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Generalized Additive Derivations on MV-algebras

Lingling Lu*, and Yongwei Yang

Abstract—In order to investigate the derivation theory on
MV-algebras further more, we give the notion of 7-additive
derivations as a generalization of additive derivations in [29].
Then we discuss some related properties and characterizations
of T-additive derivations, and obtain the condition for a 7-
additive derivation to be an endomorphism. Furthermore, some
properties of T-additive derivations related with the fixed set
A4(A) are given.

Index Terms—MV-algebra, T-additive derivation, Homomor-
phism.

I. INTRODUCTION

He Lukasiewicz infinite-valued logic introduced for

philosophical reasons by Jan Lukasiewicz is the most
important and widely studied non-classical logic. MV-
algebras (as algebras of type (@, x,0) of signature (2, 1,
0)) have been introduced and studied by Chang in [1] as
an algebraic counterpart of the Lukasiewicz infinite-valued
propositional logic. The monograph [2] is entirely devoted
to give self-contained proofs of all basic results concerning
the infinite-valued propositional calculus of Lukasiewicz
and its algebras, Chang’s MV-alberas. By using special
algebraic structures, some meaningful results are obtained
in MV-algebras. It is worth noticing that the ideal theory
is a powerful tool for studying MV-algebras. One of the
reasons is that ideals are closely related to congruence
relations, and quotient algebras can be constructed on the
basis of congruence relations. Another reason is that the
set of provable formulas in the corresponding reasoning
system can be described by those fuzzy ideals of algebraic
semantics. Hoo [3] showed that how to obtain results in
MV-algebras by considering their fuzzy ideals. The concept
of ideals in BL-algebras as the generalized form of ideals
in MV-algebras, was introduced by Lele and Nganou from
a purely algebraic point of view [4]. By using the set of
complement elements, the relationships between ideals and
deductive systems in BL-algebras were analyzed. Filters and
ideals are dual notions in MV-algebras, while some papers
investigated algebraic properties of MV-algebras via the filter
theory [5]. It is noticed that the concepts of states and
pseudo valuations which can measure the average truth-value
of propositions, become very important in studying logical
structures. Dvurecenskij and Zahir [6] defined a state as a
[0, 1]-valued, finitely additive function attaining the value 1
on an EMV-algebra, and showed that states always exist and
the extremal states are exactly state-morphisms. Yang and
Zhu [7] gave the the concept of pseudo MV-valuations in

Manuscript received November 12, 2020; revised April 24, 2021. This
work was supported in part by Higher Education Key Scientific Research
Program Funded by Henan Province (No. 20A110011).

Lingling Lu is an Educational Administrator of Anyang Normal Univer-
sity, Anyang, 455000, China (e-mail: lulingay @ 126.com).

Yongwei Yang is a Lecturer of Anyang Normal University, Anyang,
455000, China (e-mail: yangyw @aynu.edu.cn).

MV-aglebras, and investigated some related characterizations
of them.

