Engineering Letters, 30:3, EL._30 3 22

Dynamical Properties of a Modified Chaotic
Colpitts Oscillator with Logarithmic Function

K.A. Niranjan Kumar, R. Narmada Devi and Suresh Rasappan, Member, [AENG

Abstract—In this paper, two logarithmic non-linearities are
proposed for a new four-dimensional chaotic system. The phase
portrait, Lyapunov exponent, bifurcation, stability, and other
dynamical features of the new chaotic system are all discussed.
The multi-stability of the new chaotic system with coexisting
attractors has been established. The adaptive backstepping
control approach with proper Lyapunov functions is used in
the control application to retrieve the unknown parameters of
the system. To synchronise the states between the drive-response
system, non-linear feedback control is used, as well as back-
stepping control to synchronise the states on the system’s error
dynamics. Op-amp circuits are used to create the electronic
circuit design for a new chaotic system. The system’s efficiency
is confirmed using MATLAB numerical simulation.

Index Terms—chaos, Colpitts oscillator, diffusion, Lyapunov
exponent, logarithmic function non-linearity, stability, synchro-
nization.

I. INTRODUCTION

N recent years, researchers have become interested in

studying chaotic dynamical systems. The study of a
chaotic system with a chaotic attractor presents various
obstacles, making it a fascinating subject.

A chaotic system [1] is a non-linear dynamical system
that exhibits complicated and unpredictable behaviour. The
sensitivity depends on the initial conditions and the parameter
values fluctuate with range. These are chaotic systems’
exceptional properties [2]. Chaotic systems are sometimes
deterministic [3], [4] and exhibit long-term unpredictable
behaviour [5], [6].

Even though chaotic systems are extremely sensitive, the
sensitivity of these systems is depend on the initial condi-
tions. The chaotic character is one of the qualitative [7], [8]
properties of a dynamical system [9], [10], [11], [12].

Stabilization [13], [14] of unstable periodic motion ~con-
tained” in the chaotic set, inhibition of chaotic behaviour
by external force like periodic noise, periodic parametric
perturbation, and algorithms of various automatic control like
feedback [15], [16], [17], [18], backstepping [19], [20], [21],
[22], sample feedback, time delay feedback and so on can
all be used to control chaotic systems.

In a chaotic system, there are two methods for applying
controls. The first is a change in the system’s attractor. The
second is the change in the system’s point position in the
phase space, which is a constant parameter value.
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An oscillator is a device that produces a continuous,
repeated, and alternating wave without any input. One of
the main functions of oscillators is to convert power into
an alternating current signal. A Colpitts oscillator [23], [24]
is the signal produced by a feedback system with two coils
and an inductive divider in the server. Chaotic behaviour may
emerge in Colpitts oscillators due to changes in settings and
input variations.

A novel chaotic Colpitts oscillator is proposed in this
paper. It is a modified version of Colpitts oscillators from
the past. The modified form of Colpitts oscillator [25], [26]
is described in section 2 along with the mathematical model
formulation. Furthermore, the system’s invariant property,
equilibrium point, and Lyapunov exponents [27], [28], [29],
[30] are examined. The adaptive backstepping technique [31]
is discussed in section 3 for the proposed system. A non-
linear feedback system is established in section 4. In section
5, the backstepping control approach is used to examine the
non-linear feedback system. Finally, the numerical simulation
[32], [33], [34], [35] shows that the hypothetical outcomes
are consistent.

II. THE MATHEMATICAL MODEL OF A CHAOTIC
COLPITTS OSCILLATOR

Figure 1 shows a simplified illustrative diagram for a
modified Colpitts oscillator. The Colpitts oscillator is widely
used in communication systems, in addition to electronic
gadgets. A sinusoidal oscillator with a single transistor
implementation.

The following are the hypotheses for simplifying the
extensive simulation of the complete circuit model.

1) The base-emitter(B-E) driving point(V-I) characteristic

of the Rr with logarithmic function is

IE = f (VBE) = IS [1Og($5) — ].}
and Iy = f (Veg) = Is [log(z1) — 1]

where Ig is the emitter current (inverse saturation
current), a is amplitude and p is period of the B-E
junction.

