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Abstract—In this paper, we consider the discretely observed
hyperbolic diffusion model with two types of small noises. The
least square method is utilized to derive the drift parameter
estimator. The consistency and asymptotic distribution of the
estimator are obtained under condition of two types of small
noises. Finally, some numerical calculus examples are given.

Index Terms—Hyperbolic diffusion; small noises; drift pa-
rameter estimation; consistency; asymptotic distribution.

I. INTRODUCTION

Research on stochastic differential equations has a long
tradition( [2], [3], [8], [12], [19], [21]). However, parameters
in stochastic differential equations are always unknown. This
seems to be a common problem in stochastic model. In
the past several decades, some authors studied parameter
estimation for financial models. For example, Tunaru and
Zheng( [17]) utilized Bayesian method to discuss parameter
estimation risk in financial modelling. Wei et al.( [18])
applied maximum likelihood method to study the parameter
estimation for Cox-Ingersoll-Ross model. Yang et al.( [22])
used α-path method to estimate the unknown parameter of
uncertain differential equation from discretely sampled data.
But, some financial processes show discontinuous sample
paths and heavy tailed properties. These features cannot be
captured by Brownian motion( [5], [6], [9], [16]). Hence,
the financial process has been described by Lévy process.
In the last few years, some authors investigated parameter
estimation for stochastic models driven by Lévy noises( [1],
[4], [11], [14]). For example, Long( [10]) studied parameter
estimation for a class of stochastic differential equations driv-
en by small stable noises from discrete observations. Shen
et al.( [15]) analyzed parameter estimation for the discretely
observed Vasicek model with small fractional Lévy noise.
Wei( [20]) used least squares method to obtain estimators
of stochastic Lotka-Volterra model driven by small α-stable
noises, discussed the consistency and asymptotic distribution
of estimators. Zhao and Zhang( [23]) investigated minimum
distance estimate for stochastic nonlinear differential equa-
tions with small α-stable noises.

As we all know, parameter estimation for hyperbolic
diffusion has been studied by some authors. For example,
Protassov( [13]) proposed a simple EM-based maximum
likelihood estimation procedure to estimate parameters of
the distribution when the subclass is known regardless of
the dimensionality. Kuang and Xie( [7]) investigated the
properties of a sequential maximum likelihood estimator of
the unknown parameter for the hyperbolic diffusion process.
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However, there are few literature about the parameter esti-
mation for hyperbolic diffusion driven by Lévy noises. In
this paper, we investigate the parameter estimation problem
for hyperbolic diffusion driven by two types of small Lévy
noises from discrete observations. The contrast function is
introduced to obtain the least squares estimator. The consis-
tency and asymptotic distribution of the estimator are derived
under the condition of two types of small Lévy noises by
using Cauchy-Schwarz inequality, Gronwall’s inequality, B-
D-G inequality and dominated convergence.

This paper is organized as follows. In Section 2, parameter
estimation for the hyperbolic diffusion driven by small Lévy
noises is studied. In Section 3, parameter estimation for
the hyperbolic diffusion driven by small α-stable noises is
discussed. In Section 4, some simulation results are given.
The conclusion is given in Section 5.

II. PARAMETER ESTIMATION FOR THE HYPERBOLIC
DIFFUSION DRIVEN BY LÉVY NOISES

We consider the following hyperbolic diffusion model: dXt =α
Xt√

1 +X2
t

dt+ εσdLt, t ∈ [0, 1], ε ∈ (0, 1]

X0 =x0,

(1)

where α is unknown, (Lt, t ≥ 0) is a Lévy noise with
decomposition as follows:

Lt = Wt +

∫ t

0

∫
|z|>1

zN(ds, dz) +

∫ t

0

∫
|z|≤1

zÑ(ds, dz),

(2)
where (Wt, t ≥ 0) is a Brownian motion, N(ds, dz) is a
Poisson random measure independent of (Wt, t ≥ 0) with
characteristic measure dtν(dz), Ñ(ds, dz) = N(ds, dz) −
ν(dz) is a martingale measure. It is assumed that ν(dz) is a
Lévy measure on R\{0} satisfying

∫
(|z|2 ∧ 1)ν(dz) <∞.

