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Multiple Periodic Solutions for Cohen-Grossberg
BAM Neural Networks with Mixed Delays and
Impulses

Yongzhi Liao and Qilin Tang

Abstract—We study Cohen-Grossberg BAM neural networks
with time delays and impulses. Via inverse function technique
and Leray-Schauder theorem, 2" periodic solutions for the
model are derived. Further, by constructing a suitable Lyapunov
function, global exponential stability of periodic solutions of the
model is achieved.

Index Terms—Cohen-Grossberg; mixed delays; multiple pe-
riodic solutions; impulse.

I. INTRODUCTION

N the past decades, since Cohen-Grossberg neural net-

works (CGNNs) with their various generalizations shows
their potential applications in classification, associative mem-
ory, parallel computation and their ability to solve optimiza-
tion problems,the studies of CGNNs have attracted consider-
able research interests (see [1-6]). Pro- posed by Cohen and
Grossberg [1] in 1983, this class of neural networks can be
described as follows:

ddii = —ai(xi(t)) [bi(xz t)) — ;cﬁ(t)gj [2;(t)] — L],
where 1 = 1,2,...,n.

At the same time, bidirectional associative memory (BAM)
neural network presented by Kosko [7] has also been applied
in many fields such as pattern recognition and automatic
control, image and signal processing. In recent years, many
investigations about the existence and stability of equilib-
rium of CGNNs and BAM neural networks. Recently, some
researchers begin to consider Cohen-Grossberg BAM neural
networks (see [8-11]).

In addition, experimental proofs show that time delays [12-
14] can affect the stability of neural networks and cause
some other dynamical behaviors (such as periodic, anti-
periodic and almost periodic oscillation, bifurcation, chaos,
etc). Moreover, the property of periodic oscillatory solutions
to neural networks is also of incredible importance and have
wide applications. In recent years, scholars have studied the
periodicity of neural networks, and they derive sufficient
conditions for the existence and stability of periodic solutions
to delayed BAM neural networks. For example, see [15-18],
and the references therein.
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In [19], Chen and Cao considered the following Cohen-
Grossberg BAM networks with distributed delays:

#1(0) = —a(elt) b (t.26) - 55 pit)
[ KA - s - o)
5 (8) = —e3 (05 (0) | st (1) — 3 a5l
<[ Loy ()gu(t et — ))ds — <t>} ,
where i = 1,2,...,n, j = 1,2,...,m. By using the

Lyapunov functional method and some analytical techniques,
the authors establishes some sufficient conditions for the
existence, uniqueness and global exponential stability of the
periodic solution for the system above.

In [20], the authors discussed a class of Cohen-Grossberg
BAM neural networks with periodic coefficients and mixed
delays as follows:

D) = ~aifeil0)
 astas(®) = 30 [0 = 73(0)
+hji(t) Kji(t - S)fj (y](s))ds] + Il(t)},
B0 = D)

{ﬁj it Z [qu (&~ 035(0))

1=1

—&—wm / N;;

where ¢ = 1,2,...,n, 7 =1,2,...,m. By using M-matrix
theory and some analysis techniques, they investigate the
existence and exponential stability of periodic solutions for
this kind of neural networks.

The systems above are all continuous systems, which don’t
consider the dynamics behaviors of impulse points. However,
many evolution processes contain impulsive effects, where
their states are changed abruptly at certain moments of time.
The theory of impulsive differential systems have been devel-
oped by numerous mathematicians (see [21-25]). Impulsive
differential equations with or without delays have extensive
use like the application in biology, medicine, mechanics,
engineering, chaos theory and so on (see [26-28]). During
these years, plenty of scholars have focused their attention
on the dynamics of impulsive Cohen-Grossberg BAM neural
networks (see [29-32]).

g1 (s >>ds} £,
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For example, in [33], Li considered the following Cohen-
Grossberg-type BAM neural networks with time-varying
delays and impulses:

— > hij(t)

j=1

< 5Ot m(t)))—f], EA bt > o,
Azi(ty) = In(z:(ty)), ke N={1,2,...},

zi(t) = —a;(z(t)) {bi(x t

O = =65 05(0) | a5(05(0) = 3 st
i=1
xgi(pizi(t — 0ji(t))) — J}, t # ty,t > to,
Ay;tr) = Ji(y;(t;)), ke N={1,2,...},
where ¢ = 1,2,...,n, 7 = 1,2,..., m. By using Lyapunov

functionals, the analysis method and impulsive control, Li
studies the existence, uniqueness and exponential stability
of the equilibrium point for the Cohen-Grossberg-type BAM
neural networks with time-varying delays.

In [34], Li and Zhang proposed the following impul-

sive Cohen-Grossberg-type BAM neural networks with dis-
tributed delays:

£(1) = —ay(ai(0) [w ) =3 ei505(051))
j=1
m 400
— Z dij ; Kij (5)91' (yj (t - 5))d5
L], t 4 by,
zi(tT) = 2;(t7) + Pu(zi(t7)), t=tg,

keN2{1,2.. .},i=12...n,

yi(t) = —a;(y;(t)) {Bj(yj(t)) > () fila(t))
=1
n 400
Z / Kjifi(wi(t — s))ds
I} t # ty,
yi(th) = yi(t7) + Quw(y; (t7)), t=t,
ke N2{1,2,...},i=1,2,....m

some sufficient conditions ensuring the existence, unique-

ness and global exponential stability of equilibrium point for
the above system are obtained By establishing an integro-
differential inequality and employing the homeomorphism
theory.

Although many results on the existence of periodic solu-
tions to impulsive Cohen-Grossberg BAM neural networks
are already got, the results on the multiplicity of periodic
solutions for impulsive Cohen-Grossberg BAM neural net-
works with mixed delays are still absent. Therefore, new
sufficient conditions for the multiplicity of periodic solutions
to the following impulsive Cohen-Grossberg BAM are pro-

posed in this paper:
£4(0) = ~ai(as(0) [0
=3 P st - )
Usi(t) (/ Xi(s)y; (t — 5)ds )
et }

L(t) = —bj (5 (1)) [BJ (ty;(1))

MSE

<.
I
-

t>0,t7étk,

(1.1)
=Y Qi (gt @it — 0i5(1))