2) The state space is schematically represented in Figure

dV;
ReCy dfl — Vo — Vo, — Ve, + Rolr, — Ro f(Vsi)
dV,
ReC: df"’ = Vo — Vo, — Ve, — Relo + Relp,
dVe.
Cs dfs =Ip—-(1-a)f (V)
dl
Ld—tL =Ryl — Vg, — Ve, — Ve,
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Fig. 1. The circuit diagram

The following is the proposed new system with Colpitts
oscillator:

i1 = o1(—x1 — T2) + x4 — 71(73)

i’g = 510’1(7.%1 *%2)4’51%4 (1)
i3 = ea(ws — (1 —a)ypa(r1))

Ty = —T1 — T2 — T3 — 0274

where ¢1(x3) = log(xs) — 1, ¢a(x1) = log(z1) — 1.

In system (1), the state variables are assumed as xi, Zo,
xs and z4 along with six positive parameters, o1, 7, €1, €2,
o9 and «. The system (1) is an autonomous system to which
a logarithmic function expression is associated.

With the modification of coordinates provided by the
scheme (3?17 o, I3, .174) — (—.’L‘l, —X2, —I3, —.’IJ4),
the system (1) is found to be invariant.

The mathematical system of the Colpitts oscillator when
equated to zero gives the equilibrium points of the system
as specified below:

o1(—z1 —x2) + 24 — v (23) =
e1o1(—x1 —x2) + 124 =

e2(za — (1 — a)yge(z1)) =

—X1 — T2 — T3 — 024 =

2

o O o o

Solving the system (2), it is seen that the new chaotic
system (2) has a unique equilibrium at the origin.

Y1 (x3) — 24 + 207
o,
—€1%4 +€10121

xr1 =

ro =
—€101

x3 = any value # 0
T+ 2o + 23
—oy

Ty =

The Jocobian matrix of the system (1) at the equilibrium
point E is given by

—01 —01 —_ 1
€3
—€10 —€10 0 €
JE _ 191 101 1 (3)
_52(1 - a)* 0 0 £9
Z1
-1 -1 -1 —o9

The corresponding characteristic equation of the Colpitts
oscillator system (1) with respect to E is given by the relation

A+ AN+ AN+ AN+ A;=0 4)
where

A =1
Ay =c101+ 01+ 09

aeay? + 101022123 + €121T3 — €277
+e2x123 + 01027123 + T123
Ag = —
- 13
agie9v2o1 + agoy?oy 4+ asyyrs — £1627% 07
A +E£1€2012103 — 52’}/202 — €271 + 2012123
4= =
13
r 2 3 2
ag1€27Y°0102 + ag1€27” — €1€2Y70102
2
—E&1827
A5 = —
T1T3

The system is unstable for all values of the parameters
at the equilibrium point E, according to the Routh-Hurwitz
stability criterion [36].

From the Jacobian matrix (3), among the states x1, o,
zs and x4, if 1 and x3 are both positive or negative
or of opposite signs, it implies “Hopf bifurcation”. This
phenomenon is also known as “Poincaré—-Andronov—Hopf
bifurcation”. This bifurcation leads to a local birth of “chaos”
nature in modified Colpitts oscillator (1).

Interestingly, the system (1) is chaotic for the parameters

&1 = 1, &9 = 20,

o1 =1.49, 09 = 0.872,

v = 2.2001, 25.80, 200.00, 250.00, 5500.00,
255

“ = 256

Lyapunov exponents are one of the essential factors in de-
termining whether a system is chaotic, hyperchaotic, stable,
or periodic.

Table I gives the details of the quasi-periodic and chaotic
nature of the system. For the evaluation of the system,
the observation time (7) is considered as 100,8500 and
the sampling time (At) is taken as 0.5. For various initial
conditions, the system (1) exhibits chaotic nature.

log(0) value is undefined. The defined non-linearity func-
tion is not working for zero initial condition in x; state and
x3 State.

By applying Wolf algorithm [37], the Lyapunov expo-
nents(LEs) corresponding to the new chaotic system (1) are
obtained as detailed below:

The Lyapunov exponential dimension is obtained from
Table I. The new system’s attractor is discovered to be a
strange attractor with fractal dimensions. Figure 3 shows the
chaotic attractor of the system (1) found through numerical
simulation.

