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Some Semigroups Characterized in Terms of
Cubic Bipolar Fuzzy Ideals

Thiti Gaketem, Natthinee Deetae, Pannawit Khamrot

Abstract—In this paper, we give the concepts of cubic
bipolar fuzzy subsemigroups and provide some properties of
cubic bipolar fuzzy subsemigroups. We discuss the relationship
between a subsemigroup and the characteristics of cubic bipolar
fuzzy subsemigroups. The results reveal beneficial application
of the characterization of regular, intra-regular, and semisimple
semigroups in terms of cubic bipolar fuzzy ideals is very useful
for applications. Moreover, we discuss the image and pre-image
of cubic bipolar fuzzy subsemigroups.

Index Terms—Cubic bipolar fuzzy subsemigroup, regular,
intra-regular and semisimple semigroup

I. INTRODUCTION

N THIS section, some basic definitions are given as the

follows.

A subsemigroup M of a semigroup F if M? C M.
A left (right) ideal of a semigroup F' if FM C M (MF C
M). An ideal of a semigroup F' if it is a left ideal and a
right ideal of F. A semigroup F' is called a regular if for
each r € F, there exists k € S such that r = rkr.

For any v; € [0, 1] where i € K, define

V y; = ;
v = sup{}

and A v; ;= inf{y;}.
ek ek iEIC{ i}

We note here that for any v, £ € [0, 1], we have
vV E¢=max{r,&} and vAE{=min{y,{}.

The theory of fuzzy sets was studied by Zadeh in 1965
[1], which he gave the definition as follows: A fuzzy set w
of a non-empty set F' is a function from F' into the closed
interval [0,1], i.e, w: F — [0, 1].

The concept was applied in many areas such as robotics,
computer science, medical science, theoretical physics, con-
trol engineering, information science, measure theory, logic,
set theory, topology, etc. In 1979, Kuroki [2] used knowledge
of a fuzzy set in semigroup theory and various kinds of ideals
in semigroups and characterized them.

In 1975 Zadeh [3] was interested in interval valued fuzzy
sets as an extension of fuzzy sets. He gave the concepts of
interval-valued fuzzy sets as follows:

Let C'S[0, 1] be the set of all closed subintervals of [0, 1],
ie.,

CS[031]:{P:[VZ;V'UJ ‘Ogl/lgl/ug].},
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where v; is a lower interval value of 7 and v,, is an upper
interval value of 7.

We note that [v,v] = {v} for all v € [0,1]. For v =0
or 1, we shall denote [0, 0] by 0 and [1,1] by 1.

For 7 := [y,v,] and € := [§,&,] in CS[0,1], the
operations “=<”, “=", “A”, “Y” are defined as follows:
1 v E if and only if v; < & and v, <&,
(2) 7 =E£ if and only if v, = & and v, = &,
B) vAE= (A&, (Vu A Eu)]
@ vy - [(Vl \ 5l)7 (Bu \ Eu)]

If v =& we mean £ < 7.

The following proposition is a tool used to prove the next

sections.

Proposition 1.1. [4] For 7,&,p € CS[0, 1], then the follow-
ing properties are true:

12
2 TAE=EATand DY E=EY T,
3) TAYAp=TVA(EAD)and (TYE)Yp=TY (YD),
@) FAYYP=(TYP) A (YD) and
@Y AD=@AP)Y (EAD), B

B) fT=E thenT Ap=EAPpandTYDP=EY D

For each interval 7; := [(v);, (1)) € CS[0,1], i € K,
where K is an index set, we define
iélcgi = [ieAlc(Vl)i’ié\ic(V“)i] and iglcvi = [ig/)c(yl)i’ié/ic(l/“)i]'

Definition 1.2. [3] An interval valued fuzzy set (shortly, IVF
set) of a non-empty set F' is a function i : F — CS]0,1].