> Vij(t)p </O°° Yij(s)zi(t — s)ds>

7t)], t>0,t #ty,
Axy(ty) = wi(t)) — wity) = Liw(zi(tr)),
Ay;(ty) =y (tZ) vty ) = Jin(y;(te)),

where x;(t) and y;(t) are the activations of the ith neuron
in neural field Fyx and the jth neuron in neural field Fy;
fi»9i,Aj, i denote the normal and the delayed activation
functions; Pj;(t), Uj;(t) denote the connection strengths of
the ith neuron on the jth neuron in neural field Fy at
time ¢ — 7;; and t, respectively; Q;;(t),V;;(t) denote the
connection strengths of the jth neuron on the ith neu-
ron in neural field Fy, at time ¢ — oy;, ¢, respectively;
¢i(t),d;(t) are the external input to Pj;(t) and Q;;(¢t) at
time t, respectively; the functions a;, b; represent two abstract
amplification functions; while the functions o, B; represent
the self-excitation rate functions at time t; time delays 7;;(t)
and 0;;(t) correspond to the finite speed of the axonal
signal transmission at time ¢, respectively; z;(¢)),z;(t; ),
y;(t}), y;(t;) represent the right and left limit of z;(¢x)
and y; (t), respectively. {¢;} is a sequence of real numbers
such that 0 < t; < t9 < -+ < tp — o0 as k — o0,
i=1,2,...,n,7=1,2,...,m,t>0.
The initial conditions of (1.1) are of the form

0

_|_

xi(s) =pi(s), se€[-T,0],
T= 1<z<rvILl,1)<(j< {rji},i=1,2,...,n,
y;(8) =1;(3), §€[-0,0],
= =12 ... 1.2
o 1@57{1,?%@{0”}’] ;2,...,m, (1.2)
where the function (s) = [p1(s), 2(8), ..., pn(s)]F € R®

and ¥(3) = [¢1(3),1%2(3), . .., Ym(3)]T € R™ are piecewise
continuous and bounded with respect to the norm

olloe = max { S I% )N},

V] = 1%‘”{ { bup WJ ‘}

The main methods used in this paper is inverse function
technique, Leray-Schauder fixed point theorem [35]. Several
sufficient conditions are obtained for the existence of at least
27*T™ periodic solutions for system (1.1).
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Let Rt = [0, +00). Throughout this paper, we proposed moreover, all solutions of system (2.2) can be converge

the assumption that: exponentially to its unique w-periodic solution.
(A1) Ui(t) > 0, Vi(t) > 0, Pji(t) > 0, Qi;(t) > 0, ¢;(t) This paper consists of four parts. The other three are stated
and d;(t) are continuous w-periodic functions, w > 0is  below. In Section II, brief introduction of the basic notations

a constant, 1 = 1,2,...,n, j = 17 27 ...,m. There are and assumptions are presented. In Section III, we bear out the
positive constants U, ﬁ V,V,P Q and @, such existence of the 2"+ periodic solutions of system (1.1). In
that Section IV, by means of using Lyapunov function method, we
U<Ut)<U, V<Vi(t)<V, obtain some sufficient conditions which ensure the globally

_ _ stable of a unique periodic solution that belongs to some

P<Pu(t) <P, Q<Qyt) <Q. special set for system (1.1). Finally, in Section V, an example

(A;) The delay kernels X;,Y;; : Rt — R* are bounded, is given to illustrate the effectiveness of our main results.

Jis . . .
piecewise continuous and satlsfy Conclusions and future works are presented in Section VI.

/ X,i(s)ds=1 and Ik >0,
0

00 II. PRELIMINARIES AND NOTATIONS
/ X,i(s)e™ds < oo,
oo ’ The transform system (1.1) and state some notations that
/ Y, j(s)ds =1 and Jv >0, will be used in later are briefly introduced in this section.
0 From (Ag), the antiderivative of 1/a;(z;) and 1/b;(y;)
/ Y (s)e?ds < oo exists. We choose an antiderivative h;(x;) of 1/a;(x;) and
0o Y ’ an antiderivative z;(y;) of 1/b;(y;) that satisfies h;(0) = 0
and z;(0) = 0. Obviously, (d/dz;)h;(z;) = 1/a;(x;),
(d/dy;)z;(y;) = 1/b;(y;). Since a;(z;) > 0,b;(y;) > 0, we
obtain that h,;(u) and z;(u) are strictly monotone increasing
about u(u € R). In view of derivative theorem for inverse
function, the inverse function h; ' (x;) of h;(z;) and En Y(y;)
0i;(t) < 7i5, T5(t) < Ty, VE>0. of z;(y;) are differential as Well as (d/dz;)h; (xl) =
ai(z;) and (d/dy;)z; Y(y;) = b;(y;). From (A7) compo-
h=1(u)) and B; (t 2~ Y(v)) are differen-

where 1 = 1,2,...,n, 5 =1,2,....m

(A3) The time-varying delays o;;(t),7;;(t) : RT — R*
are continuously w-periodic functions and there exist
positive constants 7;;, 7;; such that

(A4) The jump operators

sition function «; (¢,
I = [In, Lig, - .., Iin]T - PC([0, ], R™) — R, tiable. Denote u;(t) = hi(zi(t)), v;(t) = 2;(y; (). Itis easy
. to see that wj(t) = x{(t)/a:(xi(t)), vj(t) = y;(t)/b;(y;(t))
Jj =i Jjze oo Tl s PO([0, 6, R™) = R™ - and a(t) = by Hwi(®)), y;(t) = 2 (v ()) Substituting

are continuous. these equalities into system(1.1), we get

(As) {Li}, {Jjx} and {ti} are w-periodic sequence, i.e.,

there exists a positive integer ! such that [0, w]N{tx, k € ul(t) = —ai(t, hy Hu(t)))
N*} = {t1,t2,...,}, we assume that t; = t; + w,
L1t = Liks Jjpr1 = Jji, k=1,2,...,1=1,2,....n, +ZPji(t)fj(t,zj_l(vj(t —75:(1))))
j=12....m; =
(Ag) ai(z) and b;(y) are continuous and there exist positive m
constants a;, a;, b and b; such that 0 < g; < a;(z ) é +ZUji (/ UJ (t— 5))013)
di,O<Q»<b(y)<b],my€RZ—12 =
izt e —ai(t), t# b,

(A7) ai(t,x) € C(R%,R) and B;(t,y) € C(R* R) are w- Vi) = =Bt 2 (v (1))
periodic about the first argument. There is a positive /
constant &;, (3, o;, 3. such that " _

= i + 3 Qi (gt by (uslt — 045(1))) (2.1)

a; < 0ai(t,x)/0x < oy and B, < OB;(t,y)/dy < Bj, .