We give the following contrast function:

ρn,ε(α) =
n∑
i=1

|Xti −Xti−1
− α Xti−1√

1+X2
ti−1

∆ti−1|2

ε2σ2∆ti−1
, (3)

where ∆ti−1 = ti − ti−1 = 1
n .

We have

α̂n,ε =

∑n
i=1

(Xti−Xti−1
)Xti−1√

1+X2
ti−1

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

. (4)

By the Euler-Maruyama scheme for (1), we obtain

Xti−Xti−1 = α0
Xti−1√

1 +X2
ti−1

∆ti−1+εσ(Lti−Lti−1). (5)
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Then,
n∑
i=1

(Xti −Xti−1
)Xti−1√

1 +X2
ti−1

= α0
1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

+εσ
n∑
i=1

Xti−1√
1 +X2

ti−1

(Lti − Lti−1). (6)

Substituting (6) into (4), we have

α̂n,ε − α0 =

εσ
∑n
i=1

Xti−1√
1+X2

ti−1

(Lti − Lti−1
)

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

. (7)

Consider the following ordinary differential equation:

dX0
t = α

X0
t√

1 + (X0
t )2

dt, X0
0 = x0 > 0.

Let Hn,ε
t = X[nt]/n where [nt] denotes the integer part of

nt.
Lemma 1: When ε → 0 and n → ∞, the sequence

{Hn,ε
t } converges to {X0

t } uniformly in probability.
Proof: Since

Xt −X0
t = α0

∫ t

0

(
Xs√

1 +X2
s

− X0
s√

1 + (X0
s )2

)ds+ εσLt,

we obtain

|Xt −X0
t |2

≤ 2α2
0|
∫ t

0

(
Xs√

1 +X2
s

− X0
s√

1 + (X0
s )2

)ds|2 + 2ε2σ2L2
t

≤ 2tα2
0

∫ t

0

| Xs√
1 +X2

s

− X0
s√

1 + (X0
s )2

ds|2 + 2ε2σ2L2
t

≤ 8tα2
0

∫ t

0

|Xs −X0
s |2 + 2ε2σ2L2

t .

By the Gronwall’s inequality, we obtain

|Xt −X0
t |2 ≤ 2ε2σ2e8t

2α2
0L2

t .

Then, we have

sup
0≤t≤T

|Xt −X0
t | ≤

√
2εσe4T

2α2
0 sup
0≤t≤T

Lt.

Hence, for each T > 0, we get

sup
0≤t≤T

|Xt −X0
t |

P→ 0. (8)

When n → ∞, [nt]/n → t, it is derived that sequence
{Hn,ε

t } converges to {X0
t } uniformly in probability.

The proof is complete.
Lemma 2: As ε→ 0 and n→∞,

1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

P→
∫ 1

0

(X0
t )2

1 + (X0
t )2

dt.

Proof: According to Lemma 1, we obtain

sup | 1
n

n∑
i=1

X2
ti−1

1 +X2
ti−1

−
∫ 1

0

(X0
t )2

1 + (X0
t )2

dt|

= sup |
∫ 1

0

(Hn,ε
t )2

1 + (Hn,ε
t )2

dt−
∫ 1

0

(X0
t )2

1 + (X0
t )2

dt|

≤ sup

∫ 1

0

| (Hn,ε
t )2

1 + (Hn,ε
t )2

− (X0
t )2

1 + (X0
t )2
|dt

≤ sup

∫ 1

0

|(Hn,ε
t )2 − (X0

t )2|dt

≤ sup

∫ 1

0

|Hn,ε
t +X0

t ||H
n,ε
t −X0

t |dt

≤ sup

∫ 1

0

(|Hn,ε
t |+ |X0

t |)|M
n,ε
t −X0

t |dt

≤ ( sup
0≤t≤1

|Xt|+ sup
0≤t≤1

|X0
t |) sup

0≤t≤1
|Hn,ε

t −X0
t |

P→ 0.

