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An Inertial Extragradient Algorithm for Solving
Variational Inequalities

Ximin Guo, Wenling Zhao*

Abstract—In this paper, we introduce a new extragradient
algorithm for solving variational inequality problems involv-
ing pseudomontone with Lipschitz continuous operators. The
algorithm which combines the inertial technique and the
extragradient algorithm. We show that the algorithm is globally
convergence without any knowledge of the Lipschitz constant
of the mapping. Besides, linear convergence is guaranteed
under additional strong pseudo-monotonicity. Finally, compared
with other algorithms, the numerical results indicate that our
algorithm has a better behavior.

Index Terms—Variational inequality problem, Extragradient
method, Inertial-type algorithm, Lipschitz continuity, Q-linear
convergence.

I. INTRODUCTION

N this paper, let us consider the following classical
variational problem, denoted by VIP(F,C), is to find
a point 2* € C' such that

(F(z*),x — 2"y > 0,Vz € C. )

Where F' : R™ — R™ is an operator, C' € R™ is a nonempty
closed convex set, (-, ) denotes the inner product in R™ and
the solution set of VIP(F, C) is denoted by C*, respectively.

As an important part of nonlinear programming, varia-
tional inequalities have applications in many aspects and
have been widely used in operational research problem-
s, equilibrium problems in the economic field, and urban
transportation network modeling [1]. It not only unifies the
concepts in applied mathematics, but also strengthens the
knowledge system of complementary problems, optimization
problems and equilibrium problems [2]. In recent years, with
more and more scholars studying the variational inequalities,
it has achieved very outstanding success in the field of
mathematics, and it has been widely applied in engineering,
economics, operations research, game theory, and traffic
assignment (see, e.g., [3], [4] and the references therein).
There are many methods for solving the variational inequality
problem and its variants [5]-[11]. In the above methods, the
most notable and general popular methods are projection
and regularized. In this paper, we mainly study projection
algorithms, the oldest and simplest one is the following
gradient projection method [12], [13],

Tny1 = Po(n — AF(2n)),

where A € (0, %), F is n-strongly monotone L — Lipschitz
continuous on C'. Obviously, the assumption of this algorithm

Manuscript received August 19, 2020; revised November 13, 2020.
This work was supported by the National Natural Science Foundation of
China (11771255) and Young Innovation Teams of Shandong Province
(2019KJI1013)

Ximin Guo, is student of School of Mathematics and Statistics, Shandong
University of Technology, Zibo, China (e-mail:15163325081@ 163.com.)

Wenling Zhao, is Professor of School of Mathematics and Statistics, Shan-
dong University of Technology, Zibo, China (e-mail: zwlsdj@163.com.)

is very strong. In order to overcome the above problem-
s, Korpelevich [14] proposed the following extragradient
method(EGM):

{ Yn = Po(vn — AF(z,))
Tnt1 = Po(xn — AF(yn)),

where A € (0, %), the operator F is monotone and Lipschitz
continuous. Obviously, the step size of the above two meth-
ods depends on the Lipschitz constant. However, when the
Lipschitz constant is unknown or difficult to approximate,
these methods are not applicable. Recently, the EGM has
been interested and developed under suitable conditions
[15]-[19]. Tusem [20] proposed a new algorithm that its
convergence is guaranteed without the Lipschitz continuity,
the algorithm’s stepsize rule is as follow: X, = A",
where j, is the smallest non-negative integer j satisfying
NN F () — F(yn)|l < pl|#n —ynl|; in particular, Trinh [21]
introduced an self-adaptive step-size algorithm which with-
out any information of Lipschitz constant of operator(see
Algorithm 1) for solving the pseudomonotone and Lipschitz
continuous VIP as follows:
Algorithm 1
Initialization =~ Choose arbitrarily z_1,xq,y0 € C; p,0 €
(0,1); A_1 € (0,00). Set n:=0
Step 1 Given \,,_1, ¥, and x,,.
If \po1l|F(zn-1) — Flyn)l| < pllTn-1 — yn| then set
An = An_1, €lse set \,, = \,_10.
Compute

Yn+1 = PC(l'n - AnF(xn))a

Tp41 = PC(xn - )\nF(ynJrl))

Step 2 If y,,+1 = x,, then stop, else update n := n+1 and
go to Step 1.