Definition 1.3. /5] Let M be a subset of a non-empty set
F. An interval valued characteristic function (shortly, IVCF)
Xum of F is defined to be a function X, : F — CS[0,1] by

(1) = {;

For two IVF subsets 77 and X of a non-empty set F, define
() BC A& u(r) 2 A(r) forallr€F,
2 E=AenECXand AC T,
3) (mNA)(r)=ma(r) AX(r) foralreF.

For r € F, define A, := {(k,0) € F X F | r = ko}.

For two IVF sets i and A of a semigroup F, define the
product 77 O X is defined as follows for all r € F,

(hoea (E(R) A AO)} if - Ar 0

if reM
if r¢M

forall r € F.

(O N(r) =

Definition 1.4. [6] An IVF subset [i of a semigroup F' is said
to be an IVF subsemigroup of F' if fi(rire) = fi(r1) Afi(rs)
for all ri,r9 € F.
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Definition 1.5. [6] An IVF subset i of a semigroup F is
said to be an IVF left (right) ideal of I if

n(rire) = 1(re) (@(rire) = @(ry)) for all r1,r9 € F.

An IVF subset 1u of a semigroup F is called an IVF ideal of
F if it is both an IVF left ideal and an IVF right ideal of S.

In 1994, Zhang [7] introduced the notion of bipolar fuzzy
sets whose membership degree range is enlarged from the
interval [0,1] to [—1,1]. It is the extension of fuzzy sets
and used for decision analysis, modeling, and algebraic
structures. In 2000, Lee [8] used the term bipolar valued
fuzzy sets and applied it to algebraic structures.

Definition 1.6. A bipolar fuzzy set (shortly, BF set) w on F
is an object having the form

w:={(r,w?(r),w"(r)) | r € F},
where wP : ' — [0,1] and w™ : F — [—1,0].

Remark 1.7. For the sake of simplicity we shall use the sym-
bol w = (F;wP,w™) for the BF set w = {(r,w?(r),w™(r))
r € F}

The products wP x1P and w™ x1™ were defined as follows:
For r € F

Vo AwP(R) AYP(0)} if A #0
(wp * ’(/)p)(T) = (k,0)€A,
0 if A.=0
and
A Aw (k) ven(o)} if A #0
(W xP™)(r) = ¢ (ko)€A,
0 if Ar = ®7

where A, := {(k,0) € F x F | r = ko}.

Definition 1.8. Let M be a non-empty set of a semigroup F.
A positive characteristic function and a negative characteristic
function are respectively defined as

, 1 reM
Xhy o F = [0,1],u — x5, (r) ::{ 0 r¢ M
and
n " -1 reM
XM:F%[f]-vOLU'_)XJv[(T) :{ 0 T¢M.

Definition 1.9. [9] A BF set w = (F;wP,w") on a semi-
group F is called a BF subsemigroup on F if wP(rire) >
wP(r1) A wP(rq) and w™(riry) < w™(ry) V w"(re) for all
ri,r9 € F.

Definition 1.10. /9] A BF set w = (F;wP,w™) on a
semigroup F' is called a BF left (right) ideal on F if
wP(r1re) > wP(ry) (wP(rire) > wP(r1)) and W™ (riry) <
w™(rg) (w™(r1ire) < w™(r1)) for all 1,79 € F.

Moreover, in 2017, Kavikumar et al. [10] used acknowl-
edge of a BF set to finite switchboard state machines.

In 2018, Wei et al. [11] studied the concept of interval
valued bipolar fuzzy set with a generalization of BF set. It
was a study of values of positive and negative functions.

Definition 1.11. An interval valued bipolar fuzzy set (shortly,
IVBF set) € = (F'; P, ") of a non-empty set F' if
P F— CS[0,1] and 5" : F — CS[-1,0].

In 2012, Jun et al. [12] introduced a new notion, known as
a cubic set, and investigated several properties of cubic sets.
They introduced cubic subsemigroups and cubic left (right)
ideals of semigroups as follows.