Hence,

1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

P→
∫ 1

0

(X0
t )2

1 + (X0
t )2

dt.

The proof is complete.
Lemma 3: When ε→ 0 and n→∞,

n∑
i=1

Xti−1√
1 +X2

ti−1

(Lti − Lti−1
)
P→

∫ 1

0

X0
t√

1 + (X0
t )2

dLt.

Proof: According to Lemma 1, we obtain

|
n∑
i=1

Xti−1√
1 +X2

ti−1

(Lti − Lti−1)

−
∫ 1

0

X0
t√

1 + (X0
t )2

dLt|

= |
∫ 1

0

Hn,ε
t√

1 + (Hn,ε
t )2

dLt −
∫ 1

0

X0
t√

1 + (X0
t )2

dLt|

≤ 2|
∫ 1

0

(Hn,ε
t −X0

t )dLt|

= 2|
∫ 1

0

(Hn,ε
t −X0

t )dBt

+

∫ 1

0

∫
|z|>1

(Hn,ε
t −X0

t )zN(dt, dz)

+

∫ 1

0

∫
|z|≤1

(Hn,ε
t −X0

t )zÑ(dt, dz)|

≤ 2|
∫ 1

0

(Hn,ε
t −X0

t )dBt|

+2|
∫ 1

0

∫
|z|>1

(Hn,ε
t −X0

t )zN(dt, dz)|

+ 2|
∫ 1

0

∫
|z|≤1

(Hn,ε
t −X0

t )zÑ(dt, dz)|.
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When ε→ 0 and n→∞,

|
∫ 1

0

∫
|z|>1

(Hn,ε
t −X0

t )zN(dt, dz)|

≤
∫ 1

0

∫
|z|>1

|Hn,ε
t −X0

t ||z|N(dt, dz)

≤ sup
0≤t≤1

|Hn,ε
t −X0

t |
∫ 1

0

∫
|z|>1

|z|N(dt, dz)

P→ 0. (9)

By the B-D-G inequality, dominated convergence and
Lemma 1, for any given η > 0, when ε→ 0 and n→∞, it
follows that

P (|
∫ 1

0

(Hn,ε
t −X0

t )dBt| > η)

≤
4E

∫ 1

0
(Hn,ε

t −X0
t )2dt

η2

→ 0,

and

P (|
∫ 1

0

∫
|z|≤1

(Hn,ε
t −X0

t )zÑ(dt, dz)| > η)

≤
E(

∫ 1

0

∫
|z|≤1(Hn,ε

t −X0
t )zÑ(dt, dz))2

η2

≤

∫ 1

0
E(Hn,ε

t −X0
t )2dt

∫
|z|≤1 |z|

2ν(dz)

η2

→ 0.

Then, we obtain

|
∫ 1

0

(Hn,ε
t −X0

t )dBt|
P→ 0, (10)

and

|
∫ 1

0

∫
|z|≤1

(Hn,ε
t −X0

t )zÑ(dt, dz)| P→ 0. (11)

According to (9), (10) and (11), we have
n∑
i=1

Xti−1√
1 +X2

ti−1

(Lti − Lti−1)
P→

∫ 1

0

X0
t√

1 + (X0
t )2

dLt.

Now, we introduce the main results below.
Theorem 1: When ε → 0 and n → ∞, the least squares

estimator α̂n,ε is consistent in probability, namely

α̂n,ε
P→ α0.

Proof: According to (7), Lemma 2 and Lemma 3, when
ε→ 0 and n→∞,

α̂n,ε − α0
P→ 0. (12)

The proof is complete.
Theorem 2: When ε→ 0 and n→∞,

ε−1(α̂n,εα0)
d→
σ
∫ 1

0
X0
t√

1+(X0
t )

2
dLt∫ 1

0
(X0

t )
2

1+(X0
t )

2 dt
.