Note that, different from [20], this algorithm does not need
to calculate values of the operator ' many times at each itera-
tion and not require its step-sizes tending to zero. Therefore,
the algorithm reduces the amount of calculation and time
consumed, it requires the mapping F' being pseudomonotone
and Lipschitz continuous only on the feasible set instead of
on the whole space.

It is also known that the inertial-type algorithm is one of
the effective methods for speeding up the convergence prop-
erties of fundamental algorithms, see [22]. The main feature
of inertial algorithms is that the next iterate is constructed
from the two previous iterates. Motivated and inspired by
inertial-type method [23] and above algorithms [24], we will
introduce a kind of inertial extragradient algorithm.

Our paper structure is as follows. In Section 2, we first
introduce some concepts and preliminary results used in this
paper. Section 3 propose an inertial extragradient algorithm
and analyze the convergence of it. Some experiment results
are presented in Section 4.
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II. PRELIMINARIES

In this section, we introduce some concepts and lemmas
that will be used. Throughout the paper, let C' € R™ is a
nonempty closed convex set and the operator ' : C' — R™
is pseudomonotone and Lipschitz continuous.

In this paper, the orthogonal projection of = onto C' is
denoted by Pc(x) such that

Po(z) = argmingec|ly — z||.
and the natural residual of VIP(F,C) be denoted by

r(z) =z — Po(x — AF(z)), where X >0.

For all A > 0, =* is a solution of (1) if and only if
r(z*) = 0.

Definition 2.1: Let F : C' — R™ be a mapping, then
(1) F' is monotone on C' if for all z,y € C, we have

(F(z) — F(y),z —y) 2 0.
(2) F is pseudomonotone on C, if for all =,y € C, we have
(F(x),y —z) > 0= (F(y),y —x) > 0.

(3) F is ~y-strongly pseudomonotone on C, if there exists a
constant v > 0, for all z,y € C, we have

(F(z),y—z) > 0= (F(y),y — x) > 7|l — y|I*.

(4) F is called L — Lipschitz continuous, if there exists a
constant L > 0, for all x,y € C, we have

1F(z) = F(y)ll < Lllz =yl

Obviously, (3) is included in (2), (1) is included in (2) ,
but the converse is not true. This paper will use the following
lemmas:

Lemma 2.1: [24] Let C' be a nonempty, closed and
convex subset of R™, for Vo € R™. Then
(D) (Pe(x) — 2,y — Pe(x)) 2 0,Vy € C;

@) | Po(2) — Pe(y) |2 < (Pe(x) — Poly), 2 —y). Vy € R™;
(3) Ity € C. then || Po(a) —y2 < lle—y||2 - [lz— P ()|

Lemma 2.2: [23] Let {an}, {bs}and{c,} be sequences

in [0, 00) such that

Ap+1 S an + bn(an - an—l) + Cnvn Z ]-7 Z;.Lo:lcn < oo,

and there exists a real number b with 0 < b,, < b < 1 for all
n € N. Then the following results hold:

(1) 322,32, [an — an—1]+ < 0o, where [t]; := max{t,0};
(2) there exists a* € [0, 00) such that lim,,_, o a, = a*.

III. MAIN RESULTS

In this section, under mild assumptions, we give a mod-
ified algorithm which is called a self-adaptive inertial ex-
tragradient algorithm for solving variational inequalities, the
information of L is not necessary to be known. Based on
Algorithm 1, our algorithm adds an inertial term. Now we
assume the following conditions that will be used in the proof
process.

Condition 1: C is a nonempty, closed, and convex set.
We always assume that the solution set of the variational
inequality is nonempty i.e., 3z* € C*.

Condition 2: The operator F'is L — Lipschitz continuous
and pseudomonotone on C'.

Condition 3: The operator F' is L — Lipschitz continuous
and ~y-strongly pseudomonotone on C'.

When the Conditionl and Condition2 hold, our self-
adaptive inertial extragradient algorithm is as follows:
Algorithm 2

Initialization =~ Choose arbitrarily zq,z, € C, p,6 € (0,1)
and A1, a € (0,00).

