical basis for the aeroelastic design of 

WAF. The numerical simulations of a certain WAF model 

were carried out, which showed that the vibration divergence 

in the pitch direction is significantly weaker than that in the 

flutter direction.  

It should be pointed out that in order to simplify the 

research process, the model established in this paper does not 

consider the impact of ballistic rolling. The existing research 

shows that the out-of-plane force and moment generated by 

missile rolling are important factors affecting the flight 

stability. In addition, nonlinear factors have an important 

impact on the motion response of aeroelastic systems [22, 23], 

while gap nonlinearities are common in the wrap-around fins. 

Therefore, it is necessary to study these factors in future 

works. 
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