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Existence of Generalized Augmented Lagrange
Multipliers for Cone Constrained Optimization
Problems

Liping Geng, Jinchuan Zhou*, Yue Wang, Jingyong Tang

Abstract—The concept of generalized augmented Lagrange
multiplier was introduced originally for nonlinear programming
problems. In this paper we further study this concept in the
framework of convex cone constrained optimization problems.
In particular we establish the relation of optimal solution
sets between the primal problem and augmented Lagrange
minimization problem. Some discussions on related concepts
such as saddle points and exact penalty are given as well.

Index Terms—Cone constraints, augmented Lagrange multi-
pliers, exact penalty function, localization principle.

I. INTRODUCTION

N this paper we manly consider the following convex
cone constrained optimization problem

min f(z)
st. G(z) ek,

where () C X is a nonempty closed set, L C Y is a closed
convex cone, f : X - R, G: X —Y,and X,Y are Banach
spaces, respectively. This model includes the standard non-
linear programming, second-order cone programming, semi-
definite programming, etc.

For a fixed y € Y, the perturbation problem of (P) is
defined as

min - f(z)
st. Gz)+yek.

Denote by v(y) the optimal value of (Py), i.e.,
vly) = inf {f(@) + (G () +y)}

Clearly, v(0) reduces to the optimal value of primal problem
(P), ie., v(0) = val(P).

Manuscript received November 12, 2021; revised June 9, 2022. This work
is supported by National Natural Science Foundation of China (11771255),
Young Innovation Teams of Shandong Province (2019KJIO13), Natural
Science Foundation of Henan Province (222300420520), Key Scientific
Research Projects of Higher Education of Henan Province (22A110020),
and Shandong Province Natural Science Foundation (ZR2021MAO066).

Liping Geng is a postgraduate student in the School of Mathematics and
Statistics, Shandong University of Technology, Zibo 255049, PR. China
(e-mail: geng2666@ 163.com).

Jinchuan Zhou is a professor in the School of Mathematics and Statistics,
Shandong University of Technology, Zibo 255049, P.R. China (correspond-
ing author, e-mail: jinchuanzhou@ 163.com).

Yue Wang is a Lecturer of Shandong Industrial Ceramic Research
and Design Institute Co., Ltd., Zibo 255000, PR. China (e-mail: sdgty-
wangyue @ 163.com).

Jingyong Tang is an associate professor in the School of Mathematics and
Statistics, Xinyang Normal University, Xinyang 464000, PR. China (e-mail:
tangjy @xynu.edu.cn).

The concept of augmented Lagrange multiplier was intro-
duced in [1]. More precisely, a vector A\ € Y* is said to
be an augmented Lagrange multiplier of (P) if there exists
r > 0 such that

vT(y> 2 vT(O) + <>‘7y>7 Vy € Y»

where v,-(y) := v(y) +ro(y). This means that the perturba-
tion function has a linear support at zero. In other words, \*
belongs to the subdifferential of v, at zero provided that v, is
convex. The existence of augmented Lagrange multiplier has
been studied in different circumvents, such as semi-infinite
programming [1, 2], second-order cone programming [3],
matrix programming [4], convex cone programming [5-7].
However, a linear support may be failing to hold in general
for nonconvex programming problems. This difficulty is
remedied by considering the possibility of some types of
nonlinear support at zero. It naturally leads to the concept
of generalized augmented Lagrange multiplier; see [8]. In
[8], the related theoretical results are mainly focused on
the standard nonlinear programming, i.e, K := {0} x R™,
a convex polyhedral set. In this paper, we further extend
these results to more general framework, i.e., K is a non-
polyhedral convex cone, which includes second-order cone,
positive semi-definite matrix cone, homogeneous cone, as
special cases.