Set n:=1

Step 1 Computer w,, = Zp, + apn (T, — Tp—1). Where

. 1 .
a — {mln{nzlwn_w,a}, ’Lf In # Tn—1,
n =

a, otherwise.

Step 2 Compute

Yn = PC(Wn - )\nF(Wn))-

Tnt+1 = PC(wn - )‘nF(yn))

step 3 If y, = w,, then stop, y, is a solution of (1).
Otherwise update

>\n7

/\n+1 - {)\n&
Set n:=n+ 1 and go to step 1

Remark 1: Since 6 € (0,1), then the sequence {\,} is
nonincreasing. Meanwhile, if \,, — 0, then which contradicts
the operator F' is Lipschitz continuous, so there has a
constant ¢ > 0 such that lim,, , \,, = q.

Lemma 3.1: Assume that Conditionl and Condition2

hold, let {z,} be the sequence generated by Algorithm 2,
we have

if  AllF(wn) = F(yn)ll < pllwn — yall,
otherwise.

2

Zns1 — x*”Q < jwn — x*”Q — (1= p)l|zns1 — ynH2
= (1= P)llyn — wal® 3)

Proof: As the sequence {\,} is lower bounded, there
exists ng > 0 such that A\, 1 = A, and
Al F(wn) = F(yn)ll < pllwn = yull, VR Z=no. (4

Since y, = Po(wy, — AnF'(wy)), by Lemma 2.1 we have

(z = Yn,wn — A F(wp) —yn) <0, for VzeC,
equivalently,
<yn_wnayn_z> §>\n<F(Wn)aZ_yn>7 fOT VZEC
)

Besides, from projection properties and the definition of
Tp41, WE get

(z — Tpt1,wn — M F(Yn) — Tny1) <0, for VzeC,

similarly, we get

<xn+1_wn7xn+1_z> S )\n<F(yn)7z_xn+1>a

(6)
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Then

Znt1 — ZH2

= |Tns1 = Yn — 2 + Y
= [|[Zn41 — ynH2 + lyn — Z||2 +2(Tnt1 = YnsYn — 2)
= —||nt1 = ynll® + lyn — wn +wn — 2|2

+ 2(Tn41 = Yns Tny1 — 2)

= —|Znt1 = ynll® + lyn — wall® + lwn — 2|12

+ 2(yp — wWn, Wy — 2) + 2{(Tpt1 — Yn, Tnt1 — 2)

= —[|zpt1 — yn||2 + lwn — Z||2 = lyn — Wn||2

+ 2(Yn — Wiy Un — 2) + 2{Tnt1 — Yn, Tl — 2)

= —[|zpt1 — yn||2 + flwn — Z||2 —llyn — Wn”2

+ 2<yn — WnyYn — mn+1> + 2<xn+1 — Wnp + Wny Tp+1 — Z>

)

I?

Which together with (3.4) and (3.5) shows that

[€nt1 — 2]
< — |zt — yn||2 + [Jwn — Z||2 — [|yn — Wn||2
+ 20 (F(wWn)s Tpg1 — Yn) + 20F (Yn), 2 — Tny1)

= _||$7l+1 - yﬂ||2 + Hwn - Z||2 - ||yn - wn||2

+ 2)\n[<F(wn) - F(yn)vanrl - yn> + <F(yn)axn+1 - yn>]

+ 2/\n[<F(yn), = yn> + <F(yn)ayn - xn+1>]
= Jlwn — 2[I” = l|2nt1 = ynll® = lyn — wall®
+ 22X (F(wn) = F(Yn); Tnt1 — Yn)

+ 2)\n<F(yn)7 z— yn> (8)

Using (4) and (8), when z = a* € C, for Vn > ngy, we
obtain

@01 — 2|
< lwn — x*H2 —Nznt1 = yall® = llyn — Wn||2

+ 220 (F(Yn ), * — yn) + 2p|lwn — YnllllTn+1 — ynll
< lwn = 2*1? = (1 = p) 241 = yal?

— (L= p)llyn = wall® + 20 (F(yn), 2" —

I?