.. . - .. 71 . —
and a;(t,0) = 0, B;(£,0) = 0, i = 1,2,....n, j = +Z;V”(t)m(/o Yij(s)h; (it 8))ds>
1,2,....m. —d;(t), t#t,

The main contributions of this thesis are highlighted below.
(1) Because of the derivative theorem for inverse function Aui(ty) = halhi  (uwiltr)) + Lie(hi ™ (uwi(t)))] = wilty)
and the constant variation method, the original equation (1.1) 2 (ui(th), t=th,
can be translated into integral equation (3.1). (2) Through
utilizing the Leray-Schauder theorem and several reasonable Av;(tk) = zjlz; Yvi(t)) + J; k(2 Yvj ()] — v;(t;)
assumptions, at least 27" periodic solutions for impulsive

Cohen-Grossberg BAM neural networks with mixed delays = 05 (v;(te))s t =t
are obtained. (3) Based on some suitable Lyapunov functions,
a unique w-periodic solution of system (2.2) is acquired, where t > 0, ¢ = 1,2,...,n, 7 = 1,2,....m, k € N.
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System (2.1) can be rewritten as

w(t) = —0i(t, ui(t))ui(t)
+ Z

- Z Uji(t)
j=1

—C;(t),
vj(t) = —p;(t,(

T (t = T3(t))))

([0

t # tg,
v;(t))v;(t)

L (t — s))ds)

+ZQij )gi(t, hy* (ua(t

S [

—d ( ), t#tk,
Aui(ty) = 7i(ui(te)),
Avj(ty) = §;(vj(tr)),

where

—0ij(1))))
(g (t — s))ds)

t =1,

t =t

0i(t,ui(t) = O (t, h™" (u))/Oulu=c,,

i (t, (v () = 0B;(t, 27 (1) /Ov]u=,
Oc;(t,h='(u))/Ouly—¢, denotes the partial derivative of
;i(t,h=(u)) at point u = &, 9B;(t,z~(v))/0v|y=¢, de-
notes the partial derivative of 3;(¢, 27! (v)) at point v = (j,
& is between 0 and wu,(t), ¢; is between 0 and wv;(t),

t>0, i=1,2,....,n, j=1,2,...,m, k& N.
From (Ag), (A7) and the definition of h~!(u;) and
27 (v;), we obtain a;(t, h= (u;(t))) and B;(t, 271 (v;(t)))

is strictly monotone increasing about u;(t) and v;(t), respec-
tively. Hence, 6;(t, u;(t)) and ¢;(t, (v;(t)) is unique for any
u;(t) and v;(t), respectively, and continuous about u;(t) and
v;(t), respectively, therefore, from (Ag) and (A7), we get
2< g;0; < 0i(t,ui(t) < @ = pi,

v;(t) < b;B; £ q

0 <p;
0<q;2<b;B, < g;(t,(

Denoting (1) (1,400), I(-1) (=00, —1),
J(1) = (1,40), J(-1) = (—o0,—1), for every e
(€1, ,En;€1,---rem]T € {il}”+m we define the Carte-
sian product

A; =1I(e1)xI(gg)x- - xI(en)xJ(e1)xJ((g2) %"

The following hypothesis will be considered:

(Hy) The activation functions A;(¢) and p;(t) are globally
Lipschitz continuous, and ©;, ®; denotes the Lipschitz

constant corresponding to the intervals (—oo,—1) and
(1,4+0), i.e

[Aj(w) = A (v)] < ©fu =],

[pi(u) = pi(v)] < @ilu — vl

for Yu,v € (—o0,—1) or Yu,v € (1,+00), i
1,2,...,n,5=1,2,...,m;

The activation functions f;(t,y) € (R? R) and
gi(t,z) € (R%* R) are w-periodic about the first ar-

gument. There are w-periodic solutions ;(t), 7;(t),

XJ(em).

II;(t) and m;(t) such that ~;(t) = maé<|fj(t,y)|,
ye

(1) = inf |f:(t,v)], TL;(t) = (), mi(t) =

() = 106 0)) () = max gl ), m(0)

ing |gi(t, z)| and there are positive w-periodic solutions

re

A;(t) and B;(t) such that

Ifi(ty1) — £t y2)] < Aj(#)|yr — val,

—gi(t,z2)| < B;(t)|z1 — 2|,

|9i(t, 1)

for all z1,22,y1,y2 € R. Let y; = max |y;(¢)|, r;
Aj

inf |r;(t)], max [II;(t)], m; = inf [m; ()], =
max |A;(¢)| and B, = max |B;(t)],
(Hs) The activation functions y; and A; are bounded, for any

seR,
i) <1 and [\(s)] <1,

where + = 1,2,...,n, 5 = 1,2,...,m. There exists
m,r € (0,1) such that the functions p; and \; satisfy:

wi(s) >m, Ni(s)>rif s>1,
and
pi(s) < —m, Aj(s) <

where : =1,2,...,n, j=1,2,....m
The external input satisfies:

lei(t)] < Pygri + Uyir = > (Pyiy; + Usa)
JFi
|d; (1) < Q; mj + Vjym — > QL + Vi) — G5
i#j
For any k € N; ¢ € {£1}""™, there exists [';; > 0
and X5 > 0 such that if p(t),9 € A,

—r if s < -1,

(Ha)

_ﬁh

0<elix(e) <Tix, 0<¢e;Ji(¥) < Eji,

where : = 1,2,...,n, 5 =1,2,....m
From the definition of h; ' (u) and z;l (v), using Lagrange

mean-value theorem, for all z,y € R, we gets

()| = lai(§) (=
W)] = 1b; () (=

where ¢ and ( is between z and y. Moreover, form (Hj),
we have

|hi

|25

(@) -

1(x)—z

—y)| < ailzr -yl
—y)| < bjlz —yl, 2.3)

o) = sl as(8)) + T (0™ (s (62)))
~hufai(t))] < =2
and
8503 (6))| = 251257 w1 (t0)) + T (03 (0))

Yk
—2;(y; ()| < bfj,
=j
where 1 =1,2,...,n,7=1,2,...,m
The initial condition of (2.2) are of the form

ui(0) =hi(pi(0)), 6€[-7,0,i=12,....,n
v;(0) =z;(;(9), Y €[-0,0l,j=12,...,m,(24)
where 7 = L 1<]<7n{7—”} o= L ?}éggm{aij}’
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III. EXISTENCE OF MULTIPLE SOLUTIONS FOR SYSTEM

(L.1)

Using Mawhin’s continuation theorem, we investigate the
existence of at least 2*1™ periodic solution of system (1.1).

Lemma 1.  The Sfunction x(t) =
(ul(t)aUQ(t)a"'7un(t)av1(t)71)2(t)v"'7Um(t))T is an
w-periodic solution of system (2.2) if and only if it is an
w-periodic solution of the following

_ /O "Gt ) H (ua(5))ds
l
+ZG}(t,tk)T’i(Ui(tk)),

k=1

/()G?(t $)H, (v;(5))ds
+ZG (t,t)d

3.1)
vi(t) =

i (v (te)),

and
1
1 _
Gi(t,s)= | — o= J& fi(ru(rar
eI Ou(rui(rdr 0 < s <t < w,
XN o= (05 0straustrar—g; 0:traustrar)
0<t<s<w,
1
2 _
Gi(t,s)= 1 — o J& es(rus(m)dr
e~ Jieitruimdr g <o < <,
XN e (s eatrmsar—f7 o5 s (m)ar)
0<t<s<uw,
i=1,2...,nj=1,2,....m

Proof: On the one hand, let ¢, < t < tpy1,p < L.
From the first expression of (2.2), we have