From the analytic theory, the notion of derivations was
first introduced in a prime ring as a map d : R — R
satisfying the conditions d(z + y) = d(z) + d(y) and
d(z-y) =d(z)-y+z-d(y), for any z,y € R [8]. Inspired by
the concept of derivations in prime rings, some researchers
studied the derivation theory in rings and near rings, respec-
tively ([9], [10]). In fact, the notion of derivations in the
ring theory plays a significant role in algebraic geometry,
so it has been investigated for the cases of lattices and
algebras of fuzzy logic. The notion of left-right (resp. right-
left) derivations of BCI-algebras was introduced by Jun and
Xin [11], and some characterizations of a p-semisimple BCI-
algebra were given by using the idea of regular derivations.
Ciungu [12] defined two types of implicative derivations on
pseudo-BCK algebras, and discussed some related properties
of isotone implicative derivations. In 1975, Szdsz defined
a derivation on a lattice (L,V,A) as amapd : L — L
satisfying the conditions d(z V y) = d(z) V d(y) and
dlz ANy) = (d(z) Ay) V (z Ad(y)), for any z,y € L [13].
Xin et al. [14] characterized modular lattices and distributive
lattices by some particular derivations. As a generalization of
derivations in [14], the notion of f-derivations on lattices was
introduced, and some related properties were investigated in
[15]. Continuing the work on derivations for lattices, Xin
[16] established some characterizations of distributive lattices
and modular lattices by the fixed set of isotone derivations.
Torkzadeh and Abbasian [17] studied (®, V)-derivations on
BL-algebras. Alsatayhi and Moussavi [18] gave the notions
of (p,1)-derivations of types 1 and 2 on BL-algebras via
endomorphisms. In order to characterize some special types
of residuated lattices in terms of derivations, He et al. gave
the concepts of multiplicative derivations and implicative
derivations [19]. Based on [19], Kondo considered some
properties of multiplicative derivations and d-filters of com-
mutative residuated lattices in [20]. Zhu et al. introduced the
notion of a generalized derivation determined by a derivation
for a residuated lattice in [21], and then presented the concept
of derivations of state residuated lattices (L,7) in [22].
A number of researchers have studied derivations in other
algebraic systems, such as lattice implication algebras [23],
residuated multilattices [24] and semihoops [25].

In 2010, Alshehri introduced the notion of derivation-
s for MV-algebras, and obtained some related properties
[26]. Moreover, the notion of derivations on MV-algebras
has been generalized to f-derivations and (f, g)-derivations
[27]. Ghorbani et al. [28] presented the notions of (®,®)-
derivations and (S, ©®)-derivations for MV-algebras, and
studied the connection between these derivations. To give
some representations of MV-algebras in terms of derivations,
Wang et al. [29] introduced the notions of additive derivations
(implicative derivations) and difference derivations in MV-
algebras. As a supplement of the derivation theory, Yang and
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Zhu [30] presented the concept of T—difference derivations
on MV-algebras.

Motivated by notions of additive derivations in MV-
algebras [29] and generalized derivations in BL-algebras
[18], we introduced the notion of 7-additive derivations
which is a generalization of additive derivations on MV-
algebras. Some related properties and characterizations of
T-additive derivations are given. Usually, a 7-additive deriva-
tion d maybe not a homomorphism 7, however, we get some
conditions for a 7-additive derivation d to be a homomor-
phism 7 in the paper. Finally, we present some properties
of 7-additive derivations related with the set Ayz(A), and
show that d(A) forms an MV-algebra under some suitable
operations.

II. PRELIMINARIES

In the section, in order to facilitate our discussion, we
summarize some definitions and results about MV-algebras,
which will be used in the subsequent discussions.

An algebra (A,®,%,0) of type (2,1,0) is called an
MV-algebra if it satisfies the following conditions: for any
x,y,z € A,

MVD 2@ (y@2)=(z@y) Sz,

MV2)x by =y,

MV3) 20 ==z,

(MV4) z** =z,

MV5) z @ 0" = 07,

MV6) (z*dy)* Dy=(y*Dz) du.

For any MV-algebra (A, ®, *,0) , we define the constant
1 and the operations &, V, A, ® and — as follows: for any
T,y € A,

@) 1 =07,

(i) 2Oy = (2" By)",

(i) zVy=(zoy) Dy,

ivyzANy=yo (yo ),

MzRy=z0y",

)z —=y=a"Dy.

Lemma 2.1: [31] Let A be an MV-algebra. Then the
following conditions are equivalent: for any z,y € A,

) z=zANy,

(i)zroy=0,

(iii) there is z € A such that y = x & z.

For any z,y € A, x < y iff z and y satisfy one of the
above equivalent conditions (7)—(i77). It follows that < is
a partial order, called the natural order of A. And on each
MV-algebra, the natural order determines a lattices structure.
In fact, one can show that (A, V, A, 0,1) forms a distributive
lattice.