Proof: According to (7), we obtain

ε−1(α̂n,εα0) =

σ
∑n
i=1

Xti−1√
1+X2

ti−1

(Lti − Lti−1)

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

.

From Lemma 2 and Lemma 3, we have

ε−1(α̂n,εα0)
d→
σ
∫ 1

0
X0
t√

1+(X0
t )

2
dLt∫ 1

0
(X0

t )
2

1+(X0
t )

2 dt
. (13)

The proof is complete.

III. PARAMETER ESTIMATION FOR THE HYPERBOLIC
DIFFUSION DRIVEN BY α-STABLE NOISES

We investigate parameter estimation for following α-stable
hyperbolic diffusion: dXt =γ

Xt√
1 +X2

t

dt+ εσdZt, t ∈ [0, 1]

X0 =x0,

(14)

where γ is unknown, Z is a strictly symmetric α-stable
motion with α ∈ (1, 2).

We assume that the process {Xt, t ≥ 0} can be observed
at discrete point {ti = i∆, i = 0, 1, 2, ..., n} with ∆ > 0.
Consider the following contrast function:

ρn,ε(γ) =

n∑
i=1

|Xti −Xti−1
− γ Xti−1√

1+X2
ti−1

∆ti−1|2

ε2σ2∆ti−1
, (15)

where ∆ti−1 = ti − ti−1 = 1
n .

It can be obtained that

γ̂n,ε =

∑n
i=1

(Xti−Xti−1
)Xti−1√

1+X2
ti−1

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

. (16)

Since

Xti −Xti−1 = γ0

∫ ti

ti−1

Xs√
1 + (Xs)2

ds+ εσ

∫ ti

ti−1

dZs.

(17)
Substituting (17) into (16), we have

γ̂n,ε

=

γ0
∑n
i=1

∫ ti
ti−1

XsXti−1√
1+X2

ti−1

√
1+X2

s

ds

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

+

εσ
∑n
i=1

∫ ti
ti−1

Xti−1√
1+X2

ti−1

dZs

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

. (18)

Consider the following ordinary differential equation:

dX∗t = γ0
X∗t√

1 + (X∗t )2
dt, X∗0 = x0.

Firstly, we give some important lemmas.
Lemma 4: When ε→ 0 and n→∞,

sup
0≤t≤1

|Xt −X∗t |
P→ 0.
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Proof: Since

Xt −X∗t

= γ0

∫ t

0

(
Xs√

1 +X2
s

− X∗s√
1 + (X∗s )2

)ds+ εσ

∫ t

0

dZs,

we obtain

|Xt −X∗t |2

≤ 2γ20 |
∫ t

0

(
Xs√

1 +X2
s

− X∗s√
1 + (X∗s )2

)ds|2

+2ε2σ2|
∫ t

0

dZs|2

≤ 2tγ20

∫ t

0

| Xs√
1 +X2

s

− X∗s√
1 + (X∗s )2

ds|2

+2ε2σ2|
∫ t

0

dZs|2

≤ 8tγ20

∫ t

0

|Xs −X∗s |2 + 2ε2σ2|
∫ t

0

dZs|2.

By Gronwall’s inequality, one has

|Xt −X∗t |2 ≤ 2ε2σ2e8t
2γ2

0 |
∫ t

0

dZs|2.

Then,

sup
0≤t≤1

|Xt −X∗t | ≤
√

2εσe4γ
2
0 sup
0≤t≤1

|
∫ t

0

dZs|.

For any given η > 0, when ε→ 0 and n→∞,

P (|
√

2εσe4γ
2
0 sup
0≤t≤1

|
∫ t

0

dZs|| > δ)

≤ δ−1
√

2εσe4γ
2
0E[ sup

0≤t≤1
|
∫ t

0

dZs|]

≤ Cδ−1
√

2εσe4γ
2
0

→ 0,

where C is a constant.
Therefore,

sup
0≤t≤1

|Xt −X∗t |
P→ 0. (19)

Lemma 5: When ε→ 0 and n→∞,

1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

P→
∫ 1

0

(X∗t )2

1 + (X∗t )2
dt.

