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Abstract—An omnidirectional mobile robot configuration is
a promising mobile robot technology in the future, since it
has holonomic properties, where the motion constraints is only
limited in the robot actuator space. In the two dimensional
task space, the omnidirectional robot is able to move in any
configuration. This omnidirectional motion ability is primarily
caused by the mechanism of the robot wheels. Two most
commonly used wheel technologies are omni and mecanum
wheels. Indeed, many literatures and studies are available
in developing the kinematic model, however the presented
kinematic models were developed based on the specific cases.
For control engineers, this may be the issue where the kinematic
development has to be formulated from scratch to meet their
own robot specification. Therefore, it is important to have a gen-
eral framework for developing the omnidirectional kinematic
model. This work presents a generic kinematic formulation to
model omnidirectional mobile robot using omni and mecanum
wheel types. The formulation can be used for any number of
robot wheel configuration. In this paper, three omnidirectional
robot platform configurations: three omni-wheels robot, four
mecanum-wheels robot and six omni-wheels robot have been
chosen for discussion to demonstrate the developed generic
kinematic formulation. Additionally, this work also proposes
two control schemes for controlling the robot motion: an
exponential decreased error tracking algorithm (so called as
the model based control scheme) and a Proportional-Integral
(P-I) control scheme. The state space formulation has also been
exposed to validate the controllability of the kinematic control
system. The performances of both control schemes have been
simulated and analysed for two cases of robot tracking appli-
cation: a static and a moving target. The performances have
been measured in terms of robot posture in two dimensional
space, robot control signals and the error signals trajectories.
The controller gains have been manually chosen by trial and
error. The simulation results have demonstrated satisfactory
performances of the developed generic kinematic formulation
and control schemes. The derived control schemes guarantees
an exponential decrease of the error.
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I. INTRODUCTION

MOBILE robotics has received more attention in sci-
entific research, due their broad application in many

fields. Aplication ranges from education [1], healthcare [2],
industries [3], military [4], and space exploration [5]. The
robot motion mechanism and its motion constraints are
subject to holonomic (omnidirectional) and nonholonomic
systems studies [6]. Omnidirectional do not have constraint
in the robot velocity domain while nonholonomic constraints
impede certain robot velocities, or in another word the robot
velocity can only be directed in the direction of the wheel
rotation. For instance, a differential drive robot [7], [8], [9],
tricycle robot [10] or a car-like robot [11] cannot be moved
sideways. Therefore, omnidirectional robot mechanism is a
promising mobile robot technology in the future due to its
motion agility in task space and its simplicity to control the
robot motion. Recently, in [12], a multiple terrains robot
utilising omni wheel platform has been proposed. The motion
agility of the omnidirectional mobile robot system can be
very useful to any grid-based (discrete) path planning where
sideways and diagonal motions are required for the robot to
travel from one grid to another [13].

Most common techniques to design an omnidirectional
robot is to utilise omnidirectional wheel or mecanum wheel
which is also known as the Swedish wheel [14], [15], which
have been patented in [16], [17]. A variety of omnidirection-
ality has been used in [18]. The fundamental work which has
to be done at first before the robot controller can be designed
is the robot kinematic formulation [19]. Many literatures can
be studied to know the state-of-art of omnidirectional robot
navigation and motion control. In [20], the kinematics and
dynamics of four omni-wheels robot have been discussed,
where the fuzzy control algorithm was proposed to control
the robot motion. Using the same idea of utilising fuzzy
algorithm, fuzzy controllers for an omnidirectional mobile
robot have been presented in [21] and [22]. Another omni-
directional kinematics control laws have been proposed and
demonstrated where optimal control and PID were used [23],
[24], [25], [26], [27]. Despite, rich literature studies of the
modelling and control of omnidirectional robots from the
research cited, an explicit generic omnidirectional kinematic
formulation has not been presented according to the best of
authors knowledge.