[“i(t)efge’(“"i“”dr] — Hy(uy())es 0t (3.9)

Integrating (3.2) on intervals (0,¢;), (t],t5),. .., (th,t),
and adding all of them, by the third expression of (2.2), we
obtain

!/

/Ot{ i(s)elo % ”W)T} ds

efo 0;(r, ub(7))d7ds

/H
+z/{

/

fo 0;(ryui(r))dr ds

p
+ Z Tl u; tk kg, (T,ui('r‘))d'r7
k=1

that is
(ryui(r))dr

ui(t) = ui(0)e 1%

e~ f: 0;(r,u; (T))drds

+ Znuz R C K )
where 1 = 1,2,...,n.
Because u;(w) = u;(0), from(3.3), we obtain
w e~ j:J 0;(r,u;(r))dr
u’b<0) = /0 1— e~ fé" 0; (ryu;(r))dr HZ(U/Z(S))dS
7I‘k 0;(ryui(r))dr
+ Z iU tk (3.4)

e S5 0i(rui(r))dr
Notice, assume there are t1,?2,...,%{, impulse points in

(0,¢], but there are ¢y, ts,...,¢ impulse points in (0, w].
Substituting (3.4) into (3.3), we have

P N
wil?) _/0 [1 T Oiru(rar ©

e eimu%(r»dr] H,(u(s))ds
w e~ fot 0;(ryu;(r))dr
+/t 1 — o= Jo 0:(rui(r)dr
o 12 0D B () ds
l - ftk
+ Zn’(uz‘(tk)) {
k=1

—e fu 0;(ryui(r))dr
xe~ fo (r, ul(r))dril

[ 63 (rui (r)dr

(ryui(r))dr

p
+ 3 raug(ty))e i Orusar
k=1
_ / GL(t, 5)Hi(us(s))ds
0

l
+ 3 GHE ) ri(ui(t),

k=1

(3.5)

where 1 = 1,2,...,n.
Similarly, we assume t; < t < tg41,¢ < [. From the
second and forth expression of (2.2), and form the proof of
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u;(t), we obtain

/a?m) (v (s) dS+ZG2ttk)5 (v (),

k=1
where j =1,2,...,m
On the other hand, let x(¢) be an w-periodic solution of
(3.1). If t # tx, k € N, from (3.1), we can get

ww[ﬁﬁm@mw@m

+/tw Gi(t,s)Hi(ui(s))ds

—ft"g,(r ui(r))dr
B 1—e" Jo 0i(ryus(r))dr Hl(ul(t))

e ( fo“’ Oi(r7ui(r))dr7f: 0; (r,ui(r))dr)
1—e~ fO‘” 0;(r,u;(r))dr

+ /t FOCES) g (o)) ds

H;(ui(t))

ot

Hifust) - | [ Gt 5)Hifun(o) s

+ /tw G} (t, s)HZ(uZ(s))ds] 0, (t,u;(t))
i(t)) — 0i(t, wi(t))ui(t),

where ¢ =1,2,...,n.
If t =ti, k € N, then by the first expression of (3.1), we
obtain

:HZ(U

l

)= G

k=1 k=1

tk ,tk 7 u,(tk))

where ¢ =1,2,...,n.

Similarly, we can also prove the v;(¢) to satisfy the second
and forth expression of (2.2) and thus we get that, x(¢) is
also an w-periodic solution of system (2.2). This completes
the proof of Lemma (3.1). |

Notice. According to 0 < p; < 0;(t,u;(t)) < p;, 0 <

g < @t (v(t)) < Gj, we easily get
ebiw 9 ediw
Gi(t,s) < Fpp—t G(ts)_il—e‘bw’
1 1 Y e 1
G tsds<— — < Gj(t,s)dsg—,
4qj 0 4qj

where 1 = 172,...7n,j =1,2,....m
Consider the Banach space X of piecewise continuous w-
periodic functions

um) Ty = (),

w]’R)a

X={x=(u,...,

vj =v;(t) € PC([0,

Up,V1 ...

ui(t +w) = u(t), v;i(t+w)=muv;(t)},

endowed with the norm

[ = Z i +levgll

i=1

= sup
te[0,w]

<Zuz |+Z|UJ > VxeX

and define the operator U : X — X given by U(x) =
(U(u1), ..., U(upn),U(vy) ..., U(vy))T, where

U (u / G (t, ) Hi(ui(s) ds+z Gi(t, tr)ri(ui(ty)),

k=1
U(v;(t) / G3(t, 5)H, (v;(s ds+ZG (t,£)5; (05 (t0),
k=1
where : =1,2,...,n, 5 =1,2,...,m.
Denote x = (u,v)T, u = (up,u2,...,u,), v =
(v1,v2,...,0,) for Vx € X.

Clearly, from Lemma (3.1) that x(¢) = (u(t),v(t))7 is an
w-periodic solution of (2.2) if and only if it is a fixed point
of the operator U. For every set

€= [51,52,...,an;gl,gg,...,am]T € {£1}mm,

we define the closed convex set
K.={xe€X:x=(uv)",

where Vte R, i =1,2,...,n,7=1,2,...,m
The following fixed point theorem can help prove our main
results in this section.

giu;(t) > 1,e5v;(t) > 1},

Theorem 1. (Leray-Schauder)[35). Let X be a Banach
space, K C X a closed convex subset, B C X a bounded
subset, open in K, and xo € K a fixed element. Assume
that the operator U : B — K is completely continuous and
satisfies the boundary condition

x# (1 —=XNxo+ AU(x), Vx€dB, A€ (0,1). (3.6)

Then the operator U has at least one fixed point in B.

Moreover, the following theorem, it based on from ([22]),
will be used.

Theorem 2. (Compactness criterion). The set F C X is

relatively compact if and only if the following hold:

(1) F is bounded, that is, there exists K > 0 such that
||Ix|| < K, for any x € F;

(2) F is quasi-equicontinuous in [0,w], i.e., for any € > 0,
there exists 0 > 0 such that for any x € F, | € N¥,
Ty, T € (t1—1,t] N[0, w], such that Ty — Ty < §, one
has ||x(Ty) — x(T3)||; < e.

Lemma 2. Let ¢ € {£1}"™ If (Hy) —
operator U is continuous on K..