Proposition 2.2: [31] Let A be an MV-algebra. Then the
following results are valid: for any z,y, 2z € A,

D) 1ez=1,0Pz=z, 2Pz =1,

2) zey<zifandonlyifz <y z;

B zdYN2z)=(xdy) A(zd2);

@ yRxd2) <z®(y® 2);

G) zoy<zAhy<zVy<zoy;

(6) r<yifandonlyif z -y =1.

A subset D of an MV-algebra A is called a deductive
system of A if it satisfies the following axioms:

(dsl) 1 € D,

TABLE 1
THE OPERATION @ ON A
&0 a b 1
0|0 a b 1
a a a 1 1
b |b 1 b 1
1 1 1 1 1

ds2) zx € Dand z — y € D imply y € D, for any
x,y € A

Denote by DS(A) the set of all deductive systems of A.
If X C A, denote by

[(X) =N{D € DS(A)|X C D}.

Then one can prove that [X) is the smallest deductive system
of A containing X, and we call it the deductive system
generated by X.

Definition 2.3: [1] Let f : Ay — A5 be a mapping, where
(A1, ®1,%1,01) and (Ag, Do, x2,02) are two MV-algebras.
Then f called a homomorphism iff it satisfies the following
conditions:

(1) f(01) = 02,

@ flz@ry) = f(2) D2 f(y),

3) flaz™) = f(x)™,
for any x,y € A;.

Definition 2.4: [29] Let A be an MV-algebra. A map d :
A — A is called an additive derivation if it satisfies:

dz ®y) =d(z) Dy,

for any z,y € A.

III. 7-ADDITIVE DERIVATIONS ON MV-ALGEBRAS

In the section, we extend the notion of additive derivations
on MV-algebras to the notion of 7-additive derivations, and
investigate some characterizations of 7-additive derivations.
In the following, unless mentioned otherwise, A is an MV-
algebra.

Definition 3.1: Let 7 be an endomorphism on A. A map
d: A — A is called a 7-additive derivation on A if it
satisfies:

d(z ®y) =d(z) ®7(y)
for any x,y € A.
From the above definition, it is easy to see that

dz @ y) =d(x) ©7(y) = 7(x) d(y)

for any z,y € A. If 7 is the identity map on A, according
to Definition 2.4, we get that the 7-additive derivation d is
actually an ordinary additive derivation.

Example 3.2: Define a map d: A — A by

dz) ==z

for any x € A. If 7 is the identity map, then d is a 7-
additive derivation on A, which is called an identity 7-
additive derivation.

Example 3.3: Let A ={0,a,b,1}, where 0 < a < 1 and
0 < b < 1. Then it is easy to check that (A, ®,*,0) is an
MV-algebra, where the operation @& on A is defined in Table
I, and the operation * on A is defined in Table II.

We define two maps 7: A - Aand d : A — A as follows
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TABLE II
THE OPERATION * ON A

* |0 a b 1

1 b a O
O, xr = 0, b’ T = Oa
b T=a b Tr=a
— ) ) d — b b
(@) a, =0, () 1, =0,
1, z=1. 1, z=1.

By routine calculations, 7 is a homomorphism on A, and d
is a T-additive derivation on A.

Proposition 3.4: Let d be a 7T-additive derivation on A
Then the following properties hold: for any z,y € A,

(1) d(1) =1
(2) if z <y, then d(z) < d(y);
3) 7(z) < d(x);
@) d(z®y) < d(z) ®d(y);
5) d(z)edly) <dzoy).
Proof: (1) According to the definition of 7-additive
derivations, we have

(2) For any z,y € A, if < y, then there exists z € A
such that y = x @ z. It follows that

d(y) = d(z @ 2)
=d(z) ®7(2)
=d(z) ® ().

Therefore, we get that d(z)
Lemma 2.1.