The main objective of our presentation and contribution is
to develop a generic inverse kinematic control algorithm for
omnidirectional mobile robots where most used wheel types
including omni and mecanum are considered. The intention
of creating the proposed inverse kinematic control algorithm
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Fig. 1: Steps of a planar body motion: translation and rotation

is to further improve the reference study in the field of
omnidirectional robot control. A simple, yet, computationally
effective, an exponential decreased error control scheme
which later is called a model based approach is proposed.
Furthermore, a proportional-integral control scheme is dis-
cussed and compared.

The rest discussion of this work is organised as follows:
Section II presents the fundamental theory of a rigid body
motion, followed by the development of the generic inverse
kinematic omnidirectional robot model in Section III in
detail. The model based and the P-I control scheme formu-
lations are described in Section IV Simulation results and
analysis of robot control performances for both cases: static
and moving targets are discussed in Section V. Concluding
remarks and future work are addressed in Section VI.

II. RIGID BODY MOTION

The development of the robot kinematics is derived from
the concept of a rigid body motion in which its geometric
aspect is focussed. Describing a rigid body motion is more
complicated than a particle motion since it involves not only
translation but also rotation motion. A planar body motion
within a time interval between t and t + ∆t, and vectors
describing its motion are illustrated in Figure 1(a). The planar
motion means that during the motion, any particle in the rigid
body is limited in a plane which always parallel to each other
and equidistant to a fixed plane. The path of any particle in a
rigid body during translation motion can be a straight line or
a curve, where the first is also called rectilinear translation,
and the latter is known as a curvilinear translation. However,
in both translations, the path of any given points in rigid body
are identical. Let’s analyse two arbitrary points in a rigid
body, point A and point B. Selecting a point A as a reference
point, where the virtual frame is reference is located, the
location of point B relative to point A is described as rB/A
as shown in Figure 1(b). In any motion, rB/A remains the
same. At any given time of motion during translation, vector
drA and vector drB represent the displacement of point A
and point B, where in this step of motion, drA = drB . In
the second step of motion, a rigid body rotates about a fixed
axis of rotation, z axis of reference frame at point A, with

angular velocity ω. In this step, point B is displaced at a
new location where the new displacement vector is expressed
as drB , and the displacement vector of point B before the
rotation is expressed as drA, as depicted in Figure 1(c).
Vector drB/A describes the change of relative position of
point B with respect to point A. Thus, the vectors relation
can be expressed as

drB = drA + drB/A (1)

By taking the time derivative of Eq.(1), we have

drB
dt

=
drA
dt

+
drB/A
dt

(2)

vB = vA + vB/A (3)

where Eq.(3) describes the equation of the linear velocity of
any point in rigid body undergoing general plane motion. vA
and vB denote the absolute velocity of point A and point B,
respectively. vB/A expresses the relative velocity of point B
with respect to point A, where it can be seen as the result
of cross product between the angular velocity ω and the
displacement vector rB/A.

vB = vA + ω × rB/A (4)

The same body motion process can be exercised by taking
point B as the location of the frame of reference to obtain
the linear velocity relation in Eq.(5)

vA = vB + ω × rA/B (5)

III. THE KINEMATICS DEVELOPMENT

To begin this section, it is necessary to introduce in
advance, the notations or symbols which are used in the
kinematics development process as follows

r = (x, y, z)T denotes the position vector in x, y, z axes
θ = (θx, θy, θz)

T denotes the angular position vector
x = (r,θ)T denotes the posture vector
v = (vx, vy, vz)

T denotes the translational velocity vector
ω = (ωx, ωy, ωz)

T denotes the rotational velocity vector
ξ = (v,ω)T denotes the velocity vector
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Figure 2 depicts robot general body motion. The geometric
centre of robot body is selected as the reference frame of
any point in the robot body denoted as frame {B}. The body
frame of the i-th wheel is denoted as Wi where its origin
(xi, yi) is expressed in the robot body frame. As discussed
earlier in Section II about general motion of rigid body, it
can be explicitly processed that the absolute velocity of the
i-th wheel with respect to the robot body frame vW/B =
(ẋW/B , ẏW/B , żW/B)T can be expressed as

vW/B = vB/B + ω × rW/B (6)

where vB/B = (ẋB/B , ẏB/B , żB/B)T represents the abso-
lute velocity of the robot body reference frame, and the cross
product is computed using formal determinant as follows