The existence of augmented Lagrange multiplier is
closely related to the important concept of saddle points.
In particular, (z*, \*) is a global saddle point of (P) if and
only if x*, A* are the optimal solutions of the primal and
dual problems respectively, and meanwhile the zero dual
gap property holds. Some related works can be found in
[9-15]. However, in some practical case, it is impossible
to know the real solution in advance. In addition, some
types of approximating problems have to be solved in
order to deal with the constraints. The usual approaches
include penalty function methods and augmented Lagrange
multiplier methods; see [16-25] for more information.
To overcome the numerical difficulty caused as penalty
parameter is too large, it makes sense to study the exact
penalty and exact augmented Lagrange function. For
example, we hope inf, L(x, \*,r) = wval(P) for some
A* and r > 0. This is equivalent to saying that A* is an
augmented Lagrange multiplier. If A* = 0, then it reduces to
the exact penalty function. In this paper, we further establish
the relation of optimal solution set between primal problems
and augmented Lagrangian relaxed problems. Finally, the
existence of generalized augmented Lagrange multiplier is
discussed by using exact penalty and the analysis technique
called localization principle which was introduced in [26].
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II. PRELIMINARIES

Definition 1. Let 0 : Y — R, := [0,400). We say that o
has a valley at zero provided that o is continuous at 0 with
0(0) = 0 and inf{o(y)| ||y|| > e} > O whenever € > 0.

Definition 2. A vector A € Y* is said to be a generalized
augmented Lagrange multiplier of (P), if there exists r > 0
such that

vr(y) > 0:(0) + 0(A,y), Yy ey,

where ¢ : Y* XY — R has the following properties:

(B1) ¢ is continuous with ¢(-,0) = 0;

(B2) If x € Q satisfies G(x) ¢ K, then there exists a vector
ug € Y* such that

sup ¢(Tup,§ — G(x)) = —o0  as T — +o0.
cek

Notice that K is a closed convex set. For any z € @
satisfying G(z) ¢ K and £ € K, by the Strong Separation
Theorem of convex sets in [27], there exist a nonzero vector
ug and a scalar € > 0 such that

(ug, & — G(z)) < —e, VEe€K. €}

Next let us introduce two simple examples satisfying the
assumptions (Bp) and (Bs) required in Definition 2.
(a) Let
¢(z,y) = (Az,y),
where A is a positive definite matrix. Obviously (By) is valid
due to ¢(x,0) = (Az,0) = 0. Pick u, := A~ ug. It then
follows from (1) that
¢(Tug, & — G(x)) = (rAug, £ — G(x))
= 7(uo,§{ — G(2))
< —TeE.
Hence

sup ¢(Tug, £ — G(z)) = —00 as T — +00.
¢ek

(b) Let 0(-) be a continuous and strict increasing function
on R with 6(0) = 0. Define

S, y) = [[2]|0(z"y).
Taking into account the monotonicity of function € and the
fact ul (¢ — G(x)) < —¢ appeared in (1), we obtain
¢ (Tuo, € — G(2)) = ||ruollf (Tug (€ - G()))
= 7||uol|6 (ug (§ — G(x)))
< 7lluol|0(=7e)
< 7lluoll0(=¢),
whenever 7 > 1. Note that §(—¢) < 0 by the strict

monotonicity of 6. Hence
sup ¢(Tug, & — G(x)) = —oc0 as T — +o0.
£ex
For (z,A\,r) € X x Y* x R, the augmented Lagrange
function of (P) is defined as

L(z, A\ 1) 2)

= inf
rEQ,yeY

{f(@) +0x(G(z) +y) — o\ y) +ro(y)}.

Definition 3. A point (Z, 5\) € Q XY™ is said to be a global
saddle point of the generalized augmented Lagrangian L, if
there exists v > 0 such that

L(i, A\ 1) < L(Z,\7) < Lz, \,7), Yo eQ, eY™.

Furthermore, if the above inequalities hold for all x €
Bx(Z,0)NQ, then (%, \) is said to be a local saddle point of
L, where Bx (Z, ) denotes a ball centered at T with radius
6> 0.