Proof:

1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

=
1

n

n∑
i=1

(X∗ti−1
)2

1 + (X∗ti−1
)2

+
1

n

n∑
i=1

(
X2
ti−1

1 +X2
ti−1

−
(X∗ti−1

)2

1 + (X∗ti−1
)2

). (20)

When ε→ 0 and n→∞,

| 1
n

n∑
i=1

(
X2
ti−1

1 +X2
ti−1

−
(X∗ti−1

)2

1 + (X∗ti−1
)2

)|

= | 1
n

n∑
i=1

X2
ti−1
− (X∗ti−1

)2

(1 +X2
ti−1

)(1 + (X∗ti−1
)2)
|

≤ 1

n

n∑
i=1

|X2
ti−1
− (X∗ti−1

)2|

=
1

n

n∑
i=1

|Xti−1 +X∗ti−1
||Xti−1 −X∗ti−1

|

≤ 1

n

n∑
i=1

(|Xti−1
|+ |X∗ti−1

|)|Xti−1
−X∗ti−1

|

≤ sup
0≤t≤1

(|Xt|+ |X∗t |)|Xt −X∗t |

P→ 0.

Since

1

n

n∑
i=1

(X∗ti−1
)2

1 + (X∗ti−1
)2

P→
∫ 1

0

(X∗t )2

1 + (X∗t )2
dt, (21)

we obtain

1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

P→
∫ 1

0

(X∗t )2

1 + (X∗t )2
dt. (22)

Now we introduce the main results.
Theorem 3: When ε→ 0, n→∞, and εn1−

1
α → 0,

γ̂n,ε
P→ γ0.

Proof: Observe that

γ0

n∑
i=1

∫ ti

ti−1

XsXti−1√
1 +X2

ti−1

√
1 +X2

s

ds

P→ γ0

∫ 1

0

XtX
∗
t√

1 +X2
t

√
1 + (X∗t )2

dt. (23)

When ε→ 0 and n→∞,

γ0

n∑
i=1

∫ ti

ti−1

XsXti−1√
1 +X2

ti−1

√
1 +X2

s

ds

P→ γ0

∫ 1

0

(X∗t )2

1 + (X∗t )2
dt. (24)

For ∀δ > 0, when ε→ 0, n→∞, and εn1−
1
α → 0,

P (|εσ
n∑
i=1

∫ ti

ti−1

Xti−1√
1 +X2

ti−1

dZs| > δ)

≤ δ−1εσ
n∑
i=1

E|
Xti−1√

1 +X2
ti−1

dZs|

≤ 2Kδ−1εσn1−
1
α sup

0≤t≤1
E[(X∗t )

1
2 ]

→ 0,

where K is constant.
Thus,

εσ
n∑
i=1

∫ ti

ti−1

Xti−1√
1 +X2

ti−1

dZs
P→ 0. (25)
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Therefore,

γ̂n,ε
P→ γ0. (26)

Theorem 4: When ε→ 0, n→∞, and nε→∞,

ε−1(γ̂n,ε − γ0)
d→
σ(
∫ 1

0
(

X∗t√
1+(X∗t )

2
)αdt)

1
α

(
∫ 1

0
(X∗t )

2

1+(X∗t )
2 dt)

Sα(1, 0, 0).

Proof: Since

ε−1(γ̂n,ε − γ0)

=

ε−1γ0
∑n
i=1

∫ ti
ti−1

XsXti−1√
1+X2

ti−1

√
1+X2

s

ds

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

+

σ
∑n
i=1

∫ ti
ti−1

Xti−1√
1+X2

ti−1

dZs

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

−
ε−1γ0

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

1
n

∑n
i=1

X2
ti−1

1+X2
ti−1

.