The Lyapunov exponents of the modified Colpitts oscil-
lator are shown in Figure 2 and the chaotic nature and
Poincar’e Map of the modified Colpitts oscillator are shown
in Figure 3.
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TABLE I
LES OF SYSTEM (1) FOR OBSERVATION TIME (T") = 100, 8500,
SAMPLING TIME (At) = 0.5,e1 =1, e2 = 20, 01 = 1.49, 02 = 0.872,

5 = 2.2001,25.80, 200.00, 250.00, 5500.00 WITH VARIOUS

SAMPLING AND OBSERVATION TIMES USING WOLF ALGORITHM.

SL Parameter ~, Initial LEs Sign of | Nature
No. time ¢ condition the LEs
v = 2.2001, 0.3453, 0.021060, +,
1 t=0, 0.5467, —0.000842, ~ 0, Chaotic
At = 0.5, 0.9834, —0.017594, -,
T =100 0.1736 —0.016507 —
v = 25.80, 0.3453, 0.037866, +,
2 t=0, 0.5467, —0.000934, ~ 0, Chaotic
At = 0.5, 0.9834, —0.018158, -,
T =100 0.1736 —0.028019, -
~ = 200.00, 0.3453, 0.047162, +,
3 t=0, 0.5467, —0.000875, ~ 0, Chaotic
At = 0.5, 0.9834, —0.019369, -,
T =100 0.1736 —0.029810 —
v = 250.00, 0.3453, 0.047538, +,
4 t=0, 0.5467, —0.000769, ~ 0, Chaotic
At = 0.5, 0.9834, —0.020563, -,
T =100 0.1736 —0.028571 -
v = 5500.00, 0.3453, 0.000562, +,
5 t=0, 0.5467, —0.000000, 0, Chaotic
At = 0.5, 0.9834, —0.000530, -,
T = 8500 0.1736 —0.000033 -
5 ; ; ; ‘
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(e) The Lyapunov exponents for modified Colpitts
oscillator with v = 5500.00

Fig. 2. Lyapunov exponents of the modified Col

1, e2 = 20, 01 = 1.49, 02 = 0.872, a = & with initial condition

256

(z1,32, 73, 74) = (0.3453,0.5467, 0.9834,0.1736)
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(f) Poincaré Map between x5, x3 and x4

Fig. 3. Portrait of Colpitts

One of the advantages of this paradigm is the examination
of qualitative qualities. Some qualitative properties worth
noting are stability control, limit cycle, periodicity and chaos.

Only one state of the system, state 1, exhibits exponential
non-linearity. Logarithmic nonlinearity exists in the sug-
gested four-dimensional chaotic system. State 1 and state 3
of the proposed system introduce logarithmic non-linearities.
The existence of strange attractors and bifurcation nature, as
well as the chaotic character shown by Lyapunov exponent
and Poincar’e map, are all seen in the suggested system.

The following theorems bring out the local stability prop-
erties of the modified Colpitts oscillator.

Theorem 1: The interior equilibrium point E is locally
asymptotically stable in the positive octant.

Proof: By divergence criterion theorem, assume

1

0(x1,29,23,04) = ———— )
T1X2X374

where 6(z;,1=1,2,3,4) > 0if x; > 0,i =1,2,3,4.
Now consider

p1 = o1(—x —x2) + 14 — YP1(23)
p2 = e101(—x1 —x2) 124 (6)
p3 = ea(wg— (1 —a)ypa(r1))
Pse = —T1 — T2 — T3 — 0204
where ¢1(x3) = log(xs) — 1, ¢a(x1) = log(z1) — 1.
Define
0 0 0
V= G (p10) + e (p20) + ET (ps0) + 91s (pa®) (7)

We have to determine V given by (7) along with the
trajectories provided by (5) and (6). We obtain

{lo1] z1 + [o1 (=21 — @2) + 4 — y¢1(x3)]}27374
ataiaia]
_Aeaoizs + [e101 (=21 — 22) + erau]fri w32y
atadaial
&2 [£4 — (1 — a)yda(z1)] 217274
atwiaiey
~Aoomy 4+ (=21 — @2 — 13 — 0214) 1073

2,222
T{T5T5T]

V= —

which is less than zero.
According to the Benedixon-Dulac criterion, the first oc-
tant does not contain any limit cycles.
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Consequently, the equilibrium provided by E is found to
be locally asymptotically stable.