Proof:
(@,9)T, then

n m
e =yl =" llws =@l + Y vy — 3
i=1 j=1
n
= sup <Z|ul( — U,(t |+Z\v] —0;(t )

telow] \ ;55

(H2) holds, the

Let Vx,y € K. C X, x = (u,v)T, y =
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By means of (H;)—
(As), we first evaluate:

|Hi(ui(t)) — Hi(i(t))]
< Z|

*fa (t, 271 (T (t = m5a(1))))]

([ 5

(H>), inequality (2.3) and assumption

ONIF5 (¢, 25 (w5t = 754(2))))

L (t — s))ds)

MY o = 5511),
j=1

where 1 =1,2,...,n, 5 =1,2,...,m. Similarly,
[H;(v;(t)) — Hj(;(1))]
(ZQ’L]BQ’L + Z ‘/'Lj(b az> ||Uz - u1||
=1

< MY Nl — ),
i=1

where M, = maX{Pﬂfll—) +
maux{Q”Baz + VZJQ> a;t,i=1,2,.
Next, for ¢t > 0, we evaluate:

10 (s (8)) — U((@(®))]]
< / GL(t, 5)|Hi(ui(s)) — Hi(iu(s))|ds

M; =

]-Z-@J-Ej},
,n, j=12....,m.

!
+ Z Gy (t, i) |(ri(ui(te)) — ri(@i(tr))|

k=1

M; & _
< p_’(Zij—ij)
=1

3

ey

Ifzk( Hui(tn) = Tiw(hy (uz(tk)))]

1) i) — (1)

and
U (o3 (8)) — UG5 (2))]
</ " G2t )| Hy (v () — H ()]s
0

l

+ Gt t)[65 (0 (1)) — 6;(D;(tk))]

k=1

M; & _
(D s — @il
E

IN

et

»
bj

)
|ij< oy (t))) — ijm;l(@j(tk)))@,

Wherez:l,Q,...,n,j:1,2,...,m

Then
IU() - U(y)|
leU uq(t ((@(t))|
£ 100 = UL 0)
l n piw
(1+Z|x—y||+2{z eepl
k=1 *1i=1
< iy (s (80)) — L (b (s ()))|
+;b 1= o)
X2 (v ))) — Ty <vj<tk>>>|]
where M :_ { 3 2 l—e piw (Q: +
eliw b.
1),1_6%,&,(17{“)}

Based on the continuity of the operators I;; and Jj, we
get that the operator U is continuous on K. This completes
the proof. ]

Lemma 3. If (A1) and (Hs2) — (Hs) holds, for every
e € {£}"™, the operator U maps K. into itself, that is
U(K.) C K..

Proof: Let e € {£1}""™, x = (u,v)T € K.. Form
(Hz) — (Hy), the strictly monotonicity of h;(u) and z;(u)
about u(u € R), we obtain

eiH;(ui(t)) = & P (t) fi(t, 2 (vi(t — 754(t)))

</ Xii(s)z vl(t—s))ds>

+ 3 Pt (t, 25 (0t — m54(t)))

J#i

+ Z Uji (t)Ei)\j

J#i

([

+51 Z’L

L (t — s))ds) — eici(t)

> Pyri +Uyr — Z(ij + Uji) — lei(t)]
i
Zﬁi) 2'21,2,...,7’7/
Similarly, we get
e Hj(vi(t) 2 Q@ mj + Vj5m — D (QuTL + Vi) — d; (1)]

i#]
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>q, j=L12,...,m. :gj/\[U(Uj)(t) - Ej] = A[ng(Uj)(t) - 1]7

Thus, by means of (Hsj), it follows that where : = 1,2,...,n, 7 =1,2,...,m
Form (Hs)-(H,), we evaluate

g U (u;(t / GHt,8)e;Hi(u;i(s))ds m
Z Jz’YJ"'Uﬂ + |ei(t)]

Jj=1

+ZGi (t, tr)ejri(ui(te)) < Pi(ri +7) + Ui(r +1) —
k=1
and
> l p; =1, 1=1,2 n A %
B 7 eiHj(vj(1)) < Qj;(mj +11;) + Vij(m +1) — g
and where 1 =1,2,...,n,7=1,2,...,m
w By using (Hj), for any ¢ € [0,w], we can get
0)= [ Gtz (0 ()ds : A
’ Pii(ri + i i 1
0 U (us(t)) < (ri +v:) + Uii(r + )_1
l pz
+D Gt )20 (v () ePi .
k=1 1 — e—piw Z ik»
Zéyzl, ji=12...,m. g U(v; (1) < QJJ(W]+H)+%J(7T+1)_1
g; A qj
Hence, the proof is now finished. ] ediv
1 —qjw Z Xk,
Lemma 4. Suppose (A1) and (Hs) — (Hs) holds. Let —eV
e € {£}"™ and x. € K. the constant function defined by hence, for any ¢ € [0, w], we have
Xc(t) = ¢, for any t € R. If there exists x = (u,v)! € K. _ _
and X € (0,1) such that () — ] < Pii(ri +v) + Uu(r +1) 9
pz
= (1 - Nx. +\U(x), 3.7) i
then ||x — x.|| < R, where x = (u,v)T € X and 1 — epiw Z
Q, (m; —|—H )—‘rV (m+1)
R— Z( 5i(ri +791) + Uis(r + 1) _g o () — &;] < 33\ q. ji _ 9
pi J
ediw
ePiv ! 1—@ q;w szk’
k=1 wherez:172,...7n,j:1,27...,m.

m o = _ That is
5 <ij(7fj 1) +Vi(m+1)

n
2 % lo—a.] = sup (Zuz ez|+2|vg sj|)
te

wl N =1
ediw
b)) 3.8
e Wz ”) 68 <Z< Palriy) + Ualr+1)
Di
Proof: Assume that x € K. and A € (0, 1) satisfy Eq.
(3.9). Then ePiw
Ly
ui(t) — i = A[U(ui(t)) — il
vj(t) — g =AU (v;(¢)) — &5l +§: (ij(wj +I) + Vi(r+1)
where Vt € [0,w], i=1,2,...,n,j=1,2,...,m = qj
Since x € K., for any t € [0, w], it follows that l
qjw
Eiui(t) > 1, Ej’l)j(t) > 1, +1€7’_qw szk>
-
k=1
(s (1) — &) > (0 (t) —e:) >
ei(ui(t) —ei) 20, €;(v;(t) —€;) 20, Hence, the proof is now finished. ]

where ¢ = 1,2,...,n, j = 1,2,...,m. Therefore, for any

te [0,w], we get Theorem 3. Let ¢ € {—1}"*™, the operator U : B. C

K. — K. has at least one fixed point in B., if hypotheses

lui(t) — e = |es(ui(t) — &;)] = ei(u;(t) — &) (H,)-(Hs) hold, where B = {x € K. : |x —x.|| < R}
= e \[U(w)(t) — ;] = MeaU(u) () — 1] with X, and R given by Lemma 4.
and Proof: According to Leray-Schauder theorem, we only
need to show that the operator U : B, C K. — K is
[vj(t) — e = lej(v;(t) —g5)] = €j(v;(t) — ;) completely continuous.
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Assume 2 C B, a bounded set. By means of Theorem 2, where i =1,2,...,n.
we will show that U(£) is relatively compact. Next, we calculate

For any x € B., we get !