The dual function and dual problem of (P) are defined
respectively as o(\, 1) := ingL(ac, A, r) and
e
3)

sup oA, ).

(Ar)EY* xRy

Note that

(A1) = sup sup (A, 7).
reRy AeY*

sup
(Ar)EY* xRy
Hence it is natural to introduce the following 7-dual problem
by fixing the parameter r in advance, i.e.,

sup (A, 7*) = sup inf (z, A\, 7"). 4)

AEY AeY* v€Q

Denote by val(D) and val(D,.) as the optimal value of the
above dual problems (3) and (4) respectively.

III. DUAL THEORY

Proposition 1. If x is feasible for (P) and (\,7) € Y* xR,
then

o\, 1) <wdl(D,) <wal(D) <wal(P) < f(x). 5)

Furthermore, A\ € Y™ is a generalized augmented La-
grangian multiplier of (P) if and only if there exists some
r > 0 such that

o\, r) = ;Ielg L(z, A\, 1) = val(P). (6)

Proof: Since z is feasible, then 0 € K — G(x). Hence
it follows from (2) that

L(z,A\,;r) = inf
yeK—-G(x)

< f(),

where the inequality is due to ¢(-,0) = 0 and o(0) = 0.
Taking the infimum over x € () yields

{f(x) — o\ y) +ro(y)}

(A7) = inf L(z,\,r) < inf f(z)=wva(P) < f(z).
weQ e
The formula (5) can be obtained by further taking the
supremum over A € Y* and (\,r) € Y* x R, respectively.
It is known from Definition 2 that A is a generalized
augmented Lagrange multiplier of (P) if and only if there
exists 7 > 0 such that

v(y) = v(0) + d(\,y) —ro(y), VyeY.
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This is equivalently written as
0) = inf — ,
v(0) = inf {v(y) - 6(a,y) +ro(y)}

= Inf inf {f(@) +0c(G(x) +y) = 6\ y) + 7o (y)}

= inf inf {f(2) +6c(G(@) + 1) = (A y) +ro(y)}

inf L — .
Jnf) (z, A1) = (A7)

@)
The proof is complete. [ |
Lemma 1. For r > 0, one has
‘  flz), ifzeq, Gx)ekK;
)\561139* Lz, A r) = { +00, otherwise. ®)

Proof: This is discussed in two cases of z € F or = ¢
F, where F denotes the feasible region of (P).
Case 1.z € F, ie, z € Q, G(z) € K. It then follows
from (7) that L(z, A,7) < f(z) for all A € Y*. On the other
hand

sup L(z,\,7) > L(z,0,7) > f(x), 9)
AEY'

where the last inequality comes from the nonnegativity of o.
Combining (7) and (9) yields

sup L(z, A\, 7) = f(z), Vo € F.
AEY*

Case 2. x ¢ F,ie,xz ¢ Qorz € @ but Gz) ¢ L. If
x ¢ @, it is clear from (2) that

L(z,\,7r) =400, VYAEY™. (10)

If x € Q but G(z) ¢ K, it follows from (Bs) that there
exists a vector ug € Y* such that

sup ¢(rug,§ — G(z)) = —oc0  as T — +oo.
gex

Hence

sup L(z,\,7)
AeY~

> L(x,Tug,r)
- ye,ch_lg(w) {f(z) = d(Tuo,y) +ro(y)}
> f(z) — sup ¢ (Tuo, & — G(x))

gex

— f00,

Y

as 7T — 400.

Putting (10) and (11) together yields
sup L(xz,\,7) = 400, Vax ¢ F.
A€Y *

|
According to Lemma 1 we can obtain the following result.
Corollary 1.
v(0) = min sup L(z, A\, 1)
T€Q \ey~
= min sup L(z, A, 1),

TEQ rev*
reR

Vr e R+.