The local asymptotic stability can be seen in the rela-
tionship between the limit cycle and closed trajectories. The
following theorem is concerned with the stability of a closed
trajectory employing Bendixson’s theorem’s conditions. M

Theorem 2: There is no closed trajectory for the interior
equilibrium point.

Proof: Define

Op4
-+ 871'4 (®)

0
\I/(J,‘“Z: 1727374) pl +.
dwy
Find ¥ along with the trajectories associated with (8). It
follows that

\112—0'1—610'1—0'27&0. (9)

By using Bendixson’s criteria to (9), it becomes clear that
there is no closed trajectory surrounding the point F.

Hence, limit cycle does not exist encompassing F.

Therefore, it follows that the point E is locally asymptot-
ically stable.

It refers to a special form of oscillator solution that exhibits
a stable periodic orbit. The non-trivial periodic solution is
emphasised in the following theorem. ]

Theorem 3: The modified Colpitts oscillator given by (1)
has a non-trivial periodic solution.

Proof: Define

o — i xf—kx%—kx%—kzi
dt 2
dxl g d + dxg d$4

= Tr1— X Ty——

Var TPar T ar Tt (10)
= X1T1 + ToTo + T3T3 + T4Tg

4 dazl
= Z 1‘7,

Find ® from (10) along the trajectories of (1). We see that

® = zi[o1(—z1 — x2) + 24 — YP1(3)]

+$2[€10’1(—l‘1 — .Z‘Q) + 813’54}

+a3lez(za — (1 — a)yg2(21))]

+‘T4[7I1 — X9 — T3 — O'QI4]

= —012} — 012132 + 1124 — YT101(T3)
—E£10121%2 — Elalxg + £1T224
+esxgry — e2(1 — a)x3yda(21)
—T1Xx4 — X2X4 — X3T4 — 0'2.13?1

= —(012? + £10123 + 0977)

70’11’1302(1 + 61) - (1 - 61)1’21‘4

—(1 —eg)xsxs

—z17¢1(23) — x3e2(1 — )y (1)

—(V1 + Vz)

(1)

where V; = olx% + slolxg + Uzwi,
Vo =ozixa(l+¢e1) +
+ (1 —e2)z3wa + 21791 (23)
+ w3e2(1 — a)yd2(21).
It is observed that V; + Vg is positive for 23 + 23 + 23 +

x3 < a and negative for 23 + 23 + 23 + 23 > b, where a,b
are positive constants.

(1 — 61)1‘2$4

This implies that any solution z;(¢) of (1) will be in the
annulus a < Z z? <b.

Hence, by Pomcare Bendixson theorem, there exists at
least one periodic solution x;(t),i = 1,2,3,4 of (1) lying
in this annulus.

Hence, the modified Colpitts oscillator (1) has a non-trivial
periodic solution. ]

The act of changing an oscillator’s behaviour to achieve
a desired purpose, primarily through the use of feedback
control, is known as control theory. When parameter values
are uncertain, backstepping control is described in the next
section.

III. ADAPTIVE BACKSTEPPING CONTROL OF THE
MODIFIED COLPITTS OSCILLATOR WITH UNKNOWN
PARAMETERS

A. Proposed system

The modified Colpitts oscillator system is given by the
dynamics with controllers

&1 = 01 (=21 — 22) + 24 — YP1 (73) + g
To = €101 (—1‘1 — T9) + €124 + U2
iy =€z (w4 — (1 — @) vz (1)) + us
i4 = —X1 — Ty — XT3 — 02X4 + Uy
where ¢ (z3) = log(xs) — 1, ¢a (21) = log(x1) — 1.

In system (12), x1, 22,23 and x4 are state variables and
u1, U, ug and uy are adaptive controllers.