ω × rW/B =

∣∣∣∣∣∣
ı̂ ̂ k̂
ωx ωy ωz
xi yi zi

∣∣∣∣∣∣ (7)

and in this case, the only angular velocity of the robot body
is measured about z axis, therefore ω = (0, 0, ωz)

T. It is
assumed that either the robot body and the robot wheels do
not move in the z axis direction. Without loss of generality,
in this step of the kinematics development, moving out the
z axis component from the equation, we have(

ẋW/B
ẏW/B

)
=

(
ẋB/B
ẏB/B

)
+

(
−yiωz
xiωz

)
(8)

Now, let’s see the motion of the robot in more general by
placing the world frame of reference {S} in any arbitrary
location in the robot working space (see Figure 3). The
absolute robot body velocity ξB/B can be represented in the
world frame {S} using transformation matrix HB/S which

is computed as

ξB/S = HB/SξB/B (9)

=

(
RB/S 0

0T 1

)(
vB/B
ωz

)
(10)

=

cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1

ẋB/BẏB/B
ωz


︸ ︷︷ ︸

spatial twist velocity

(11)

where RB/S is two dimensional rotation matrix, θ is the
angular position of the robot body frame {B} with respect
to the world frame {S} and ωz is the angular velocity about
z axis. Note that any vector sitting on the plane of the robot
body experiences the same angular velocity which is also the
same as the angular velocity of the robot body frame with
respect to the world frame θ̇. In many robotics literature,
ξB/S is also called the spatial twist velocity. The idea of
developing the robot kinematics control algorithm is to have
the inverse kinematics, which represent the mapping between
the spatial twist velocity and the control signals which will
be given to actuate each motor to drive the wheel. Therefore,
the final representation of the kinematics should be expressed
in the body frame of each wheel. Thus Eq.(11) should be
rearranged to get its inverse, which is derived as follows

ξB/B = H−1B/SξB/S (12)

=

(
R−1B/S 0

0T 1

)(
vB/S

θ̇

)
(13)

=

 cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1

ẋẏ
θ̇


︸ ︷︷ ︸

body twist velocity

(14)

Eq.(14) is also known as body twist velocity formula, or
the absolute velocity as discussed in the previous section.
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Indeed, the R−1B/SvB/S denotes the absolute velocity of the
robot body vB/B . Let’s substitute it into Eq.(8), thus we have

vW/B = R−1B/SvB/S + ω × rW/B (15)

=

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)(
ẋ
ẏ

)
+

(
−yiωz
xiωz

)
(16)

Working on Eq.(16) to express with full spatial velocity
parameters, it can be a new expression of vW/B as

vW/B =

(
1 0 −yi
0 1 xi

) cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1

ẋẏ
θ̇

 (17)

Taking the same idea of Eq.(14), the absolute velocity of the
wheel body or the wheel body twist velocity can be computed
as

vW/W =

(
cos(αi) sin(αi)
− sin(αi) cos(αi)

)
vW/B (18)

In the last expression, the spatial twist velocity vector
(ẋ, ẏ, θ̇)T has now been propagated to have the velocity
vector of the wheel body frame vW/W where the velocity
vector elements are denoted as (vx, vy)T. Next step of
the kinematic control algorithm development is to find the
mapping function between the wheel velocity vW/W and
the angular velocity control command ui of the i-th wheel.
To further the control algorithm development process, the
kinematics of the common types of robot wheel for omni-
directional motion: mecanum-wheel and omni-wheel, should
be known. Figure 4 illustrates the kinematic structure and the
wheel velocity vector. Both omnidirectional wheel types have
similar element of the component structure, rollers, which
make the wheel able to freely slide in any direction. The
difference of those rollers on mecanum-wheel and omni-
wheel is the direction of the free sliding vector which
characterised by angle βi measured from the y axis of the
wheel body frame as depicted in Figure 4(a) and Figure 4(b).
Indeed, the wheel driving direction is parallel with the x axis
of the wheel body frame which is denoted as vd. Composing
the driving velocity from the element of the wheel body twist
velocity, we have

vd = vx + vy tan(βi) (19)