Theorem 1. Let 7 > 0 be given. The following statements
are equivalent.
O (@, 5\) is a global saddle point of L(x, \,T);
(i) & € Q and X\ € Y* are optional solutions of (P) and
(D5) respectively, and val(P) = val(Dy);

(iii) Z € Q and (\,7) € Y* xRy are optional solutions of
(P) and (D) respectively, and val(P) = val(D).

Proof: Note that (Z,)\) is a global saddle point of
L(-,-,7) if and only if

(A, 7) = min L(z, A\, 7) = L(Z, A\, 7)
2@ (12)
= max L(z, A, 7) = f(Z)
and B
L(z,A\,7) = max min L(z, \,7)
AEY* z€Q

= min max L(z, A\, 7) = v(0),
z€Q AEY*

13)

where the last equalities in (12) and (13) come from Lemma
1 and Corollary 1 respectively. Combining (12) and (13)
ensures that 7 and X are optimal solution of (P) and (D;)
respectively and val(P) = val(Dr).

Conversely, if Z and X are optimal solution of (P) and
(D) respectively, and one has val(P) = wval(Dy), then

»(A,7) = f(Z). Note that
L(&,\7) < m}ffme(j,/\,F) = f(&)

o) =minL(z ) O
= o( m)—ggg (z, A7)
and 5 - s
L(z, A\, 7) > min L(z, A\, 7) = p(\,7)
2€Q (15)

= f(:i) = m)?“XL(ivA7f)a

where the first equation in (14) and the third equation in (15)
follow from Lemma 1. The formula (14) and (15) show that
(Z, ) is a global saddle point of L(-,-,7).

The similar argument is applicable to the relation between
items (i) and (iii). [ |

Theorem 2. Let 7 > 0 be given. Then the following
statements hold.

i) Nisa generalized augmented Lagrangian multiplier of

(P) with

(ii) (A, 7) is an optional solution of (D) and val(P) =
val(D);

(iii)y X is an optional solution of (Di) and val(P) =
val(Ds).

Proof: (1)=>(ii) According to Definition 2, \is a gen-
eralized augmented Lagrangian multiplier of (P) with 7 if
and only if
= inf {vr(y) = o\ ) } = ¢(A,7),

UF(O) yey

where the last step is due to (7). Furthermore, according to
the weak duality theorem between (P) and (D) we know that
(X, 7) is an optional solution of (D) and the dual gap is zero,
i.e., val(P) = val(D).

(i)=(i) If (\,7) is an optional solution of (D) and zero
duality gap property holds between (P) and (D), then

o\, 7) = sup (A1) = val(D)

A,r>0
= val(P) = v(0) = v:(0).

Recall from (7) that

e 7) = inf {vr(y) — 60}

yeY

(16)
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This together with (16) implies

Thus X is a generalized augmented Lagrangian multiplier of
(P) by definition.

The similar argument is applicable to the relation between
items (i) and (iii). [ |

The conditions involved in the concept of generalized
augmented Lagrange multiplier can be further weaken to
some neighborhood of the origin provided that the augmented
Lagrangian function is bounded from below.

Vy €Y.

Theorem 3. A vector X is a generalized augmented La-
grange multiplier of (P) if and only if there exist 7 € Ry
and a scalar T > 0 such that

v(y) > 0(0) + ¢(A,y) — Fo(y),
and the function L(-, A, 7) is bounded from below in Q.

Yy € 7B, (17

Proof: The necessity is followed by Definition 2 and (6)
in Proposition 1.
We now prove the sufficiency. Since L(-, A, 7) is bounded
from below on @), then there exists v € R such that

f(@) + 0k (G(z) +y) — 6N, y) + Fo(y)
> L(:E,;\,F) >, VY(z,y)€Q xY.

Taking the infimum of the above formula over z € @) yields
’U(y) - ¢(5‘a Yy €Y.