12)

The synchronization error is defined as e; = y; — z;, © =
1,2,3,4.
The unknown parameters are updated by
€y, =01 —01(t), ey, = 09 — Ta(t)
ee, = €1 —E1(t), ee, =2 —Ea(t) (13)
eq = a — a(t), ey =7v—7(t)
By differentiating (13) with respect to ‘t’, one obtains
1(t) oy = Z(t)
= —sl(t) ey, = Q(t)
éa = —a(t), by = 'Y t)

At this stage, the state of the system is considered as

&y =01 (=21 — 22) + x4 — yP1 (T3) + Uy (14)

where xo is regarded as a virtual controller.
In order to stabilize the system, the suitable Lyapunov
function is defined as

1 2 1 2 1 2
5371 + 560.1 + 567.

By differentiating V; with respect to ¢,

V1 (xl) =

Vi =21%1 + €5, 65, + €46y

=1 [01 (=21 — 22) + 24 — ¥¢1 (23) + w1]
+ €4, (—31) + ey (—W)

15)
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where x is regarded as a virtual controller and is defined as

zo = B (z1) and B (z1) = 0.

The controller u; is assumed as

ur = —x1 + 0121 — T4 + ¢ (v3) (16)

and the unknown parameters ; and 7 are updated by

a7

On substitution of (16) and (17) into (15), we get
V= —a? -2, — ¢

which is found to be a negative definite function.

Hence, by Lyapunov stability theory, the system is globally
asymptotically stable.

Now define the relation between §; and zo by

w2 =$2—ﬂ1-

Consider the subsystem (x1,w2). We have

T = —€y,T1 — O1W2 — eyP1 (T3) — 21,
d)g = —£101%1] — E101W2 + €124 + Ug.
Define V, by the Lyapunov function as
Ly

1 2
5&}2 + 5661‘

On differentiating V5 with respect to ¢, we get

Vo=Vi+

"/2 = xlztl + €, (72}1) + 67 (7;}7) -+ €eq (7?1) +CUQCL)2.
(13)

The controller uo is assumed as
(19)

Ug = 0121 +€1 (0'11'1 + o1Ww2 —(E4) + T3 — wa.

Let x3 be the virtual controller. It is defined as x3 =
B2 (z1,ws) with the assumption that 85 (21, ws) = 0.

The parameter ¢; is estimated as

Bl = —wo (0121 + 01w — T4) + €y - (20)

Substituting (19) and (20) into (18), we get
Vo= —a?— 2 —e? —uwl— e

which is a negative definite function.

Hence, by Lyapunov stability theory, the system is globally
asymptotically stable.

The relation between x3 and [, is defined by

w3 = x3 — Ba.

Consider the subsystem (x1,ws,ws). We have

T] = —€, 21 — O1Wa — e'y¢1 (zS) — T,
Wo = —eg, (0121 + o1wa — X4) — wa + 0121 + wa,
w3 = €9 (:174 —(1- a>7¢2 (‘Tl)) +us.

Now consider the Lyapunov function

1 1 1
Va=Vo+ —ws + =¢? +§ei

2 2 2
The derivative of V3 with respect to ¢ is obtained as

‘./3 = sz + wgw?, + eazész + eaéa (21)

where uz = —ws — w3 + E27¢P2 (1) — £207¢2 (1) -
(22)

Let us denote the virtual controller by x4. It is defined as
x4 = B3 (21, ws,ws3) and we assume that f3 (z1,ws,ws) =

0.
The parameters are estimated as

~

€y = —w3Yd2 (71) + ey,

N (23)
a = w3eaYd2 (21) + €q-
Substitute (22) and (23) into (21). Then we get
Vs=—af—e —e2 —wj—e? —wj—e2, — ¢l

which is a negative definite function.

Hence, by the theory of Lyapunov, it follows that the
system provided by (12) is stable.

Now the relation between x4 and B3 is defined by

wy = x4 — B3.

Consider the subsystem (x1,ws,ws,ws) provided by

&1 = —€q, 71 — O1w2 — eyP1 (23) — X1,

wo = —eg, (0121 + o1we — T4) — wo + w3 + o127,
W3 = E2ws — €,7P2 (T1) + €ac27P2 (T1) — w2 — w3,
W4 = —T1 — To — T3 — OoWwy + Ug.