Definition 1.12. [/2] A cubic set C of a non-empty set F' is
a structure of the form

C={(ra(r),w(r)) [reF}

and denoted by C = (Ji,w) where T is an IVF set and w is
a fuzzy set. In this case, we will use

C(r) = (u(r), w(r)) = ([ (r), pu(r)], w(r))
forall r € F.

Definition 1.13. [12] A cubic set C = (i, w) of a semigroup

F is called

(1) a cubic subsemigroup of F' if fi(r172) = T(r1) A Ti(ra)
and w(rire) <w(ry) V (re) for all r1,re € F,

(2) a cubic left(right)ideal of F if Ti(rire) = fi(rs)
(fi(rire) = 7u(r1)) and w(rire) < w(r2)(w(rir) <
w(ry)) for all ri,7m9 € F.

A cubic ideal of F' if it is both a cubic left ideal and a
cubic right ideal of F.

Riaz and Tehrim [13] discussed the concept of cubic
bipolar fuzzy sets and applied it to decision-making and
problem solving such that [14], [15], [16].

In this paper, we consider the concepts of cubic bipolar
fuzzy subsemigroups and ideals. We provide properties of
cubic bipolar fuzzy subsemigroups and ideals. The regular,
intra-regular, and semisimple semigroups are characterized
in terms of cubic bipolar fuzzy ideals.

II. CUBIC BIPOLAR FUZZY SUBSEMIGROUP AND IDEALS
IN SEMIGROUPS

In this section, we give the concepts of cubic bipolar fuzzy

subsemigroups and ideals in semigroups. Also, we study the
important properties for reference in the next part.

Definition 2.1. A cubic bipolar fuzzy set (shortly, CBF set)
¢ of a set F if

€= {(r, (7 (r), 5" (r)), (" (r), " (r))) | r € F}

and denoted by € = (Ti,w) where i = (F;@", ") is an
IVBF set and w = (F;w™,wP) is a BF set.

Definition 2.2. A CBF set ¢ = (fi,w) of a semigroup F
is called a cubic bipolar fuzzy subsemigroup (shortly, CBF
subsemigroup) of I if

AP (rire) = [P (ry) A BP(r2), m"(rire) 2 B"(r1) Y 5" (r2)
and wP(riry) > wP(r1) A wP(re), w™(rire) < w"(r1) V
w™(ry) for all 1,19 € F.

The following example satisfies definition 2.2.

Example 2.3. Let F' be a semigroup defined by the following
table:

b
b
b
c

A CBF set ¢ = (@,w) in F as follows: T*(a) =
[0.6,0.7], P(b) = [0.4,0.5], @P(c) = [0.1,0.2], " (a) =
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[-0.9,—0.8], z"(b) = [-0.7,—0.6], &"(c) =
and wP(a) = 0.7, wP(b) = 04, wp( ) =
—0.7, w™(b) = 0.3, w"(c) = —0.2 Thus ¢ =
CBF subsemigroup of F.

Definition 2.4. A CBF set € = (fi,w) of a semigroup F
is called a cubic bipolar fuzzy left ideal (shortly, CBF left
ideal) of F' if

A" (rire) = @P(re), @ (rire) < @"(r2) and

wP(ryry) > wP(ry), w(rire) < w™(re) for all 11,19 € F.
Definition 2.5. A CBF set € = (r,w) of a semigroup F' is
called a cubic bipolar fuzzy right ideal (shortly, CBF rihgt
ideal) of F' if

AP (ryrg) = @ (ry), @ (rare) X " (r1) and

wP(r1re) > wP(r1), w(rire) < w™(ry) for all r1,ry € F.

[~0.3,—0.2]
02, w'(a) =

(f,w) is a

Definition 2.6. A cubic bipolar set € = (fi,w) of a semi-
group F is called a cubic cubic biopolar fuzzy ideal (shortly,
CBF ideal) of F if it is a CBF left ideal and a CBF right
ideal of F.