We have

ε−1γ0

n∑
i=1

∫ ti

ti−1

XsXti−1√
1 +X2

ti−1

√
1 +X2

s

ds
P→ 0, (27)

and

ε−1γ0
1

n

n∑
i=1

X2
ti−1

1 +X2
ti−1

P→ 0. (28)

As

n∑
i=1

∫ ti

ti−1

Xti−1√
1 +X2

ti−1

dZs

=
n∑
i=1

∫ ti

ti−1

X∗ti−1√
1 + (X∗ti−1

)2
dZs

+

n∑
i=1

∫ ti

ti−1

(
Xti−1√

1 +X2
ti−1

−
X∗ti−1√

1 + (X∗ti−1
)2

)dZs.(29)

For ∀δ > 0, when ε→ 0, n→∞ and n1−
1
α → 0,

P (|
n∑
i=1

∫ ti

ti−1

(
Xti−1√

1 +X2
ti−1

−
X∗ti−1√

1 + (X∗ti−1
)2

)dZs|

> δ)

≤ δ−1
n∑
i=1

E[|
∫ ti

ti−1

(
Xti−1√

1 +X2
ti−1

−
X∗ti−1√

1 + (X∗ti−1
)2

)

dZs|]

= δ−1
n∑
i=1

E[|
∫ ti

ti−1

Xti−1

√
1 + (X∗ti−1

)2 −X∗ti−1

√
1 +X2

ti−1√
1 +X2

ti−1

√
1 + (X∗ti−1

)2
dZs|]

≤ 2δ−1
n∑
i=1

E
∫ ti

ti−1

|Xti−1
−X∗ti−1

|dZs

≤ 4Cδ−1
n∑
i=1

E(

∫ ti

ti−1

|Xti−1
−X∗ti−1

|αds) 1
α

≤ 4Cδ−1
n∑
i=1

E sup
ti−1≤t≤ti

|Xt −X∗t |n−
2
α

≤ 4Cδ−1
n∑
i=1

E sup
0≤t≤1

|Xt −X∗t |n−
1
α

→ 0.

Then, we have
n∑
i=1

∫ ti

ti−1

(
Xti−1√

1 +X2
ti−1

−
X∗ti−1√

1 + (X∗ti−1
)2

)dZs
P→ 0. (30)

Since
n∑
i=1

∫ ti

ti−1

X∗ti−1√
1 + (X∗ti−1

)2
dZs

=

∫ 1

0

n∑
i=1

X∗ti−1√
1 + (X∗ti−1

)2
1(ti−1,ti](s)dZs

= Z
′
◦
∫ 1

0

n∑
i=1

(
X∗ti−1√

1 + (X∗ti−1
)2

1(ti−1,ti](s))
αds,

where Z
′ d

= Z.
We obtain∫ 1

0

n∑
i=1

(
X∗ti−1√

1 + (X∗ti−1
)2

1(ti−1,ti](s))
αds

P→
∫ 1

0

(
X∗t√

1 + (X∗t )2
)αdt. (31)

Thus,

Z
′
◦
∫ 1

0

n∑
i=1

(
X∗ti−1√

1 + (X∗ti−1
)2

1(ti−1,ti](s))
αds

P→ Z
′
◦
∫ 1

0

(
X∗t√

1 + (X∗t )2
)αdt. (32)
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Then,
n∑
i=1

∫ ti

ti−1

X∗ti−1√
1 + (X∗ti−1

)2
dZs

d→ (

∫ 1

0

(
X∗t√

1 + (X∗t )2
)αdt)

1
αSα(1, 0, 0). (33)

Therefore,

ε−1(γ̂n,ε−γ0)
d→
σ(
∫ 1

0
(

X∗t√
1+(X∗t )

2
)αdt)

1
α

(
∫ 1

0
(X∗t )

2

1+(X∗t )
2 dt)

Sα(1, 0, 0). (34)

IV. SIMULATION

We use the discrete sample (Xti)i=0,1,...,n to compute the
estimator α̂n,ε and γ̂n,ε. In Table 1 and Figure 1, σ = 0.8,
x0 = 0.1, ε = 0.001. In Table 2 and Figure 2, x0 = 0.5,
α = 1.6, ε = 0.002. Two tables list the value of least squares
estimator “α̂n,ε”, “γ̂n,ε”, and the absolute errors (AE)“|α0−
α̂n,ε|”, “|γ0 − γ̂n,ε|”.