(3) For any z,y € A, if x <y, then 7(x) < d(y) follows
the proof process of (2). Hence, we get 7(z) < d(x) due to
z <.

(4) According to (3), we have 7(y) < d(y) for any y € A.
And so d(z @ y) = d(z) ® 7(y) < d(z) ® d(y).

(5) Using (2) and (4), we obtain that

< d(y) and 7(z) < d(y) by

dzoy) @dy) >d(zey) ®y)
=d(zVy)

> d(x),

which means that d(z © y) & d(y) > d(z), and therefore
d(z) e d(y) < d(zoy). ]

Theorem 3.5: Let d : A — A be a map. Then the
following statements are equivalent:

(1) d is a T-additive derivation on A;
(2) d(z) =d(0) ® 7(z), for any x € A;
(3) d(z = y) =71(x) — d(y), for any z,y € A.
Proof: (1) = (2) Assume that d is a 7-additive
derivation on A, then d(z) = d(0 ® z) = d(0) & 7(x) for
any x € A.

(2) = (3) For any z,y € A,

|
\‘

(3) = (1) By hypothesis, we have
dlz®y)=dx" —y)

=7(z") = d(y)
=7(z)" = d(y)
=7(z) © d(y)
for any x,y € A. By the commutativity of &, we can get
d(x @ y) = d(z) & 7(y).
Hence, d is a T-additive derivation on A. [ |

Proposition 3.6: Let d be a T-additive derivation on A.
Then for any z,y € A,
(1) d(z Ay) = d(@) A d(y);
2) dz®y) = 7(z) @ d(y).
Proof: (1) Using Theorem 3.5 and Proposition 2.2 (3),
we get that

d(x Ay) =

for any x,y € A.
(2) For any z,y € A, we have

dz ®@y)=d(0) ®7(z®y)
=d(0) @ (7(z) ® 7(y))
> 7(z) @ (d(0) ® 7(y))

7(x) @ d(y)

by Theorem 3.5 and Proposition 2.2 (4). [ |

An MV-algebra A is a Boolean algebra if it satisfies the
additional equation z @z = z (or x @ x = x) for any z € A,
and denote by

BA)={zrc Az dz =1z}

the set of all idempotent elements of A.

Proposition 3.7: [1] Let A be an MV-algebra. Then fol-
lowing conditions are equivalent: for any x,y € A,

(i) z € B(A);

i) zdzr=ux;

(i) r ® ¢ = x;

iv)zhy=zxVuy;

Mzry=xAy.

Proposition 3.8: Let d be a T-additive derivation on A,
and d(0) € B(A). Then for any z,y € A,

(1) d(z) =d(z)V71(z);
2) d(z ®y) = d(x)  d(y);
3) d(zVy)=d(x)Vd(y);
4) dz®y) > d(x)®d(y).

Proof: (1) Since d(0) € B(A), then we have
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d(z) = d(0) @

by Proposition 3.7.
(2) For any z,y € A, we get

7(x) =d(z) V1 (x)

dz®y)=d0)®T(z DY)
= (d(0) ® d(0)) & (7(z) & 7(y))
= (d(0) & 7(x)) & (d(0) & 7(y))
=d(z) @ d(y).
(3) According to (1

) and Proposition 3.7, we obtain that
d(xVvy)=4d(0
(

dz®@y) =d0)®T(z R 1Y)

=(d(0)®d

|
Proposition 3.9: Let 7 : A — A be a homomorphism. For
a fixed element a € A, if a map d¥ : A — A is defined by
dP(x) =7(z) ®a
for any = € A, then d? is a T-additive derivation on A.
Proof: For any z,y € A,

di(z@y)=T(zr®y) Da
= (r(z) & 71(y) S a
= (1(z) ®a) B 7(y)
=df (z) ®7(y).