=
(
1 tan(βi)

)(vx
vy

)
(20)

Denoting the translational driving velocity vd as the product
of the angular velocity of the wheel ui and the radius of
wheel circumference r (Note that every wheel radius is
assumed to be identical), thus we have

ui =
vd
r

(21)

ui =

(
1

r

tan(βi)

r

)(
vx
vy

)
(22)

=

(
1

r

tan(βi)

r

)
vW/W (23)

Substituting Eq.(18) into Eq.(23), we finally obtain the robot
spatial velocity, Eq.(24), and the i-th wheel angular velocity
control command mapping function gi(θ), Eq.(25). For the
case of n wheels robot, the robot inverse Jacobian matrix

x

y

{W}

vW/W = (vx , vy)
Tβi

vxvy tanβi

sliding

driving

vd

(a) Mecanum-wheel

x

y

{W}

sliding

driving

vW/W = (vx , vy)
T

vx

βi = 0

(b) Omni-wheel

Fig. 4: The driving velocity vector of mecanum and omni
wheels

denoted as G(θ) ∈ Rn×3 can be compossed by stacking all
gi(θ) in the rows direction,

G(θ) =


g1(θ)
g2(θ)

...
gn(θ)

 (26)

Therefore, the vector of the robot control signals u =
(u1, u2, · · · , un)T is computed as

u = G(θ)ξB/S (27)

Eq.(27) is known as the inverse velocity robot kinematics.
For simulation purpose and kinematic model analysis using
state-space model, the robot forward velocity kinematic
computation is required which simply computed as

ξB/S = G†(θ)u (28)

where G† = GT
(
GGT

)−1
is the pseudo-inverse of G(θ).

Now we can verify the controllability of the velocity kine-
matic model in Eq.(28). Let’s recall the general form of the
state-space model, expressed as follows

ẋ = Ax+Bu (29)

where x is the robot state vector which, in this case, x =
(x, y, θ)T represents the robot posture state in the task space.
Therefore, it is trivial from Eq.(28), we can deduce that
A ∈ Rm×m = 0 and B = G†. The state model in Eq.(29)
is known to be controllable if rank(C) = dim(x) = m is
satisfied:

rank (C) = rank
(
B AB A2BAn−1B

)
= n (30)
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ui =

(
1

r

tan(βi)

r

)(
cos(αi) sin(αi)
− sin(αi) cos(αi)

)(
1 0 −yi
0 1 xi

) cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1


︸ ︷︷ ︸

gi(θ)

ẋẏ
θ̇

 (24)

gi(θ) =
1

r


− sin (αi + θ) tan (βi) + cos (αi + θ)

sin (αi + θ) + cos (αi + θ) tan (βi)

xi (sin (αi) + cos (αi) tan (βi)) + yi (sin (αi) tan (βi)− cos (αi))


T

(25)
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Fig. 5: Feedback control diagrams

Subsituting Eq.(27) into Eq.(29), it is trivial that rank(C) = n
sinceB is the identity matrix I which rank(I) = n. Therefore
it implies that there exists such controller law to stabilise the
robot at the origin.