Now consider the Lyapunov function

1 1
Vi= Vs + swi + 565,

The derivative of V; with respect to ¢ is obtained as

Vi = Vs + Wiy + €y, (24)

where uy = —egws + 11 + T2 + X3 + Tows — wy. 25)

By working backward, the parameter is estimated as

0y = €g, — W2 (26)
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Substitute (25) and (26) into (24). Then we are led to

Gy 22 2 2 _ 2
Vi=—a7—e; —e, —w; — e,
2 _ 2 2 2 _ 2

—w3 —eZ, — e, — Wy — e,

which is a negative definite function.
By the stability theory due to Lyapunov, it is seen that the
Colpitts oscillator provided by (1) is asymptotically stable.

B. Numerical simulation

For the numerical simulation, the initial conditions of the
parameters are taken as

51(0) = 10.9546
a(0) = 3.8765,
£1(0) = 7.8762,

72(0) = 5.9353,

~(0) = 2.1654,

£2(0) = 9.9876
with the initial conditions for the modified Colpitts oscillator
21(0) = 1.9124, 25(0) = 1.3942, x3(0) = 1.3125 and
x4(0) = 1.9873.

Figure 4 depicts the parameter estimation of the modified

Colpitts oscillator.

Figure 5 depicts the stability of the modified Colpitts
oscillator.
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Fig. 4. The parameter estimation of the modified Colpitts oscillator
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IV. SYNCHRONIZATION OF MODIFIED CHAOTIC
COLPITTS OSCILLATOR

Another technique to illustrate sensitivity depending on
initial conditions is the synchronisation of a chaotic system.

Master-slave or drive-response coupling between the two
chaotic systems must be designed so that the temporal
evolution is optimum.

The master and slave systems are the two dynamic systems
that are engaged in the synchronisation in general. A well-
designed controller will align the slave system’s trajectory
with the master system’s, resulting in synchronisation be-
tween the two systems.

The synchronisation procedure for the modified Colpitts
oscillator employing non-linear control is discussed in the
next sub-section.

A. Synchronization of modified chaotic Colpitts oscillator
using non-linear feedback method

The modified Colpitts oscillator is now being synchro-
nised. The drive-response approach is used. The modified
Colpitts oscillators have a synchronisation that is identical.

The chaos synchronization basically requires the global
asymptotic stability of the error dynamics

ie., lim |le(t)]] =0.

t—o0

The modified Colpitts oscillator is taken as drive system,
which is described by

&1 =01 (—21 — T2) + 24 — Y91 (23),

Ty = —€101T1 — €101T2 + €114

. ’ 27
I3 = eowg — &2 (1 — ) y92 (21),

T4 = —T1 — Ty — T3 — 0214,

where 1,22, x3 and x4 are state variables, o1, 09, €1, €2,
v, « are positive parameters, ¢1 (x3) = log(zs) — 1 and

o2 (1) = log(xy) — 1.
The modified Colpitts oscillator is also taken as the
response system which is described by

U1 =01 (=y1 —y2) +ya — 91 (y3) + u,
Yo = —€101Y1 — €101Y2 + €1Y4 + U2,

U3 = 2ys — €2 (1 — @) v¢2 (y1) + ua,
Ya=—Y1 — Y2 — Y3 — O2y4 + Ug,

(28)

where ¢1 (y3) = log(ys) — 1, ¢2 (y1) = log(y1) — 1.
The synchronization error occurring in the system is
defined by

ei:yi*xi7i:1a2,3a4' (29)

The resulting error dynamics of the system is governed by
the set of equations

é1 = —o1e1 — o162+ eq — Y01 (y3) + 71 (v3) + U1,

€y = —€101€1 — E101€62 + €164 + U,
é3 = £9€4 — E9 (1 - Oé) Y (¢2 (yl) - (b? ($1)) + us,
€4 = —e€] — ey — €3 — 0264 + U,

(30)
where v = (uq, uQ,U3,U4)T is the non-linear controller to
be designed so as to synchronize the states of identically
modified Colpitts oscillator.
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Now the objective is to find the control law wu;, ¢ =
1,2, 3,4 for stabilizing the error variable of the system (30)
at the origin.