Un)- )

And because the operator F' is pseudo-monotonic, we have

<F(yn)7x* - yn> S 07

therefore, (3) hold. |

Lemma 3.2: Assume that Conditionl and Condition2
hold, then the {z,,} generated by Algorithm 2 is bounded.

Proof: According to the definition of w,,, we obtain
llown — 22
= [|[zn + an(@n — 1) — x*||2
= (L4 a}, + 2a,) |20 — 2*|* + ap[|2n -1 — z*|?
—2ap{x, — 2", xp_1 —¥) — 2a,21<xn — % xp_1 — %)
= (L+an) ey — *[° + af (w0 — 2%, 2 — 2)
+a2{zp_1 — 2%, Tp1 — )
—a?(x, —x* 2y — ) — > (z, — 2", 2,1 —TF)
+an{xy, — %,y — ") — an{xy, — 201 — 2F)
—ap(Ty, — 2", xp_1 — )
= (1+ap)||zn — 2*|* + aj; (z,

—a(ry_1 — ",y — Tp1)

— 2%, Ty — Tp_1)
+ an{xy — %, 2y — %) — ap{xy, — ¥, 201 — 2F)
—ap{Ty, — 2", xp_1 — )

= (1+ap)||zy, —2** + a2 (xy — Tn_1,Tpn — Tp_1)
+an{xy, — %, 2y — Tp_1) — an(T, — 25, xH_1 — ")
= (L+an)|lzn — 2*|* = ap|zn_1 — 2*|

+ (14 an)an||zn — 20_1]? (10)

which together with Lemma 3.1 suggests that
|1 — 2|

< (1 +ap)llzn — ¥ = anllen-1 — =

+ (1 + an)an||zn — xn—1||2

= A= pllnsts = yull* = (1= p)llyn — wal®

<lwn = 2|2 + an(llon — 2|7 = [lzn—1 — 2" |?)

+ (14 a)an||zn — 1] (11)

Where we get the last inequality follows from the defini-
tion of 0 < a, < a. Moreover, since a, |z, — r,_1* <
L (for Yn € N), so we have ¥°% ay ||z, — zn-1]]? < o0,
this implies that, lim, . ||2n — Zn—1]] = 0. Now, we let
an = ||v, — 2*||? and ¢, = (1 + a)an ||z — T, _1]/%, then,
by Lemma 2.2 and (11), there has a constant « such that

*||2

lim ||z, — 2*|* = o,
n—oo

which means the sequence {z,} is bounded. |

Next, we start to analyze the above algorithm convergence
by proving the following theorem.

Theorem 3.1: 1If Condition]l and Condition2 hold, then the
sequence {z,} generated by Algorithm 2 converges to a
solution z* of (1).

Proof: By Lemma 2.2, we obtain

o0

Y llan = )P = flwn—1 —*|*)s < oo,

n=1

where ¢t = max{t,0}. Consequently,

Tim [2n = 2°[2 = lea-s = " |Pls =0, (12)
Using (11) and the definition of a,,, we also obtain
(1= P)llyn —wnl® + (1 = P01 — yall?
wn = 2% = 201 — 2*|1* + an [z, — =¥
—lzn—1— 3;‘*||2]+ + (1 +a)an||zn — xn71||2- (13)
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From (12) and (13), we obtain

lim |y, —wnl =0, (14)
n— oo
also from the definition of w,,, we have
lwn — 2n||* = d2||xn — 2n_1]|> = 0, n — 0.
Hence
lim |lw, — 2,|| =0, (15)
n—oo

Therefore, by (9) and (15), we know the sequence {||z, —
x*||} is nonincreasing. Since the sequence {x,} is bound-
ed, {||x, — x*||} converges, and there exists subsequence
{z,,} C {x,} such that {z,,} — Z € C. Therefore ,we only
need to prove T € C*: by (4) and (5), for Vz € C,n; > ny,
we have

<ym — Wn;sYn; — Z> + >‘TL7 <F(wni)’ Yn; — w”i>
S )\nz <F(wni )a Yn; — w”i>'

Since the F' is continuous, combining (14) and (16), letting
7 — 00, We obtain

(16)