I
> EIGHT th) — GH(Ta, 1)

1UGe) = sup (ZIM I+Z|U<vj<t>>) o w
0 P

p

sz

<

< Z Py Tz + '72 + UZL(T + 1) -1 - ];1 (1 — e~ Jo Gi(r,ui(r))dr)
Y23

T2 0. (raw: (r))dr
Ble 0i(ryui(r))dr 1‘

o= Jo L 0s(raui(m)dr _ o= 2 05(rui(r))dr
1 — o Jo 0i(rui(r)dr ‘

ebiw a.
1 — eTPiw ZFZk k=p+1 =

1

U 9 ¥ Fik: pi (T —T1)

b3 (I )y =2 e (T ),
j= 4a;j k=1
- that is
edi¥ .
T e—9iw szk> Z Lik |GHTy, te) — G (Ta, )| — 0, as Ty — T,
=1 L

Therefore, the set U(€?) is bounded. where i = 1.2, .m.

In the following, we will show that U(X) is quasi-
equicontinuous in [0,w]. Let x € Q, k € {1,2,...,1} and
Ty, Ty € (tg,trr1] N [0,w]. Let’s assume Ty < T», and |U(u;(T1)) — U(u;i(T2))]

evaluate: < [Bilri + ) + Usi(r + 1) — pi]

Therefore, we have

|U (ui(Th)) — U(ui(T2))|

_ ) Xw(em(n—m 1)
< [Pii(ri +7) + Uii(r +1) — pi] Di
w l
T; _
X GHTy,s) — GH(Ty, s)|ds ik pi(T2—T1) _
/ | ( ! ) ( 2 )| +Zgi(176*piw) (6 )7
k=1
I that is
+Z k |G letk) Gzl(T27tk)|7
= |U(ui(T1)) — U(ui(12))] = 0, as T1 — To,
where ¢ = 1,2,...,n. First, form (3.7) and 0 < p; < where i — 1.9 n. Similarly
0;(r,u;(r)) < p ehave T ’

U (v;(T1)) = U(v;(T2))]

/ |G21(T1,$) - G TQ, |d8 _ _
0 <[ Qs +10;) + Vij(m 4+ 1) — g5

1 QePiw 1

= ) - pi(T =T ) _ _ 7pi(T =T )

| o I 0(ran(n)dr = (ert2mt) —1) + o (1—emta)
T 1

f 0;(ryui(r))dr _ f 0; (ryui(r))dr ~
X e e ds i (To—T,
{/0 Z 1—6 oo (6’1(2 1)—1),

k=

T
+/ 2 o= J2 0:(rui(r)dr that is
T:

e Jo M 0ilraui(r))dr— [ 0 (ryui(r)dr

w
‘),
T

U(vi(Th)) = U(v;(T2))| = 0, as T =T,

where 1 = 1,2,...,n.
Hence, for any x € Q, k € {1,2,...,l} and T1,T> €
o Jo” Oilrui(r)drt [, 0i(ryui(r)dr (tk, tk+1] N[0, w], the following estimate holds

IU)(Th) = U)(T2)]]

ds

e fo“’ 9¢(r,u7¢(r))dr+f;2 0 (ryuqi (r))dr d8:|
= sup <Z|U wi(T1)) — Ulug(Ty))]
2ePiwW 1 te[0,w]
< 7(6101‘(T2*T1) _ 1) + i(l _ e*pi(T2*Tl))7
Di Y23 U T . T
where ePi® < ePi* < ePi¥(z € (0,w)), e™* < 1(z > 0), +Z‘ (v (T1)) = Ul 2))>’

i=1,2,...,n. Consequently,
that is

Y 1 §
/O |G7I(T17S)_G7I(T27S)‘ds_>0, as Tl _>T2, HU(X)(Tl)—U(X)(TQ)H —)0’ as Tl —>T2’
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which suggests that U(X) is quasi-equicontinuous in [0, w].
Further, U(X) is relatively compact and the proof is now
complete. [ |

Corollary 1. If hypotheses (H1) — (Hs) hold, then there
exists at least 2"t™ periodic solutions of system (1.3), that
is, at least one periodic solution in every set B, for every
€ € {F1}tm,

IV. GLOBAL EXPONENTIAL STABILITY OF THE PERIODIC
SOLUTION

Some suitable Lyapunov functionals to derive sufficient
conditions ensuring that system (2.2) has a unique w-periodic
solution and all solutions of system (2.2) exponentially
converge to its unique w-periodic solution are constructed
in this section.

Lemma 5. Let ¢ € {£1}"t™. If hypotheses (H,)-(Hs) are
fulfilled, then the set A, is invariant.

Proof: Let ¢ € {£}""™, consider an initial function
satisfying u(0),v(9) € A, for any 0 € [—0,0] and ¥ €
[—7,0]. Let x(t) = (u(t),v(t))T = x(t; (u(@),v(¥))7T) is a
solution of system (2.2).

Assume that there exists 7 € (0,¢1] such that x(¢) € A,
for any ¢ € (0,n) and x(n) € JOA.. Hence, there exists
i€ {1,2,...,n}, 5 € {1,2,...,m} such that u;(n) = &,
v;(n) = €;. According to (H3)-(H4) we get

61"1.11'(75) =¢g; |: —0; (t, Uj (t))ui (t)

+ 2 Pl f(t 5 (vt = 7a())) = ()

+ Z Ui (£ (/OOO Xji(s)z; (vt — s))dsﬂ
> —0;(t,ui(t)) + Pyri + Uyr
- Z(pjﬂj + Uji) = lei(t)]

i
> —pi + Pyri + Uy
=Y (P + Uji) — lei(t)] > 0
J#i
and

sis(t) = [ = sty (s 0)

+> Qi (1)gi(t by (st — 03(1)))) — d;(2)

i=1
n [es)

# 2 Vi ([ Vi e nas) |
i=1 0

>+ Qm +V;m

= (QiILi + Vig) = |d;(1)] > 0,

i#]
where 1 =1,2,...,n,j=1,2,...,m.

Therefore, the function €;u; and €;v; are strictly increas-
ing on some small interval (n — §,n] C (0,n]. Hence

giui(t) < eui(n) = e = 1, gui(t) < 1 for any
t € (n — &,7n]. This is absurd, since x(t) € A, for any
te (0,n).

It follows that x(t) € A., for any ¢ € (to,t1] (where
to = 0). Hypothesis (H5) guarantees that x(t]") as well.

By mathematical induction, it can be easily shown that
x(t) € A, for any t € (ty_1,t] and z(t)) € A, for any
ke N.

Therefore, the solution x(¢; (u(8),v(9))T) with the initial
condition 6 € [—o,0], ¥ € [—7,0] will remain in A, for any
t > 0. This completes the proof. ]

Theorem 4. Assume that all hypotheses (Hy) — (Hs) hold.
Suppose further that

(Q_Z]31+‘7Z](bl> > 0, qj—Bj Z (PﬂAJ—F
1=1

m

Hg) pi—ai y

j=1
Uji@j >0,:1=1,2,...