Let the energy source function Lyapunov be chosen as

€1V

The derivative of (31) with respect to ¢ is provided by

V= Z eiéi. (32)
i=1
Substituting (29) and (30) into (32) we are led to the
relation

V =e1(—ore1 — orez + e — 01 (y3) + yo1 (3) + u1)
+ ey (—c101€1 — 10162 + €164 + U2)
+e3 (264 — 2 (L — ) v (P2 (y1) — b2 (1)) + us)
+e4(—e1 — ez —e3 — 02eq + uy)

The controllers are defined by

up = o1eg —eq + v (1 (y3) — o1 (w1, 23)) ,

U2 = £101€1 — €164,

uz = &2 (1 — )y (g2 (y1) — ¢2 (z1)) — 2e4 — €3,
Uy = €1 + €g + e3.

Therefore the relation (32) becomes

; 2 2 2 2
V = —01e7 — 10165 — €3 — 02e)

which is a negative definite function.

Thus, by Lyapunov stability theory, the error dynamics
provided by (30) is found to be globally asymptotically stable
for all initial conditions e(0) € R*.

Consequently, it is seen that the states of the drive and
response system synchronize globally and asymptotically.

B. Numerical simulation

For numerical simulation, the initial conditions of the drive
system are chosen as 0.09124, 0.3942, 0.0125, 0.9823 and
the initial conditions for the response system are taken as
0.9546, 0.9353, 0.8765, 0.1654.
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Fig. 6.

Fig. 7.
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V. THE SYNCHRONIZATION OF COLPITTS OSCILLATOR
VIA BACKSTEPPING CONTROL

The backstepping approach is a cyclic procedure that uses
a feedback controller and an appropriate Lyapunov function.
It causes the strict feedback chaotic systems to achieve
global stability synchronisation. The proposed system is
implemented using the backward backstepping method in this
section.

A. Analysis of the error dynamics

The error dynamics system is taken as

€4 = —e1 — ez — e3 — 0264 + U1,

é3 = e2eq — &2 (1 — )y (d2 (y1) — P2 (1)) + uz,

ég = —€101€1 — E101€2 + €1€4 +’LL3,

é1 = —o1e1 —o1ea +eq — v (1 (y3) — ¢1 (73)) + ua.
(33)

Now the objective is to find the control laws wu;(i =

1,2,3,4) for stabilizing the error variables of the system
(33) at the origin.
First, consider the stability of the system

€4 = —e1 — ey —e3 — 02e4 + U1 34)

where eg is considered as a virtual controller provided by
es = (1 (eq) and By (e4) = 0.

The Lyapunov function is defined as

1

The derivative of 1 with respect to ¢ is obtained as

Vi = eaéy (36)
If /1 =0 and u; = ey + eg, then we obtain
Vl = —0'263 (37)

which is a negative definite function.
Hence, the system (34) is globally asymptotically stable.
The function /31 (e4) is an estimator when es is considered
as virtual controller.
The relation between e3 and (3 is defined by

wy =e3 — fB1 = e3.
Consider the subsystem (e4,ws) given by
€4 = —Wwg — 0264,
Wy = e2eq — 2 (1 — ) 7 (P2 (y1) — ¢2 (1)) + ua.

Let e be a virtual controller in system (38).

Assume that when es = s (e4,ws), the system (38) is
rendered globally asymptotically stable.

Consider the Lyapunov function defined by

(38)

1
V2:1/1+§w§.

The derivative of V5 with respect to t is
Vo = eaéy + wolo
If o = 0 and ues = —(e2 — l)es + ea(1 —
a)y (g2 (Y1) — ¢2 (1)) + e2 — wo, then we obtain
Vy = —09es — Wi

which is a negative definite function.
Hence by Lyapunov stability theory, the system is stable.
Let us consider the relation between e5 and 35 defined by

wg = ey — By = ea.
Now the subsystem (eg4,ws,ws) is considered as
€4 = —Wwy — 0264,
d)g = €4 + w3 — wa, (39)
W3 = —€101€1 — €101W3 + €1€4 + U3.

Consider the function V3 due to Lyapunov function defined
by

1
V3:V2+§w§.

On differentiating V3 with respect to ¢, we get

Vi = eqés + wows + wsws.