IV. CONTROL LAW ALGORITHM

The problem for developing the control law is to find a
state feedback control algorithm that can achieve error, e,
tracking such that lim

t→∞
e = 0 and the control law vector u

is bounded for 0 ≤ t <∞. Let’s define the error function as
follows

e(t) = x(t)− x∗(t) (31)

and design the control law which can reduce the error
exponentially, thus the exponential decreased error can be
expressed as follows

de(t)

dt
= −λe(t) (32)

where λ is a positive constant which expresses the rate
of exponentially decreased error. Taking the derivative of
Eq.(31) with respect to time t, we get

de(t)

dt
=

dx(t)

dt
− dx∗(t)

dt
(33)

and substituting Eq.(31) and Eq.(32) into Eq.(33), we have

dx(t)

dt
= −de(t)

dt
+

dx∗(t)
dt

(34)

ẋ = λ(x∗(t)− x(t)) + ẋ∗(t) (35)

It is known from previous discussion that ẋ is another
representation of robot spatial velocity ξB/S . Therefore, we
finally obtain an exponential decresed error control law for
omnidirectional robot by substituting Eq.(35) into Eq.(27),
computed as

u = G(θ) (λ(x∗(t)− x(t)) + ẋ∗(t)) (36)

In this work, a P-I (proportional-integral) controller scheme
is compared. The P-I controller is described as follows:

ẋ(t) = ẋ∗(t) + kp(x
∗(t)− x(t)) +

ki

τ∫
0

(x(τ)∗ − x(τ))dτ (37)

where kp and ki are the proportional and the derivative
controller gains. Note that kp and ki are positive constants.
τ is the integration time limit or integration cycle limit
in digital controller. Therefore, the control signal using PI
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Fig. 6: Omnidirectional robot kinematics structures

control law is computed as:

u = G(θ)(ẋ∗(t) + kp(x
∗(t)− x(t)) +

ki

τ∫
0

(x(τ)∗ − x(τ))dτ) (38)

Both, the exponential decreased error and the PI control
schemes can be illustrated in state feedback control diagram
as depicted in Figure 5. In real-time application, the function
of the internal robot controller is to stabilise the motors of
robot wheels at the desired angular velocity which is given
by the computation of the control law. In simulation, such
ideal motor model is assumed, the internal robot controller is
simply the implementation of the forward velocity kinematics
as described in Eq.(28).

V. SIMULATION RESULTS AND DISCUSSION

In this work, simulation programs were written using
Python programming language. The kinematics modelling
and control system performance are provided. Case studies
using three different robot kinematic configurations are dis-
cussed. The first two robot kinematic configurations are the
most commonly used in robotic applications and research:
three omni-wheels and four mecanum-wheels robots. The last
case is to study a unique turtle-like mobile robot kinematic
configuration where 6 omni-wheels are used. The 6 omni-
wheels robot configuration is a complex kinematic structure,
therefore, it is important to the reader to a better understand-
ing to formulate the kinematic control algorithm using the
proposed generic kinematic formulation method. The robot
kinematic configurations in this discussion are depicted in
Figure 6.

Table I and Table II show the kinematic parameters of
three omni-wheels, four mecanum-wheels and six omni-
wheels robots, respectively

TABLE I: Specification of 3 omni-wheels and 4 mecanum-
wheels robot

Wheels Number Three omni wheels Four mecanum wheels
αi βi αi βi

W1 150o 0o 0o −45o

W2 −90o 0o 0o 45o

W3 30o 0o 0o −45o

W4 - - 0o 45o

TABLE II: specification of 6 omni-wheels robot

Wheels Number Six omni wheels
αi βi

W1 90o 0o

W2 180o 0o

W3 −135o 0o

W4 −90o 0o

W5 −45o 0o

W6 0o 0o

By referring Figure 6, the position each wheel
frame (xi, yi) with respect to the robot body frame
{B} can be obtained. The positions of each wheel
frame on three omni-wheels robot are (x1, y1) =(
l cos

(π
3

)
, l sin

(π
3

))
, (x2, y2) = (l cos (π) , l sin (π)),

and (x3, y3) =
(
l cos

(
−π

3

)
, l sin

(
−π

3

))
where l is a

shared distance between the robot frame and the wheel frame.
The rest of the kinematics parameters can be used (see
Table I) to obtain the inverse robot Jacobian described in
Eq.25 which resulted as

G(θ) =
1

r


cos

(
θ +

2π

3

)
sin

(
θ +

2π

3

)
l

cos
(
θ − π

2

)
sin
(
θ − π

2

)
l

cos
(
θ +

π

6

)
sin
(
θ +

π

6

)
l

 (39)