Using the fact that o has valley at zero, for the above 7 in
(17) there exists 3 > 0 such that

o(y) > B, Vy¢B.

y) +7o(y) >,

Pick
F:=1+7+ (v(0)—~)/8.

Then for each y ¢ 7B we have

v(y) — o\ y) +To(y)
= o(y) — d(\,y) +Fo(y) + (7 = Fo(y)
> o(y) — o\ y) +Foly) + (F —7)8
>+ T =7)B=0v0), y¢rB.
This together with (17) means that \ is a generalized
augmented Lagrangian multiplier. [ |

The results obtained in this section are similar to those
given in [26] by replacing the inner produce by more general
function ¢.

Definition 4. For any p > 0, we say that v(y) has a growth
condition with o at zero, if there exists a,b € R such that

v(y) = b—ao(y), Vye€Y\pBy.

By utilizing the growth condition, we can obtain a suffi-
cient condition for the existence of generalized augmented
Lagrangian multipliers.

Theorem 4. Assume that v(y) satisfies the growth condition
with o at zero. If there exist a vector X and scalars p, 7,7 > 0
such that

v(y) > v(0) + ¢(\,y) —7o(y), VyeTB, (18)

and

po(y) —d(\,y) >0, VyeY\rBy, (19)

then the vector )\ is a generalized augmented Lagrange
multiplier of (P).

Proof: Since v(y) satisfies the growth condition, then by
definition for the above 7 > 0 in (18), there exist a,b € R
such that

v(y) > b—ao(y), Yye€Y\mBy.

The valley at zero property of o guarantees the existence of
B > 0 such that

o(y) > B, Vy¢rB. (20)

Pick
7:=(v(0)=b)/B+a+p+1.
Hence for each y ¢ 7B it follows from (19) and (20) that
v(y) = 6\ y) +7o(y).
>b—ao(y) — ¢\ y) +7o(y)
=b+ (T —a—po(y) +poly) -
>b+(T—a—p)B=v(0).

o\ y)

This together with (18) ensures that \is a generalized
augmented Lagrangian multiplier. ]

IV. OPTIMAL SOLUTIONS
Given A\ € Y'*, let us define

r(A) = inf {r > 0] v(y) = v(0) + 6N, y) —ro(y)} .

It is clear to see that A* is a generalized augmented Lagrange
multiplier if and only if r(\*) < oco.

Theorem 5. If A € Y™ is a generalized Lagrange multiplier
of (P), then for any r > r(\),
min

L min {F(x) +8c(G) + ) -

— (S.0).
Proof: Tt follows from [28, Proposition 1.35] that
{f(z) = 6(\,y) +ro(y)}

d(A\y) +ro(y)}

arg

T,y) € ar min
( y) ngQ,G(a:)+y I
if and only if y belongs to

{f(z) - }po@n

arg min { inf

ANy)+r
mint o e d(A,y) +ro(y)

and 7 lies in

arg ggg {f(@) + o (G(z) +9) — o\, 9) +ro(y)}. (22)

Now we claim that 4§ = 0, i.e.,
argl;lel;l{z%cjgf)ﬂe&{f( z) — ¢\ y) +ro(y)}}
= {0}. (23)

Since A € Y* is a generalized Lagrange multiplier, then

v(y) — o\ y) +ro(y)
— Iigg{f(x) + 0 (G(z) +y) — oA\ y) +1o(y)}

2 v(0) = inf {f(2) +9x (G(2))}, Vyel.
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So

0 € argmin { inf {f(2)+0x(C(2)+y)~o(\y)+ro(y)} }-
(24)
Conversely, pick

y* € arg gg} { rigg{f(a:)-i-5ic(g($)+y
Then
inf {f(2) + 6k (G(x))}

> Inf {f (@) + 0 (G2) +7) —

)—d(\ y)+ro(y)}}-

oA y") +ro(y’)},

ie.,
v(0) 2 v(y*) — oA y") +ro(y”). (25)
Take € > 0 satisfying 7(\) + € < r. Then
u(y") = oA\ y") +ro(y?)
zo(y") — oA\ y") + (r(A) + €)o(y”)
> v(0), (26)

where the last inequality is due to the definition of
r(A). Comparing (25) and (26) immediately leads to (r —
r(A))o(y*) = 0, which in turn implies o(y*) = 0. So
y* = 0 since o has the valley property. This together with
(24) guarantees the validity of (23).
According to (23), we know § =
substituting 4 = 0 to (22) leads to

T € arg g[él(l}l{f(l‘) + 0k (G(x)) —
f@) = 5.