The following example is a CBF ideal of a semigroup.

Example 2.7. Let F' = {a,b,c} be a semigroup with the
following Cayley table:

A CBF set ¢ = (g,w) in F as follows: @’(a) =
0.1,0.3], 7*(b) = [0.2,0.4],#( ) = [0.1,0.4], 7"(a)
[-0.1,—0. 3}, ﬁ”(b) —0.4],1"(c) = [-0.1, 0.
and wp( ) = A4, wp( ) = 0.5, w"(a)
—0.1, w™(b) = —0.4. Thus € = (fi,w) is
CBF ideal of F.

Il =
o=l

S

Next, we study the intersection of CBF set as defined.
Let €, = (fi,w) and €, = (X, ¢) are CBF sets of F. Define
¢, me, = <u|‘l)\ wﬂw where
(@ IN)(r) = 7 (r) AN (r), (B =" (r) Y X' (r)
and
(WPAEP)(r) = WP (D) AYP(r), (" N™)(r) = W™ (r) Ve (r)
for all r € F.

The following lemma shows the positive of an intersection
and the negative of a union of two CBF subsemigroups and
ideals.

A" (r)

Lemma 2.8. Let F' be a semigroup. Then the following
properties hold:

(1) The positive of an intersection of two CBF subsemi-
groups of a semigroup F' is a positive of CBF subsemi-
group of F.

The positive of an intersection of two CBF left (right)
ideals of a semigroup F is a positive of CBF left (right)
ideal of F.

Proof:
Assume that ¢, = (fi,w) and €, = (), 1)) are positive
of a CBF subsemigroups of F' and let 1,75 € F'. Then

@)

ey

(@ X)) (ryr2) = (7P (r172) A X (ryra)

= (P (r1) A ,up(rz)) (A (7”1) A ph(r2))

= (@ (TL) (r ) A )\ lgrg Jk)\ (r2))
= (@ X)) (r1) A (7P VA7) ().

And

(WP NYP)(rire) = (
Z (wP(r1) AwP(r))
= (wWP(r1) AP (ry))
= (@ NYP)(m) A (WP N 9P)(rs).

Thus, (77 MX")(ryrz) = (@ NA)(r1) A (7 X7 (7).
and (WP NP (r179) > (WP NOP)(r1) A (WP 16P)(rz).
Hence the positive of an intersection is a CBF subsemi-
group of F'.

The second can be proved in a similar way as used in
the first.

wP(rira) AYP(rira))
A (PP (r1) AP (ra))
A (WP(r2) AP (r2))

Lemma 2.9. Let F' be a semigroup. Then the following
properties hold.

(1) The negative of an intersection of two CBF subsemi-
groups of a semigroup F' is a negative of CBF sub-
semigroup of F.

The negative of an intersection of two CBF left (right)
ideals of a semigroup F' is a negative of CBF left (right)
ideals of F.

Proof:

Assume that ¢, = (f,w) and €, = (X)) are negative
of a CBF subsemigroups of F', and let 71,75 € F. Then

(7™ N A Y(rire) =" (rira) Y Xn(Tl’Fg)

@)

ey

< () Y E () Y (A (1) Y 7 (r2))
= (n (ﬁ)Y (T1))Y(A75T2)Y/\(T2))
= (@ X)) Y (@ X (r2).

And

(W Ny (rire) = w™(rire) V9" (rire)

("(r1) Vw™(r2)) Vv (¥"(r1) V" (r2))

(@™((re) V™ (re)) ¥ (@™ (r2) V9" (r2))

= (@ DU () V(" 060 () -
Thus, (2" MOX ) (rire) < (E"0ON ) (r) Y (BN ) (r2)
and (W™ NY™)(rire) < (W NYP™)(r1) V (W™ NYp™)(ra).
Hence the negative of an intersetion is a CBF subsemi-
group of F.