For a four mecanum-wheels robot, the positions of each
wheel frame is more trivial to obtain, which are (x1, y1) =
(l1, l2), (x2, y2) = (−l1, l2), (x3, y3) = (−l1,−l2), and
(x4, y4) = (l1,−l2). Using the same procedure, the inverse
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Fig. 7: Static target tracking control performance for three omni-wheels robot

robot Jacobian for four mecanum-wheels robot can be veri-
fied as

G(θ) =
1

r


cos(θ) + sin(θ) sin(θ)− cos(θ) −l1 − l2
cos(θ)− sin(θ) sin(θ) + cos(θ) −l1 − l2
cos(θ) + sin(θ) sin(θ)− cos(θ) l1 + l2

cos(θ)− sin(θ) sin(θ) + cos(θ) l1 + l2

 (40)

For a Six Omniwheels, the position each wheel frame
(xi, yi) with respect to the robot body frame {B} can be
obtained. The positions of each wheel frame on six wheeled

robot are

(x1, y1) = (l cos(0o), l sin(0o)) (41)

(x2, y2) = (l cos(
π

2
), l sin(

π

2
)) (42)

(x3, y3) = (l cos(
3π

4
), l sin(

3π

4
)) (43)

(x4, y4) = (l cos(π), l sin(π)) (44)

(x5, y5) = (l cos(−3π

4
), l sin(−3π

4
)) (45)

(x6, y6) = (l cos(−π
2

), l sin(−π
2

)) (46)
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Fig. 8: Static target tracking control performance for four mecanum-wheels robot
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Fig. 9: Static target tracking control performance for six omni-wheels robot
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Fig. 10: Three omni-wheels robot control performance results for tracking a moving target

The inverse robot Jacobian for six omni-wheels robot can be
formulated as

G(θ) =
1

r



cos
(
θ +

π

2

)
sin
(
θ +

π

2

)
l

cos (θ + π) sin (θ + π) l

cos

(
θ − 3π

4

)
sin

(
θ − 3π

4

)
l

cos
(
θ − π

2

)
sin
(
θ − π

2

)
l

cos
(
θ − π

4

)
sin
(
θ − π

4

)
l

cos (θ) sin (θ) l


(47)
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Fig. 11: Four mecanum-wheels robot control performance results for tracking a moving target
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Fig. 12: Six omni-wheels robot control performance results for tracking a moving target
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The controller performances which were analysed in-
cludes: trajectories for position tracking, control signals, and
error signals. Simple exponential decreased error and P-
I control schemes have been used in simulation to verify
the control performances for posture tracking of a static
target and a moving target. Different starting robot and
target postures configuration have been considered for each
simulation of the three cases of kinematic configuration to
enrich the understanding of the systems.

A. Control Performance for A Static Target

The simulation time was configured as 0 ≤< t < 12s,
with sampling time of ∆t = 0.01s. The kinematic structure
parameters of the omni-wheeled robot and the mecanum-
wheeled robot were (l = 0.5m) and (l1 = 0.25m, l2 =
0.1m), respectively. Figure 7 depicts the comparison of
the control performance between the model based control
scheme (Scheme 1) and the P-I control scheme (Scheme 2)
for tracking a static target application. The controller gains
were set as (α = 0.8) and (kp = 0.8, ki = 0.4) for the model
based controller and the P-I controller, respectively. The con-
troller gains were obtained by trial-error to get good results to
be presented. Computation to find the controller gains based
on the expected controller output performances is not part of
this current work. In this simulation, the initial robot and the
target postures were defined as x0 = (0.2m, 0.2m,−90o)T

and x∗ = (7.5m, 8.m, 170o)T, respectively. Figure 7(a), 7(b)
and 7(c) shows the robot posture trajectory x(t), the wheel
motor control signals u(t) and the error signals e(t), respec-
tively, for the case of the model based controller. Figure 7(d),
7(e) and 7(f) are for the case of P-I controller. It can be
seen from the robot posture trajectories that the holonomic
or omnidirectionality of robot movements are obvious, where
translational and rotational motions were executed in the
same instant of time, to contrast with the nonholonomic
robots such as: differential drive and car-like robots, where
the translation and rotation motion, in general, have to be
executed separately due to nonholonomic motion constraints
[6]. The error signals u(t) reduces exponentially in both
control schemes as shown in Figure 7(c) and Figure 7(f).
It can be observed that the P-I controller converged faster at
t = 6s than the model based controller which converged at
t = 12s. It can be observed that the P-I controller results
faster tracking than the model based controller.