According to Definition 3.1, we get that d¥ is a T-additive
derivation on A. ]

Proposition 3.10: Let 7 : A — A be a homomorphism.
For a fixed element @ € A, if a map d,” : A — A is defined
by

d;(x) =a— 7(x)
for any = € A, then d’ is a 7-additive derivation on A.
Proof: For any x,y € A,

d(x = y)=a—1(x —y)
=a—= (1(x) = 7(y))
=7(x) = (a = 7(y))
=7(z) = d; (y)-
Using Theorem 3.5, we get that d,” is a 7-additive derivation
on A. ]

Theorem 3.11: Let the endomorphism 7 on A be an
identity map and d be a 7-additive derivation on A. If
= (d(zp) = a)- -

(£ X C A, then
):
,Tn € X and n € N}.

[X) ={a € Ald(z1) = (-
1 for some x1,---

Proof: For any D € DS(A), we have that d(D) C D.

In fact, suppose that y € d(D), that is, there exists © € D

such that y = d(z). Noticing that 7 is an identity map and d
is a 7-additive derivation on A, we get x = 7(x) < d(x) b
Proposition 3.4 (3). Andso v -y =2 — d(z) =1 € D,
hence y € D, so that d(D) C D. Denote

X" ={a€ Ald(x1) = (- — (d(z
, Ty € X,n € N}.
Obviously, 1 € X*. Assume a,b € A such that
a,a — b € X7*, then there exist m,n € N and

W) =) ) =1,

1-1’...

1,2, s Tm,Y1,Y2, "+ ,Yn € X such that
d(z1) = (- = (d(@m) = (@ = b)) =1
and
dy1) = (- = (d(yn) = a)---) = L.
Then we get inductively:
@ = (d@1) = (- = (d(m) = b))
=d(z1) = (- = (d(zm) = (a—= b))
=1

It follows that a < (d(z1) — (---
and we get inductively:

L=d(y) = (- = (d(yn) = a)--)
<d(y1) = (- = (d(yn) = (d(z1) = (- = (d(zm)
b)) ).
So that d(y1) = (-+- = (d(yn) — (d(z1) = (-~ (d(@m) —

b)-+-)))--+) = 1. Therefore, b € X*, that is, X* € DS(A).
Let X’ € DS(A) such that X C X', and let a € X*. Then
there exist n € N and x1, 22, -+ ,x, € X such that

d(z1) = (- — (d(z )=1.

From z; € X C X', X’ € DS(A) and d(X’') C X', we
have d(z;) € X', hence a € X'. It follows that X* C X',
thus X* is the smallest deductive system of A containing X.
We conclude that X* = [X). [ |

In general, an endomorphism 7 is a 7-additive derivation
on an MV-algebra, but a 7-additive derivation d maybe not
an endomorphism. In the following, we derive a set of con-
ditions for a 7-additive derivation d to be an endomorphism.

Proposition 3.12: Let d be a T-additive derivation on A.
Then

(1) d(0) =

2) d=m;

(3) d(x — y) = d(z) — 7(y) for any z,y € A.

Proof: (1) = (2) Suppose that d(0) = 0, then
d(z) =d(0® x)

=d(0) ® 7(x)
=0&7(z)
=7(z)

for any x € A, and so d = 7.

(2) = (3) It is obviously.

(3) = (1) Since 1 =d(1) = d(0 — 0) = d(0) — 7(0) =
d(0) — 0, then d(0) < 0. By Proposition 3.4 (3), we have

0= (0) < d(0),

hence d(0) = 0. [ |
Let f and g be two maps on A. We define f - g by
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(f - 9)(z)

for any x € A. If f = f?
idempotent map.
Proposition 3.13: Let d; and dy be two 7-additive deriva-
tions on A. If 7 is an idempotent homomorphism, then d; - ds
is also a T-additive derivation on A.
Proof: Noticing that d; and ds are T-additive derivations
on A, and 7 is an idempotent homomorphism, we get that

(di - do)(z @ y) = di(d2(x) & T(y))
= dy(dz(x)) & 73 (y)
= (d1 - d2)(z) ® 7(y)
for any =,y € A. Therefore d; - ds is a 7-additive derivation
on A. [ |

For a 7T-additive derivation d on A, we denote the fixed
set Ay(A) with respect to the endomorphism 7 by

Ag(A) = {z € Ald(z) = 7(z)}.