The second can be proved in a similar way as used in
the first.

I IA

|
The following result is an immediate consequence of
Lemma 2.8 and Lemma 2.9.

Theorem 2.10. Let F' be a semigroup. Then the following

properties hold:

(1) The intersection of two CBF subsemigroups of a semi-
group F' is a CBF subsemigroup of F.

(2) The intersection of two CBF left (right) ideals of a
semigroup F' is a CBF left (right) ideal of F'.

Next, we provide the definition of the characteristic cubic
bipolar fuzzy function. Let M be a non-empty subset of F'.
The characteristic cubic bipolar fuzzy set (shortly, CCBF set)

XM = ([, Wy, ) is defined as follows:

TR L
T)=1q_ ) ry=9_ |

Hoxa 0 it rgn M 0 if r¢M

for all r € F' and w,,,, are characteristics bipolar fuzzy set.

In the following lemmas, we give a relationship between
a subsemigroup (left ideal, right ideal, ideal) and the CCBF
function.
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Lemma 2.11. If M is a subsemigroup of a semigroup F,
then the CCBF function xp = (fiy,, Wy, ) is a CBF
subsemigroup of F.

Proof: Suppose that M is a subsemigroup of F' and
let r1,T2 € F.
If 1,79 € M, then riry € M. Thus, 1 = i, () =

ﬁf(nl(rz) = EXM(Tl’rQ) -1 = ﬁ;M(Tl) = ﬁ;M(TQ) =
ﬁZM (7‘17"2) and 1 = wi}VI (7‘1) = WX]\/I (7“2) = wiM (T1T2 ’
—1=wy,, (r) —wXM(rg) wy,, (r17r2).

Hence, ﬁiki(ﬁ?b) =k, () A IR (re), Ty, (rime) =
ﬁ;M (r1) Yy, (r9) and Wy, (rirg) > wh (r (r )/\WQM(T‘Q),
wXJ\/I (T1T2) < wXI\/I( ) N WXM( 2)'

If ry ¢ M or ro ¢ M, then
By, (rire) =

XM

Thus Xar = (fiy,,» Wy, ) is @ CBF subsemigroup of . ®

Lemma 2.12. If xpr = (fi,,,,Wx,, ) is @ CBF subsemigroup
of F, then M is a subsemigroup of a semigroup F.

Proof: Suppose that xar = (fi,,,,Wy, ) is a CBF
subsemigroup of F', and let r1,ro € M. Then [ (r1) =

A, (r2) = LAY, () = i, (r2) = =T and w} () =
Wb (ro) =1, W (r1) = Wy, (ro) = —1. By assumption,
Ak, (rire) =@k (r1) AT, (72),
Ay, (rire) 2 ay,, (r1) Y iy, (r2) and 0
Wb (rir) > Wl () AWk (ra),
WY s (rira) < WY s (r1) Vv Wy (r2).

If riro ¢ M, thenby (1) 0 = 1,0 < —-1and 0> 1,0 < —1.
It is a contradiction. Hence r1ry € M. Therefore, M is a
subsemigroup of F'. [ |

The following result is an immediate consequence of
Lemma 2.11 and Lemm 2.12.

Theorem 2.13. Let M be a non-empty subset of a semigroup
F. Then M is a subsemigroup of F' if and only if xn =
(Typr»Wxar) is @ CBF subsemigroup of F.

Lemma 2.14. If M is a left (right) of a semigroup F, then
the CCBF function xnr = ([, Wy, ) is a CBF left (right)
of F.

Lemma 2.15. If xar = (fi,,,Wx,, ) is a CBF left (right) of
F, then M is a left (right) of a semigroup F.

The following result is an immediate consequence of
Lemma 2.14 and Lemm 2.15.