<F(£)5Z 7'f> > 07
from the definition of VIP(F,C), this implies that T € C*.
Therefore, we have

lim ||z, — Z|| = lim ||z,, — Z|| = 0.
n— oo 71— 00

|
Now, let’s analyze the convergence rate of the Algorithm
2. Before that, we give the following Lemma.
Lemma 3.3: If Condition]l and Condition2 hold, then (1)
has a unique solution.
Proof: Suppose x7,z5 € C* and z7 # x5, for any
y,z € C, because F' is strongly pseudomonotonic, we get

(F(a7),y —a1) 2 0= (F(y),y — 21) = vlly — 21]%,
(F(x3),2 = 23) 2 0= (F(2), 2 — 23) 2 ]z — a3]%,
when y = x5, we have the following inequality

(F(1),a3 — 21) 2 0= (F(23), 23 — 27) > 7|25 — 27>

(I7)
Similarly, when z = x5, we obtain

(F(23), 2] —a3) > 0= (F(a),2] — 23) > |2} — 23],

(18)
From (17) and (18), we have
et —a3l* <0,

It implies that x] = z3, this contradicts the condition.
Consequently, (1) has a unique solution. ]
Theorem 3.2: If A1 < %, Conditionl and Condition3
hold, then sequence {x,,} generated by Algorithm2 Q-linear
converges to the unique solution of (1), denoted by x*.

Proof: From Lemma 2.1, we have

<xn+1 —Yn,Wn — Yn — )\nF(yn)>
= <In+1 —Yn,Wn — Yn — AnF(wn»

< )\n<37n+1 - ynvF(Wn) - F(yn)> (19)

Since z* € C*, from the pseudomonotonicity of F, this
shows that

<F(‘T*)7yn - $*> Z 0= <F(yn)ayn - :E*> 2 07

or equivalently,

<F(yn); Tn+1 — 517*> Z <F(yn)axn+l - yn>- (20)
Let z, = wy, — A\ F'(yn), then
2(zp — Po(zn), 2" — Po(zn))
=2||zn — Po(zn)|I? + 2(Pc(2) — 2n, 20 — x*) <0,
this implies that
120 = Pe(za)lI” + 2{Po(2n) = 2n, 20 — =)
< —llzn — Po(za)|1*. 1)

By (19), (20) and (21) we have

2541 _35*”2

= | Po(zn) — 2|

= llzn = &*|* + |20 — Pe(za)l1? + 2(Pc(2n) = 20y 20 — 2¥)
< lzn — 1'*”2 — l2n — PC(Zn)||2

= <Wn — M F(yn) — x*><wn - )‘nF(yn) - x*>

—(wn = A F(Yn) = Tng1)(Wn — A F (Yn) — Tny1)

= ||lwn — 2*” = 2QAn F(yn), wn — z*)

— lwn — x7n+1H2 + 2 F(Yn), wn — Tnt1)

= [lwn — x*HQ — [lwn — $n+1||2 + 2200 (F'(Yn), ° — Tpg1)

< lwn =12 = llwn = T + 200y — Tnt1, F(yn))

= ”wn - ‘T*Hz - <wn —Yn tYn — Tn+t1,Wn — Yn + Yn — xn+1>
+ 220 (Yn — Tot1, F(yn))

= flwn = 2> = lwn = yal® = lyn — ot |12

+ 2<xn+1 —Yn,Wn — Yn — )‘nF(yn»

1P = llwn = ynll® = llyn — Tn4a

+ 22X [Znt1 — Ynll | F(wn) — F(yn)||

< Hwn - x*HQ - Hwn - ynH2 - Hyn - $n+1||2

<|lwn —

+ 2 Ll|lznt1 — Ynlllwn — yall- (22)
On the other hand, since

AnLllwn = ynll = #nt1 = yal))?

= ()‘nL)QHWn - yn||2 + [|Tng1 — yn||2

- 2>‘nL||wn — Ynll|Tns1 — yﬂ” >0,
which implies that

2Xn Lllwn = Ynll[|Tns1 — yull

< (ML) lwn = yall® + 12041 = yall®. (23)

Combining (22) and (23), we obtain
|41 — 2|2
< lwn = 2*[* = lwn = yall® = g0 = zpsa|f?
+ L) wn = yall® + lyn = ot |?
= [jwn — x*||2 -(1- /\721L2)||wn - yn||2~

From the ~y-strongly pseudo-monotone of F' on C' it follows

(F(yn),yn — %) > |lyn — %2,
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then

(Fwn), 2" — yn)

(F(wn) = F'(Yn), =" = Yn) = (F'(Yn), Yn — %)
< [F(wn) = Flya)lllyn — (| = llyn — ="

< Llwn = ynlllyn — * = 7llyn — 2*|*.