Two tables provide that when n is large enough and ε
is small enough, the estimator is very close to the true
parameter value. Two figures illustrate that If we let n
converge to the infinity and ε converge to zero, the estimator
will converge to the true value.

TABLE I
LEAST SQUARES ESTIMATOR SIMULATION RESULTS OF α0

True Aver AE

α0 Size n α̂n,ε |α0 − α̂n,ε|

1

10000 1.1452 0.1452

30000 1.0328 0.0328

50000 1.0007 0.0007

2

10000 2.1639 0.1639

30000 2.0581 0.0581

50000 2.0006 0.0006

TABLE II
LEAST SQUARES ESTIMATOR SIMULATION RESULTS OF γ0

True Aver AE

γ0 Size n γ̂n,ε |γ0 − γ̂n,ε|

1

10000 0.8572 0.1428

30000 1.0431 0.0431

50000 1.0005 0.0005

2

10000 2.1309 0.1309

30000 2.0608 0.0608

50000 2.0010 0.0010

Fig. 1. The simulation of the estimator α̂n,ε with α0 = 1

Fig. 2. The simulation of the estimator γ̂n,ε with γ0 = 2

V. CONCLUSION

The aim of this paper is to estimate the parameter of
hyperbolic diffusion driven by small Lévy noises from
discrete observation. The least squares estimation has been
used to obtain the parameter estimator. The consistency and
asymptotic distribution of the estimator have been derived.
Further research tops will include parameter estimation for
stochastic differential equation driven by fractional Lévy
noises.
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of Statistical Theory and Practice, vol. 15, no. 1, pp. 1-12, 2021.

[15] G. Shen, Q. Wang, X. Yin. “Parameter estimation for the discretely
observed Vasicek model with small fractional Lévy noise”, Acta
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Uhlenbeck processes for degradation-based reliability analysis”, IIE
Transactions, vol. 48, no. 5, pp. 993-1003, 2016.

[17] R. Tunaru, T. Zheng. “Parameter estimation risk in asset pricing
and risk management: a Bayesian approach”, International Review of
Financial Analysis, 53, 80-93 (2017).

[18] C. Wei, H. S. Shu, Y. R. Liu. “Gaussian estimation for discretely
observed Cox-Ingersoll-Ross model”, International Journal of General
Systems, vol. 45, no. 1, pp. 561-574, 2016.

[19] C. Wei, H. S. Shu. “Maximum likelihood estimation for the drift pa-
rameter in diffusion processes”, Stochastics: An International Journal
of Probability and Stochastic Processes, vol. 88, no. 5, pp. 699-710,
2016.

[20] C. Wei, Y. Wei, Y. Zhou. “Least squares estimation for discretely
observed stochastic LotkaCVolterra model driven by small α-stable
noises”, Discrete Dynamics in Nature and Society, vol. 2020, no. 1,
pp. 1-11, 2020.

[21] J. H. Wen, X. J. Wang, S. H. Mao, X. P. Xiao, “Maximum likelihood
estimation of McKeanCVlasov stochastic differential equation and its
application”, Applied Mathematics and Computation, vol. 274, no. 4,
pp. 237-246, 2015.

[22] X. Yang, Y. Liu, G. Park. “Parameter estimation of uncertain differ-
ential equation with application to financial market”, Chaos, Solitons
and Fractals, vol. 139, no. 2, pp. 1-12, 2020.

[23] H. Zhao, C. Zhang. “Minimum distance parameter estimation for
stochastic differential equations with small α-stable noises, Statistics
and Probability Letters”, vol. 145, no. 6, pp. 301-311, 2019.

Engineering Letters, 30:1, EL_30_1_28

Volume 30, Issue 1: March 2022

 
______________________________________________________________________________________ 