If B3 =0 and ug = —ws — 164, then we obtain

y 2 2 2
Vi = —03e] —w; —e101w3

which is a negative definite function.
Now the relation between e; and 33 is defined as

w4=€1—ﬂ3:€1-

Let us consider the subsystem (e, w2, ws,ws) provided by

€4 = —Wg — 0264,

Wo = €4 + w3 — wa,

W3 = —€101W4 — €101W3 — W2,
Wy = —ows — 01wz + ea — ¥ (d1 (Y3) — é1 (23)) + ua.
(40)
Consider the Lyapunov function
Lo
V4 = ‘/3 + 5&)4.
The derivative of V,; with respect to t is
Vi = e4éq + wola + w3tz + waly.
If 8, = 0 and ugy = ei01w3 + oWz — €4 +

v (é1 (y3) — ¢1 (x3)), then we obtain

Vi = 70’26421 — w% — 5101w§ — lez

which is a negative definite function.
Hence by Lyapunov stability theory, the system is stable.
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B. Numerical simulation

For solving the system of differential equations (33) with
the backstepping controls uj, us, us and uy, the fourth-order
Runge—Kutta method is used and numerical simulation is
carried out. We have

up = e + ez,

up = —(e2 — eg + e2(1 — @)y (o2 (y1) — ¢2 (1))
+ e —wa,

Uz = —W2 — €164,

and uy = e101w3 + 01wz — eq + v (P01 (y3) — o1 (23))

The initial values of the drive system (27) are chosen as
21(0) = 0.09124, z2(0) = 0.3942, z3(0) = 0.0125, 24(0) =
0.9873. The initial values of the response system (28) are
taken as y;(0) = 0.9546, y2(0) = 0.9353, y3(0) = 0.8765,
y4(0) = 0.1654.

Figure 8 portrays the chaos synchronization of identical
drive and response systems provided by (27) and (28),
respectively.

X
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(e) Error Dynamics of modified Colpitts
oscillator

Fig. 8.  Synchronization of identical modified Colpitts oscillator, error plot
for identical modified Colpitts oscillator

VI. CIRCUIT IMPLEMENTATION

An operational amplifier circuit is developed in accordance
with in order to verify the dynamical properties of the
modified Colpitts oscillator (1). Linear resistance and linear
capacitors are used to build the circuit. The operational
amplifiers permitted voltage range determines the appropriate
variables proportional compression transformation for the
system’s state variables. The oscillation circuit equation is
as follows in terms of circuit diagrams.

&1 = o1(—x1 —x2) + x4 — YP1(23),
Ty = e101(—x1 — T2) + €174,

3 = ea(wg — (1 —a)ypa(z1)),

Ty = —X1 — T2 — T3 — 0214,

where ¢1(z3) = log(z3) — 1, ¢a(x1) = log(z1) — 1 and the
parameter values are

oy — Ry (R5 + Rs) _ Rs6 (R31 + R32)
R5R1C1R3 (Rg + R7)  Rs7Rsi (Rsy + Rss)’
S ReqRrelirs
Rg3CyResR7sRr7’
el = Rag R3r 7
Ry7C2Ra9R36
oy = Rz Ry
Ry CsRy3Rys5’
_ ReRy _ Rss
7= RiCiR3R17  Rss’
o Ry6 — Rus
Ry
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3 3
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Fig. 9. Op-Amp circuit diagram of chaotic variable x Fig. 11.  Op-Amp circuit diagram of chaotic variable x3

o
g
3 3 w3 3 3 <3

Fig. 10. Op-Amp circuit diagram of chaotic variable z2 Fig. 12.  Op-Amp circuit diagram of chaotic variable x4
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VII. CONCLUSION

The Colpitts oscillator with logarithmic function non-
linearity is investigated in this paper. The modified Colpitts
oscillator’s qualitative qualities are being studied. For some
initial conditions and parameter values, the proposed system
exhibits chaotic behaviour. The Lyapunov exponent is deter-
mined using the Wolf technique. The system is dissipative
under certain beginning conditions. The system is controlled
using the adaptive backstepping control approach. Backstep-
ping control, synchronisation, and non-linear control are all
used. The theoretical results are supported by numerical
simulations conducted in MATLAB for this investigation.
Backstepping control and the non-linear feature are used.
The findings are supported by numerical simulations. For
numerical simulation, MATLAB is employed.
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