(24)
Also from Lemma 2.1, we have
<JI* —Yn,Yn — Wn + /\nF(w”)> > 0,

which yields

<£C* — Yn,Wn — yn>
<A (F(wn), * — yn)

S )\nLHwn - ynH”yn -

|| = Ay llyn — x*HQ

Hence,

XYy — 22

< ALllwn = yullllyn — 2| = (2" — yn, wn — yn)

< MLllwn = yullllyn — 2| + ll2* = ynllllwn — yall
=1+ A D)llwn = ynllllyn — =7[I, (25)

then it holds.

lwn = 2% = llwn = yn + yn — 27|

< ”wn - yn” + Hyn - 37*”

14+ AL
< lwn = ynll + Ay lwn — ynll
14+ M\, L+ X\,
N R €0
An?Y
Replacing (26) into (24), we get
[@ns1 — 2"
. AnY .
< lwn —2*? = (1 — A%LQ)(m)QHWn —z*|%.
By (15), for n — oo, we have
[#ns1 — 2*?
AnY
< n— *12 1*)\2[/2 n 2 n — * 12
R e w
Any
=01-1-2NL)(—2—)||an — =% 7
s wrl B[Sl A )

Hence, according to {),} is nonincreasing and \; < %, we
obtain

AnY

A e W v

RE

which suggests that sequence {x,} converges to x* with a
Q-linear rate. [ ]

€ (0,1),

IV. NUMERICAL EXPERIMENTS

In this section, we give two examples and experimental
data to illustrate the proposed algorithm. The python codes
are on a PC(with CPU Intel (R)) under Python Version 3.7.3.
Example 1 Consider the following problem: the operator
F:R™ — R™ by

F(z) = Mz +q,

where M € R™*™ is a positive semi-definite matrix, ¢ is a
vector in R™ and the feasible set C is given by

C={zeR"-1<z;<1,Vi=1,...,m}

Example 2 In this example, take F' : R?> — R? be defined
by

F(x+y+cos(z),—z+y+cos(y)), Vx,yeC.

Where C' is same as the above example.

Obviously, the operator F' in the above examples are
continuous and Lipschitz continuous.

Throughout the numerical experiment, we choose the same
starting points in this example: g = 1 = (1,...,1). We
use the error ’¢’ as the algorithm stopping rule, '[ter’
represents the number of iterations, 'C PU’ represents the
total time of the algorithm termination. We compare Al-
gorithm 2(STEGM) with two algorithms, these algorithm-
s were introduced by T.N.Hai [21](IEGM), D.V.thong
[25]1(MTEGM), respectively. The following tables summa-
rize the numerical results of this experiment under different
dimensional m.

In Table I and Table II, we used the parameters as follows:
SIEGM and IEGM: p = 0.6, § = 0.8, a = 1, choose the
same initial step size is 0.8;

MTEGM: A=0.8,a=1.

In Table III, we used the parameters as follows:
SIEGM,JEGM: p=0.8,5 = 0.3, a = 1, choose the same
initial step size is 1;

MTEGM: A=0.5,a=0.3.

It is clearly seen that compared with Algorithml, our
algorithm has good results on running time and number
of iterations from the above tables; compared with another
algorithm, we have fewer iterations. Therefore, we proposed
algorithm have the competitive advantages.

V. CONCLUSIONS

In this paper, we first give an inertial extragradient
algorithm for solving variational inequality problem. Un-
der the assumptions of pseudo-monotonicity and Lipschitz
continuity of F', we verify the global convergence of the
algorithm and analyze its convergence rate. Compared with
several related algorithms, the effectiveness of the algorithm
is verified.
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TABLE 1
e=10"3
) m=3 m = 10 m = 50
Algorithm
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