The same simulation control performance measurements
have been observed for the case of the four mecanum-wheels
robot as illustrated in Figure 8. The initial and the target robot
postures were configured as x0 = (0.2m, 0.2m,−30o)T and
x0 = (−5.0m,−8.0m, 90o)T, respectively. Other than the
robot and the target postures, the same simulation parameters
used in the omni wheels were configured. The comparison
of the robot posture trajectories between the model based
and the P-I controllers can be seen in Figure 8(a) and
Figure 8(d). Again, the omnidirectionality motions have been
demontrated by the four mecanum wheels robot. At the
same instant as the robot translates, the control signals (see
Figure 8(b) and Figure 8(e)) correct the robot orientation
in the positive direction of rotation (counter clock wise
direction). The exponential decreased errors trajectories can
be achieved as shown in Figure 8(c) and Figure 8(f).

Figure 9 depicts the control performance of the robot
positioning task for the case of six omni-wheels robot. The
initial state of x0 = (0m, 0m,−0o)T and the target state
of x∗ = (5.0m, 3.0m, 135.0o)T were used to validate the
performance of model based and the P-I control schemes.
The state error of both schemes decreased exponentially and
the angular velocities of the six omni-wheels converged to
zero.

B. Control Performance for A Moving Target

For a moving target robot tracking application, the velocity
vector ẋ∗(t) should be known. In simulation, the desired
posture of a moving target trajectory vector (x∗(t), y∗(t)) is
defined in time interval t ∈ [0, T ]. A smooth target posture
can be defined by setting the orientation in the tangent
direction of a moving target velocity, thus

θ∗(t) = arctan2(ẏ∗(t), ẋ∗(t)) (48)

The arctan2 is the four-quadrant inverse tangent function.
The desired angular velocity θ̇∗(t) can be obtained by taking
the first derivative of Eq.(48) which derived as follows

θ̇∗(t) =
∂θ∗

∂ẋ∗
dẋ∗

dt
+
∂θ∗

∂ẏ∗
dẏ∗

dt
(49)

=
ẋ∗ÿ∗ − ẏ∗ẍ∗
ẋ∗ + ẏ∗

(50)

Therefore, in the next discussion of robot control simula-
tions, the desired moving trajectory ẋ∗ = (ẋ∗, ẏ∗, θ̇∗) is
defined by selecting the desired position function at first,
and followed by generating the desired angular velocity
vector Eq.(50) within time interval t ∈ [0, T ]. Many other
techniques to generate the desired robot path can be found
in many literatures within the topic of robot path planning.
A significant contribution of robot planning algorithms is
written in [28]. Recently in interesting idea of robot path
planning algorithm for chasing a moving target is proposed in
[29]. Indeed, in real-time application such as ”predator-prey”
robot applications, the solution is not trivial. Robot sensors
for observing a target or multiple targets are required, for
instance: cameras and laser sensors. A complex computation
for extracting target features from robot environments are
required. In this work, such aforementioned real-time robot
application is not in the scope of discussion, a moving
target trajectories are generated numerically, instead. The
moving target position trajectories for three robot kinematic
configurations were defined as:

x∗(t) =


2 cos(2πt) Three omni-wheels
1.2 + 0.7 sin(2πt) Four mecanum-wheels
t Six omni-wheels

(51)

y∗(t) =


2 sin(2πt) Three omni-wheels
0.9 + 0.7 sin(4πt) Four mecanum-wheels
4 sin(2πt) 6 omni-wheels