0 by (21). Hence

$(A,0) —ra(0)}

=arg min
€Q,G(z)eK
|

Given x € Q, let

[(x) = argmin { f(2) +0x (G(2) +9) = (A y) +ro(y) }-

Theorem 6. If \ € Y™ is a generalized augmented Lagrange
multiplier of (P), then for any r > r(\),

S={z|z e argrréiSL(x,)\,r), I'(z) #0}.
Proof: We first show that
S C{z|z € arg Héi(gL(x,)\,r), I'(z) # 0}. 27

There is nothing to prove if S is empty. Now take z* € S.

Then (z*,0) € (5,0). Note that
arg ymelgxy{f( z) + 0x(G(x) +y) — d(A,y) +ro(y)}
anrgmm{ 1nf f(@) + 0 (G(x) + y)
@9 —d(A\,y) +TU )},

gEarggg}{f ) +0c(G(2) +y)
—¢(\y) +ro(y)}.

T e arg;réigL(I,)\,T)v .

g e T'(z).

(28)
Hence it follows from Lemma 5 that 2* € arg miél L(z, A1)
(S
and 0 € I'(«™*). This shows the validity of (27).
Conversely, pick z* satisfying z* € arg Hlié?l L(z, A, r)and
kS

I'(xz*) # 0. Then it follows from (28) and Lemma 5 that
x*es. [ |

V. SUFFICIENT CONDITIONS
Definition 5. [26] Let C C Y. Define

Fz,r, C) = nf {f(2) +0x(G(x) +y) + 0 (z) +ro(y)},

where x € X and r > 0. We simplify write F(xz,r,C) as
F(xz,r) if C =Y. The penalty function F(x,r,C) is exact
if there exists v > 0 such that F(x,r,C) > val(P) for all
T € Q.

By extending the inner product and norm used in [26] to
more general functions, we can obtain the following results.

Theorem 7. For A € Y*, suppose that there exist T > 0
and d()\) > 0 such that |p(\,y)| < d(N)o(y) for any
y € TBy. Then X is a generalized augmented Lagrange
multiplier of (P) for v > r(\) if and only if the penalty
Sfunction F(x,r,7B) is exact and L(-, \,r) is bounded from
below in Q.

Proof: Necessity. Suppose that A € Y* is a generalized
augmented multiplier of (P). Then according to the nonneg-
ative of d()\) and o(y), for r > r()\), we have

f(@) + 0k (G(@) +y) — (X, y) +ro(y)
< f(@) 46k (G(z) +y) + (d(A) +r)o(y), VyeTB.
Taking the infimum over all y € 7By yields
Lz, A1)
< inf {f(2)+0c(G(@) +9) — 60 ) + AW}
< b (@) +0c(G) +y) + ([dA) + 7)o (y)}

= F(x,d(\) + r,7By). (29)

By Proposition 1, we know xlggL(x, A, 1) = val(P), which
together with (29) implies
val(P) < F(z,d(X) +r,7By).
Therefore, the penalty function F(x,r,7By) is exact and
L(-, A, 7) is bounded from below in Q.
Sufficiency. If F'(z,r,7B) is exact, then there exists 7’
satisfying ' > d(\) + r and
F(x, 7" —d(\),B)
= Jnf {F(2) + 9 (G(2) + ) + (" = d(A) o (y)}
> val(P), Yz € Q. (30)
Because ¢(\,y) < d(MN)o(y), we further have
F(@) + 6c(Gl)) — B\, y) + 0 (y)
> f(x) +0x(G(x) +y) + (r = d(N)o(y).