(H7) Impulsive operators Iy (x;(tr)), Jjx(y;(tr)) satisfy

,n, j=12...,m.

a. a.
Lie(i(te)) = —winai(te), 1— = < <1+,

K2 ?

b; b;
Tin(yi(tn) = —ojry;(te), 1= =" <o <1+,
bj bj
where 1 =1,2,...,n, j=1,2,...,m, k € N.
Then for every € € {+1}"t™, there exists a unique expo-
nentially stable periodic solution in B. in and its region of
attraction includes /..

Proof: Let ¢ € {£1}""™, x(t) = (u(t),v(t))”
x(t; (u(0),v(9))7) and  y(t) (a(t), o(t)"
y(t; (@(6),9(9))T) are two solution of the system (2.2)
with the initial functions

(u(9),v(9))", (a(0),5(9)" € A, 0 €

[-7,0],9 € [—0,0].

From Lemma 4.1, we get that
x(t; (u(8),v(9)", y(t; (a(), 0(9))") € A for V& > 0.
When ¢ > 0, ¢ # t, from (A;), H1-Hs and (2.3), we can
get
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+0,0; [ (s - ) - (e - )1 as] <[ (e ot = ) - 5o - 9 Jas]

where i =1,2,...,n,j=1,2,...,m. (Mo—pz) 3 (t)
Similarly, Z
+ b; MOT“C'(t—TjZ’(t))
D |u; (t) — 9;(t))
= (t) — v (t '.t_L.t B 0o
Sgn(’U]( ) U]( ))(vj( ) Uj( )) +szej/ <XJZ(S)€MOSC](t o S)>d$:| (41)
< —gjlv; (t) = 5;(t)] 0
N and
+Ya [ 2ij Bilui(t — 03;(t)) — @it — 035 (1)) D*C;i(t) = poC;y(t) + e DT v (t) — 7;(t)]
i=1
_ o0 < (1o — ;)C;(t)
+ ”<I>l/ Y”(s)|ui(ts))ul(ts)|)ds} n o
0 + Z (_li |:Q1;jBi6'uogij Oz (t — O'ij (t))
where 1 =1,2,...,n, 7 =1,2,...,m. i=1
Let B )
File)=pi—z +Vi; ®; /0 (}Qj(s)e“oéc’i(t - 8)) ds} ,(4.2)
i o o0 s where i =1,2,...,n,j=1,2,...,m.
N 2:1 [Q”B e + Vi P /0 Yij(s)e ds} ’ Consider the following Lyapunov function:
j=
n oo . L
;) {_ﬂfla@y”‘ +UjiO; Xaz(s)eyéds} iy -
i=1 _ t
x[ i AjetoTii C,(r)dr
where z,y € [0,400), i = 1,2 i=12....m t—7(t)
Together (Hg), it implies that . ¢
m o +U;:0; (in(s)e“os C; (r)dr)ds} }
]:z(o)—pz_ai Z (Qi]Bz+‘/7j(I)i> > 0, 0 t=s
Jj=1 m n
gj (0) =q; — Bj Z (PNAJ + UJ29j> > 0, +Z {CJ (t) + a;
i=1 j=1 i=1
where i =1,2,...,n,7=1,2,...,m _ o t
It is clear that F;, G; are continuous and strictly decreasing X [QZJB et / Ci(r)dr
on [0,+00) and F; — —00,G; — —00, as T — 400,y — t=oi(®)
+o0, there exist zg,yo such that F;(xo) = 0, G;(yo) = 0. - i oS ¢
Thus, we choose 0 < fig < min{%*, L}, then Vi i (Y;-j(s)e ’ . Cl-(r)dr) ds| 0(4.3)
[ - and we note that V'(¢) > 0 for ¢ > 0 and V(0) is positive
Fi(ko) = pi — po — @i Z [Qij Bietoii and finite. For ¢ > 0, # ty, calculating the derivatives of V
W 7t along (4.1) and (4.2), we have
+‘7ijq)i/ Yij(s)e“"sds} > 0, n m
o DW(t):Z{Dm Zb
Gj(uo)=a; —po—bj ) {Pﬁfig‘e““”i = =t
_ o0 P Ajelomii (Ci(t) — Ci(t — 14 (t
+Uji@j/ in(s)e“osds] > 0, X|: i€ <CJ( ) CJ( Tj ( )))
0

where i =1,2,...,n, j=1,2,...,m. +U;i9;
Denote C;(t) = e!o'|u;(t) — @ (t)], C;(t) = ero*lv;(t) — = 108
0j(t)] fort > 0,t #ty, 1 =1,2,...,n, j =1,2,...,m, we X/o (in<5>el (Cj(t)_CJ’(t_S)))ds
obtain ’ i
D¥Ci(t) = poCilt) + €' D uy(t) — ()| 2 {D*Cj 0+
j=1 i=1
=l m e z:1 " X [QijBiGMOU” (Ci(t) — Cilt — 03;(1)))
=
" {P i Aiet! o (t = 734(1) = B5(t = 734())] VP
+U;:9; X /0 (Yij(s)euos(ci(t) - Ci(t - 3)))(?15} }
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Xn:{uopz i(t)

i=1

Zm: by (Pyidjeromic (1)

;s / Xji(s)etosC ()ds)}

m

+Z{ fo — ¢;)C;(t)

+Zaz (QuBiermicit)

1,2, /

Z—Z]:MO

Therefore, form (4.4), the function V' is strictly decreasing
on every interval (ty,t;4+1). Hence V() < V(t]) for any
te (tk,tk+1].

Moreover, h;(u) and z;(u) are strictly monotone increas-
ing about u(u € R), we obtain

hi(y)| =

§)er3Cy(t )ds)]

m

)= Guo

Jj=1

) <0. (44)

1
rg)Kl’*y” < Qj‘x -yl

50 - 50 = @ DI <

|hi(z) —

S
N =

—yl, 45

where Vz,y € R.
Therefore, when ¢ = ty, from (4.5) and (H7) we have

{ ) = &) = (1 — i) (wi(te) — Za(te)),
yi () — 95(t) = (1 — wir) (y (t) — G5(tx)),
where 1 =1,2,...,n,, 7 =1,2,...,m. That is
i () — @ (8 = [hi(a () — ha (@)
< Z 1 — @ik |[ui (tr) — @i(te)|,
o (1) = 05 (601 = 125 (wi(t) — 275 (¢))]

b, -
< Ej\l — 0jk||vj(tr) — 0;(tr)]

where : =1,2,...,n,, j=1,2,....m
Therefore, we have

_ +
Cl(t:) — ¢ Moty |ul(t;:)

— @ (t))]
ot T ,
<e #Otki‘l — wzkHul(tk) - uz(tk)‘

)

< Ci(tr),

e Ju; () —

S e—/mfk 7’ ‘1 _ Q]k“vj(tk) - U7(tk>|

Ci(td) = 0;(t)]