Theorem 2.16. Let M be a non-empty subset of a semigroup
F. Then M is a left (right) ideal of F if and only if xar =
<ﬁXM’wXM> is a CBF left (right) of F.

The following definition is of the (3,¢)-level and (s, t)-
level subset of a CBF set.

Definition 2.17. Let € = (fi,w) be a CBF set with (3,1) €
CS[—1,0] x CS[0,1] and (s,t) € [—1,0] x [0, 1]. Define the
setZ/{(” ={reF|u’(r)=t,n"(r) X3} and

Ul o ={r e F|wl(r) > tw(r) < s}is called and
(3,t)-level and (s,t)-level subset of a CBF set of F.

In the following theorems, we give a relationship between
a subsemigroup (left ideal, right ideal, ideal) and the (3, )-
level and (s, t)-level subset of a CBF set.

Theorem 2.18. A CBF set ¢ = (fi,w) is a CBF subsemi-
group of a semigroup F if and only if the level sets Z/Ig %)

and Z/lb(f’s) are subsemigroups of F for all
(5,t) € CS[—-1,0] x CS[0,1] and (s,t) €

Proof: Let ¢ = (fi,w) be a CBF subsemigroup of F
and let r,75 € F, (5,t) € CS[—1,0] x CS[0,1] and
(s,t) € [-1,0] x [0,1].

If 71,79 are elements of Z/{g’ and U, then 7z ar(ry) =1,
P(r2) = t,p"(r) = 5 B"(r1) = 5 and wP(r) =
t,wP(re) > t, w(r1) < s,w™(ry) < s. By assumption,

AP (rare) = @ (ry) AP (re), @ (rerg) < P (r1) YEP(r2) and
wP(rirg) > wP(r1) AwP(re), w™(riry) < w™(r1) V wP(ra).
Thus 7175 is an element of L{g’g) and U,

Hence L{g ) and Y

Conversely, suppose that Z/lg ) and Z/lu(f’s) are subsemi-
groups of F. Let r1,r2 € F,(3,t) € CS[-1,0] x CS[0,1]
and (s,t) € [—1,0] x [0, 1]. )

By assumption, r17 is an element of Z/Iif %) and US’S). Thus,
RP(rire) = P (ro) AP (r2), 5P (rirz) = 0P (r1) Y7P(r2) and
WP(rire) > wP(r1) AwP(rg), w"(rire) < w"(r1) VwP(rz).
Hence ¢ = (fi,w) is a CBF subsemigroup of F. [ |

Theorem 2.19. A CBF set € = (fi,w) is a CBF left (right)
ideal of a semigroup F' if and only if the level set Z/lg’s) and

) are left (right) ideals of F for all (3,%) € CS[—1,0] x
CS[0,1] and (s,t) € [—1,0]  [0,1].

[~1,0] x [0,1].

are subsemigroups of F'.

Next, we study the subset and product of CBF set as
defined.
Let ¢, = (7,
F. Define

1) QECZlfandonlylfu (r) = X

and wP(r) < ¢P(r), w"(r) = P"(r

2) €,®¢, = (TO N\ w=1) and defi

w) and €, = (X, 1)) be CBF sets of a semigroup

(), 7"(r) = X" (r)
)forallrEF

ne 7O A as follows.

For r € F
{TP (k) A X" (0)} if A, #0
ONY(r) = ¢ (ko0)eA,
(I OX)(r) 5 fa 0
. A A (k) Y X (o)} if A #£0
" O\ — J (k,0)€A,
(IO )(r) 5 A0

and w * v is a product of a BF set.
Next, we study equivalent conditions of important proper-

ties for CBF subsemigroups of semigroups as shown in the
following theorems.

Theorem 2.20. A CBF set € = (Ti, w) is a CBF subsemi-
group of a semigroup F' if and only if ¢ @ CCe.