Taking the infimum overall z € @,y € 7By and using (30)
yields

inf inf {f( )+ 0c(G(x) +y) — o\ y) +7'o(y)}

reQyeTB
> inf inf {f(@) +0c(Glx) +y) + (r' = d(N)o(y)}
:ﬂggF( ;7" —d(\), TB)
> val(P).

This ensures

v(y) — (N y) +7'a(y) > v(0), VyeTB.
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Together with the boundedness of L(-, A, r), we obtain that A
is a generalized augmented Lagrange multiplier by Theorem
3. ]

Corollary 2. For A € Y*, suppose that there exist T > 0
and d(\) > 0 such that |p(X\,y)| < d(AN)o(y) forany y € Y.
Then X is a generalized augmented Lagrange multiplier of
(P) for some r > r(\) if and only if the penalty function
F(z,r) is exact.

Proof: The proof is similar to that of Theorem 7 by just
replacing 7B by Y. ]

Theorem 8. Suppose that A\ € Y™ is a generalized augment-
ed Lagrange multiplier of (P). Choose a sequence {x,} C Q
satisfying

L(xna /\7T7L) S Helg L(‘T7 >\7 TTL) + 6”7 Vn = 17 2a R (31)

where r, — o0 and €, — 0 as n — oo. Then any
accumulate point of {x,} is a global optional solution of

(P).

Proof: According to the definition of L(x,,, A, r,), there
exists {y,} such that

f(@n) + 0k (G(2n) +Yn) — &N Yn) + 700 (Yn)
< L(xp, A1) €y YR=1,2,....
Since A is a generalized augmented Lagrangian multi-
plier, then ingL(:r,)\mn) = wval(P) as r, > r(\). So
Te
L(zp, A\, r) <wal(P) + &, by (31). Hence
I(P) = inf L(z, A\, r(\
val(P) = inf L(z, A, r(}))

<f(@n) + 0 (G(xn) + yn) —
+7(N)o(yn)

=f(zn) + 0 (G(Tn) + Yn) — ¢(N, yn)
+ 100 (Yn) + (r(A) — rn)o(yn)

<L(xp, \,7n) +en+ (r(X) —rn)o(yn)

<wval(P) + 2ep + (r(A) — rn)o(yn),

(N, yn)

(32)

implying

0< (rn, —r(A)o(yn) < 2e,.

Thus (r, —r(A))o(yn) — 0 and y,, — 0 due to the valley
property of o. Using this fact to the second step in (32) leads

to
G(z *) = val(P).

So z* is a global optimal solution. ]
For a given € > 0, let us define

Ei(e) = {z € Q|dist(G(x),

*YeK and f(x

K) <e}
and
Ey(e) :={z € QIf (x) < v(0) +¢}.
Theorem 9. Assume that 5\~satisﬁes L(-, A1) is bounded
from below and the set W (A7) = {z € Q|L(x,\,r) <
v(0)} is bounded for some v > 0. If for each T € S, (%, \)

is a local saddle point of L(x,\,r), then Nisa generalized
augmented Lagrange multiplier of (P).

Proof: Pick £ € S. By assumption, (:E,S\) is a local
saddle point, i.e., there exist § > 0 and 7 > 0 such that

L(Z,\7) < L(Z, A\, 7) < L(zx, \, 7), (33)

for all x € Bx(Z,0)NQ and A € Y. Taking into account of
the first inequality above and (8), we know

L(#, A7) = f(). (34)
Because L is non-decreasing in 7, for any r > 7
L(z, A7) < L(3, A7) < f(), (35)

where the second inequality follows from (7) since G(Z) €
KC. Combining (34) and (35) yields