If 7 is the identity map and d is idempotent, then clearly
d(z) € Ayq(A) for any z € A.
Proposition 3.14: Let d be a 7-additive derivation on A.

= f(g(x))
= f - f, then f is called an

(1) If 7 is the identity map on A, then
Aq(A) C Ag2(A).
(2) If z € A and y € Ay(A), then
dz®y) =d(z) ® d(y).
(3) If x € Ag(A) and y € Ay(A), then
r@y € Ag(A) and z Ay € Ay(A).
Proof: (1) If 7 is the identity map on A, then we have
x = d(z) for any = € Ay(M). It follows that

d*(x) = d(d(z)) =d(z) ==
and so x € Ay2(A), therefore Ay(A) C Ag2(A).

(2) If x € Aand y € Ay(A), then d(y) = 7(y), and
therefore d(z @ y) = d(z) ® 7(y) = d(z) & d(y).
(3) If x € Ay(A) and y € Ay(A), then d(z) = 7(x) and
d(y) = 7(y). Using (2) we have
d(z ©y) = d(r) ®d(y)
=7(z) ®7(y)
=7z DY),
and so z @y € Ag(A).
From Proposition 3.6 (1), it follows that
d(z Ny) = d(z) Ad(y)
=7(x) AT(y)
=7(zAy),
hence z Ay € Ay(A). [ |

Theorem 3.15: Let d; and d; be two idempotent 7-
additive derivations on A such that d; - do = ds - d;, and
7 be the identity map on A. Then the following asserts are
equivalent:

(1) dy = do;

(2) di(A) = da(A);

(3) Ag, (A) = Ag,(A).

Proof: (1) = (2) Obviously.

(2) = (3) Assume that d;(A) = dz(A). For any = €

Ay, (A), we have

T = dl(l‘) S dl(A) = dQ(A)
Then there exists y € A such that = da(y). And

dy(z) = da(d2(y)) = da(y) = .
sox € Ag,(A), it follows that Ay, (A) C Ag, (A). Similarly,
we can prove Ay, (A) € Ay, (A). Thus Ay, (A) = Ay, (A).
(3) = (1) Suppose that Ay, (A) = Ag,(A). For any z €
A, since dy(z) € Ag, (A) = Ay, (A), we get that
dg(dl(l‘)) = dl(l’)
Similarly, dy(d2(x)) = da(z). Then
dy(x) = da(dy (7))
= (dz - d)(x)
= (dy - d2)()
= di(da(z))
= d2 (:13),
thus, d; = ds. | |
Theorem 3.16: Let d be a T-additive derivation on A such

that d(0) € B(A). Then (d(A), +,*, d(0)) is an MV-algebra,
where
d(z) +d(y) =d(z D y),
d(x)* = d(z”)

for any x,y € A.
Proof: According to Proposition 3.8, we obtain that

d(x) +d(y) = d(z © y) = d(z) © d(y)-

It is easy to check that d(A) satisfies the conditions (M V'1)-
(MV6), hence (d(A),+,*,d(0)) is an MV-algebra. |

IV. CONCLUSION

The notion of derivations is helpful for studying structures
in algebraic systems. In the paper, we have generalized the
notion of derivations to the notion of additive derivations
based on endomorphisms, and introduced the notion of 7-
additive derivations on MV-algebras. Some related properties
and characterizations of 7-additive derivations are discussed.
Some conditions for a 7-additive derivation d to be a
homomorphism are also obtained. The results we obtained
are complete and further generalize the known ones about
additive derivations for MV-algebras.
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