(52)
Taking the first derivative, one can obtain

ẋ∗(t) =


−4π sin(2πt) Three omni-wheels
1.4π cos(2πt) Four mecanum-wheels
1 Six omni-wheeled

(53)
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ẏ∗(t) =


4π cos(2πt) Three omni-wheels
2.8 cos(4πt) Four mecanum-wheels
8π sin(2πt) Six omni-wheels

(54)

and taking second derivative, we have

ẍ∗(t) =


8π cos(2πt) Three omni-wheels
−2.8π sin(2πt) Four mecanum-wheels
0 Six omni-wheels

(55)

ÿ∗(t) =


−8π sin(2πt) Three omni-wheeled
−4.6 sin(4πt) Four mecanum-wheels
−16π sin(2πt) Six omni-wheels

(56)

and finally the desired angular velocity θ̇∗(t) for each robot
types can be computed by substituting Eq.(53) - Eq.(56)
into Eq.(50). Therefore ẋ∗(t) = (ẋ∗(t), ẏ∗(t), θ̇∗(t))T can be
defined. Figure 10 and Figure 11 depicts the observed control
performances of omni-wheeled robot and mecanum-wheeled
robot, respectively. In Figure 10(a) and Figure 10(d), the
observed omni-wheeled robot posture trajectories in the two
dimensional space between the model based and the P-I con-
trol laws can be compared. A smooth circular posture mov-
ing target tracking was achieved by both control schemes.
From initial robot posture of x0 = (0.2m, 0.2m,−30o)T,
the controller signals (see Figure 10(b) and Figure 10(e))
successfully moved the robot to approach the moving target
with small errors (see Figure 10(c) and Figure 10(f)) at
t = 10s. Indeed, the control signal vector u(t) and the error
signal vector u(t) during time period of 0 ≤ t < 60s never
converged to zero, since the target always move in that time
period.

In contrast, the desired moving target posture trajectory
for the mecanum wheeled robot was made to be more
challenging where the trajectory was not a simple circle, but
curved like the shape of ”8”, as seen in Figure 11(a) and
Figure 11(d). Observing the tracking of the robot orientation
of both schemes, the model based and the P-I controllers,
there are big sudden control signals at every corner of
the curve (see also Figure 11(b) and Figure 11(e)). This
phenomenon occurs due to big error between the current
robot orientation and the target orientation at every corner of
the curve as depicted in Figure 11(c) and Figure 11(f).

Figure 12 shows the performance of the six omni-wheels
robot. The moving target trajectory was made to be a
sinusoid-like. By comparing robot posture trajectory and
target posture trajectory, it can be verified that both kinematic
control schemes: model based and P-I, have demonstrated the
successful tracking performance.

VI. CONCLUSION AND FUTURE WORKS

A general inverse velocity kinematics framework for om-
nidirectional mobile robot has been presented. The general
inverse velocity kinematics framework can be used as the
basis for control law formulations. From the derived inverse
velocity framework, the forward velocity kinematics formu-
lation was obtained, thus the representation of the state-space
model could be modelled. Furthermore, the controllability
of the model has been verified by observing the rank of
the input matrix of the state-space model. Instances of the
control schemes have been proposed and verified, for two

most common cases of wheel types: omnidirectional and
mecanum wheels. From the simulation results, it can be
concluded that both control schemes: the model based and
the P-I, have demonstrated satisfactory performances either
for a static and a moving target robot tracking application.
It performed an exponential decreased error, where it was
clearly seen in the simulation for a static target tracking.
The controller gains λ, kp and ki were configured by trial
and error during simulation attempts for good presentations.
It should be noted, that the controller gains used may not be
the best or the most optimal configuration. The algorithm
to find the optimal control gains remained in our future
work, where control law (eg. Linear Quadratic Regulator,
Linear Quadratic Gaussian) from optimal control theory can
be considered. The ”spiking” control commands as presented
in the moving target case may be reduced using decoupled
control for translation and orientation, which also remained
in our future work.
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