Lz A7) < f(@) < L& \7), Vr>7F AeY* (36)
Next let us show that
L(E, A7) < L(z, A\ r), Voe Q\Bx(Z,d), (37)

whenever 7 is sufficiently large. We prove it by contradiction.
f (37) is invalid, then there exist r;, — 400 and z €
Q\Bx (Z,9) such that

L(zp, A\, r1) < L(&, N\ ) = f(&) = v(0), (38)

where the first equation follows from the fact that
L(#,\,7) = f(&) for all » > 7 by (35) and (36).
According to (38), we know zj, € {z € Q|L(z, A\, 1) <
v(0)} € W(A,r). Since W (X, r) is bounded by assumption,
there exists a cluster point of sequence {x}, say T.
For any x € Q\ E1(g) we have dist(G(x),K) > e. Hence
for any y € K — G(z), we have

lyll = dist(G(x),K) > e.

Since o has valley property, then there exists n > 0 such
that o(u) > n for all ||u|| > €. Hence

L(z\, ")
= 1 f 5
ye;é]ilc@){f(x) ¢(A,y) +7'o(y)}
= inf A, -
dnt, {f(2) = 60v9) + o) + '~ 1))
> inf A
> it (@)~ 9(hp) + o)}
+ (' =) 1nf o(y)
ye
>L(z, M)+ (' — r)77.
Taking the limit as v’ — oo yields
lim inf Lz, \r)
r’'—+4oo x€Q\E1(¢)
> 1nf L(z,\,r)+ lim (' —r)p
T€EQ r’— 400

= +o00.

Now we show that W (\,7) C Ej(e) as r sufficiently
large. If not there must exist rj, — +oo and z, € @ satisfy
x, € W(\,7,) while ), ¢ Ey (). So by replacing ' by 7
in (39) we have

v(0) > lim inf L(zg, X, 7%)

k—+o00

>liminf  inf  L(z, A, rg)
k—+oo z€Q\E1(e0)

= —|—QO’

which contradicts the finiteness of v(0). Thus W (\,7) C
Ey(e) as r > 0 sufficiently large.
Similarly we can show that W(A,r) C Es(e) as r

sufficiently large. In fact, if there exist rp — oo and xj € @
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such that L(zy, A, ) < v(0), but z ¢ Ey(e), then according
to (7) we can find ey > 0 and y; € K — G(x) such that

v(0) + = = L(ow, A i) + 5
> fax) — 6\ yk) + o (yr)
2 L(Z‘k, )\77"0) + (Tk- - TO)U(yk).

Hence o(yx) — 0 as k — 0 since rp — 400. So yp — 0

by the valley-at-zero property of o, which in turn implies
d (A, yr) — 0. It follows from (39) that

v(0)+ 5 = f(n) = 6(A ).

Since y — 0 as shown above, then f(zx) < v(0) + €. So
xy, € Ea(e). This proves W (A, r) C Es(e).
From the above discussion, we know that

W (A, r) C Ey(e) N Ey(e).

(39)

So T € Ej(g) N Ex(e). By the arbitrariness of ¢ > 0, we
have T € F;(0) N Ey(0), implying T € S. Hence (&, \) is
also a local saddle point of L(z, A,r) for some 7 > 0, i.e.,
there exists 6 > 0 such that

L(®, A7) < L(T,\,7) < L(z,\,7), (40)
for all x € Bx(%,6)NQ and A\ € Y*. By Lemma 1
L(T,\,T) = f(T) = val(P). (41)

Since z1, € Bx (%,0) and r, > T for k large enough, by (40)
and (41)

f(@) = f(@) = L@\ T) < L, A, 1),

which contradicts (38). So (37) holds. Putting (33), (36)
and (37) together shows that (Z,)\) is a global saddle
point of L(xz, \,r) for some sufficiently large r. Recalling
to Theorem 2 obtains that \ is a generalized augmented
Lagrange multiplier of (P). [ |
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