< Cj tk),
where : =1,2,...,n,, j=1,2,....m
Also,
vt =Y {ceh)

i=1

Hence, form (4.4) and (4.6),
decreasing for ¢ > 0, which demonstrates that V (¢) < V(0)
for ¢ > 0. By (4.3), we have

6
Cj(r)dr

m _ k
e |
Z: ’ G =7 () ’

i
+U;i0; / e“"“’/ Cj(r)dr)ds
t;—s

j=1
n ~ t;r
—|—Z(’zz {QijBZ-e““””/ C;(r)dr
i—1 t—oiji(ty)
B [e’e] t;r
+Vij<I>i/ (Yij(s)e”os C’Z(r)dr)ds}}
0 th—s

<V(ty), keZr. (4.6)

the function V is strictly

)+ Zc v (0)

m _ _ (eMoTij ]
{1 +a; Z (QijBi(e m )

i=1 j=1
max |u(f) —

JrVijq)i(/ Yii(s)etosds — 1))}
0 oe[~7,0]

_ (6#071‘1‘ _ 1)

Ho 0 !

Slz{ural 3

= =1 j

u(0)|

s 1)) | e [o0) - 500)

S

ers
<Q” el 00ij

1

_|_

00
vt [ vieas) | e gl
0
+l i 1+ Ei i P.. A, etoTii
b; = o = I

o0

100, Xﬂ<s>eﬂ08ds)} s — ().

0

In view of the definiens of C;(t), C;(t) and the inequality
above, we get

POESACIES ORI

< Ae‘“ﬂt<z llpi — @illoo + Z 45 —

> >j||oo),

where

A:max{

Volume 30, Issue 4: December 2022



Engineering Letters, 30:4, EL._30 4 02

n

1 & b,
RS

10,6, /

Finally, it follows that

_ .
<pj1'Aj€lm J

“Osds)} } > 0.
vyl = sup (Z|uiai|+2|vj@j|)
tef0.w] \ =1 j=1

SAB_“”t(Z llpi — @illoo

i=1

+Z I oo)

Thanks to (H4)-(H7), it easily follows that a unique
periodic solution x*(t) < A, for any ¢ € R are exists, which
is globally exponentially stable and its region of attraction
includes A.. This completes the proof. [ |

Conclusion 4.1. From Theorem 4, it is easy to obtain
that the existence of unique exponentially stable periodic
solution for system (1.1) in every B..

i=1

[1x(#)

V. AN EXAMPLE

Giving the following Cohen-Grossberg BAM neural net-
works system with mixed delays and impulses

2}(t) = —a,(a:(0) [ (t,2:(1)
~Pu®fu(tpa(t = (1))
—Poi(t) fa(t, y2(t — 72:(1)))

—Uh )\1 / Xh S t—S)d )

Uit / Xoi(5)ya(t — 5)ds)
+0.5smt],

(1) = =b; (s (1) [ Bt 5 (1)
—Q1(t)g1(t, z1(t — 014(2))) .
—Q2;(t)g2(t, 22(t — 025(1)))
—Vlj(t)/l,l (A Yl] (S)l’l(t — s)ds)
Vi (D)pa / Yaj(s)za(t — s)ds)
+0.5cost|,
t>0,t 4ty = 2k,
A:Ei(tk) = *0-1xi(tk)> t= tk = 2]{?,
Ay;(tk) = —0.2y;(tr), t=ty =2k,

where 1 = 1,2, j =1,2, k € N.
Let

ay(u) = 2+coswu,
ba(u) = 3 — sinu,

as(u) = 2—cosu, by(u)=1.5+sinu

oq(t,u) = ag(t,u) = (8 —sint) + u,

B1(t,v) = Ba(t,v) = (16 — cost) + v.
The activation functions
7t
f (t yl( 251nt))_00551n?y1( lent)’

QSm t)

fa(t,y2(t - ,

e?sint)) = 0.01sin ?yg(
cost mt : cost
g1(t, z1(t — €°°Y)) :0.1c05551n(x1(t—e ),

_ecost)) cost)

t
g2(t, xa(t = 0.1cos % sin(xa(t — e
() = 25t Aj(u) = tanh(4u),

pi(u) = tanh(5u) tanh(10u? — 1).

b

6 —cost 2—sint 2—cost 6+4sint
6 —sint 2—cost 1 —0.5cost 5+ sint

54 cos2t 1.2 — cost 0 5
2 —cost 0 1 4+ sint
e s 2e~2s 3e~3s e "
2e~2s e’ 3e~3s e *

Through simple computation, we get

[ P11 Pio Py Py, (7 3 37
Qu1 Q12 Q21 Q22| _ |7 3156
Uir Uz Us Uz 6220 5|’
_‘711 Vio Vo ‘722_ 20 15
[Pyy Piy Py Po] (51 15
Q) @y Q5 @y _|5 1054
Uy Uyy Uyy Uy 4020 5|7
Vi1 Vg Vg Vo 10 13

Gij G by @i B i 4j]  [€32511325
Tji @; by a; B, pigi| — [€20511205]

T T BZ‘ o 0.1 0.1 0.01

It is easy to illustrate that hypothesis (A1) —
(H4) and (Hs) hold. The activation function A; and p;
satisfies hypothesis (H7) and (Hjs) with ©; = 0.0008,
r ~ 0.9001, &; ~ 0.0009, 7 ~ 0.9999. Therefore, there
exist at least 4 periodic solutions of system (5.1).

2

(QijBi + Viﬂ’i) ~
_ 2 o _
0.499 > 0, q; — bj Z PjiAj + Uji@j ~ (0.24 > 0. Let

=1
w;, = o;x = 1. Therefore, (Hg), (H7) are satisfied, and
from Theorem 4, system (5.1) has 4 exponentially stable
periodic solutions.

(A7), (H2),

Moreover, we calculate p; — a@; >
i=1

VI. CONCLUSIONS AND FUTURE WORKS

This paper considers a class of impulsive Cohen-Grossberg
BAM neural networks with mixed delays. First of all, the
differential system is changed into integral system by using
the derivative theorem for inverse function and the constant
variation method. Then, under some suitable hypotheses and
the Leray-Schauder theorem, at least 2™ periodic solutions
for impulsive Cohen-Grossberg BAM neural networks with
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mixed delays are obtained. By some suitable Lyapunov
functions, this article investigates a unique w-periodic so-
lution of system (2.2) and demonstrates that all solutions of
system (2.2) converge exponentially to its unique w-periodic
solution. An example is given to illustrate the validity of the
main conclusions in this paper.

In the future, the following aspects can be explored further:

(1) The fractional order models could be considered, see
[36], [37].

(2) Some other dynamic behaviors could be learned.

(3) The dynamic behaviours for discrete Cohen-Grossberg
neural networks could be investigated.
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