Proof: (=) Assume that € = (77, w) is a CBF subsemi-
group of a semigroup F, and let r € F.
If A, =0, then it is easy to verify that
(7" OpP)(r) 2pP(r), (" Op )(

(WP xwP)(r) < wP(r), (W"*w™)(r)

) = @"(r) and
> w (7“)
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If A, # 0, then If A, # 0, then
@O = X A7E) LAE0)} F omr)r) = len {F' (k) A P (0)}
= (k,oTeA,.{ﬁp(ko)} =pP(r), = Ar{l A TP (0)}
@Oomm = O;\M {7 (k) Y 7 (0)} - uchiprk)})} o
=i, k) =7 () = (kojea, T T
and (F o)) = (k,o)AeAT{?n(k) Y "(o)}
(WP xwP)(r) = V. {wP(k) AwP(o)} = ;& B {=1yu"(o)}
(k,0)EA, oA
< V  AwP(ko)} = wP(r), = (lao)keA,,w{M 0}
o =l (0} =)
(@"sw")(r) = A A{w"(k)vw(o)} 7
(k,0)€A, and
> w™(ko)} = w™(r
Z (e, W =D, MR it
Thus, (7 Q) (r) < A"(), (A" OF")(r) > " (r) and =V ae@)
(P £ ) (1) < WP (), (@ ")) = (r). e
Hence, € ® @I:C... o = " O\)/EA {wP(D)}

(<) Suppose € ® €C¢, and let 1,75 € F. Then N P — WP(r
(7P O @) (r1r2) 2 P (rira), (" O B")(rire) = @™ (rir2) = (kﬁ\)/eA,,{ (K1)} "),
and (w? * wP)(rira) > WwWP(rire), (W™ *x w™)(rira) <
w™(r172). Thus (Frxw™)(r) = " /)\EA {F"(k)Vw™(0)}

P (rira) = (@ Q) (rir) — A {-1Vwn(o)}

SRR LG _ e

S e PN ko)) = wn ()

< w"(ko)} = w™(r).

a'(rir2) 2 (E"OR ){(7‘17”(2)) o) T (ko)eA,

= A Y (o

Gothn Pt Ths, (7 OR?)(r) < 7(r), (F" OF")(r) = f"(r) and
= m(r) Y " (re) (FPowP)(r) < wP(r), (F* ow™)(r) > w(r).

and Hence, § ® CCC.

) b _(+=) Suppose 3 ® CTC, and let ryry € F'. Then
wHnr) 2 (Wheaf)nm) (F OF)(rir) X (rra). (F' OF")(rars) = 7 (rir2)
= > WP(rirg), (F™ x w™)(riry) <

V {wP(k) AwP(0)} and (FP x wP)(ry1ra)
Y™ (rire). Thus

wh(riry) < (W' xw™)(rire) prnre) =
= A Aw" (k) VW (o)} a
(k,0)€EAM ry _
< wh(r) Vw'(r)
Hence, 7P (ri73) = 7P (r1) A B"(r2),
i (rire) 2" (r1) Y [P (rz) and
wWP(rire) > wP(r) AwP(rg), w™(rira) <w™(r1) Vw"(rz). "t (rire) =
Therefore ¢ = (i, w) is a CBF subsemigroup of F. ] =
Let § = (F, F) be a CBF set of a non-empty set F'. Then
F'(r)y=1,F'(r) = =1 and FP(r) = 1, F*(r) = —1 for -
all r € F. =
Theorem 2.21. A CBF set ¢ = (Ti, w) is a CBF left (right)
ideal of a semigroup F' if and only if §®CCC (¢ ®Fc¢), and
where § = (F, F) is a CBF set of F. WP (r172)

v

Proof: (=) Assume that € = (77, w) is a CBF left ideal
of F',and let r € F..
If A. =0, then it is easy to verify that,
(F Om)(r) = mP(r), (F Om™)(r) = @"(r)
and (FP xwP)(r) > wP(r), (F*"*xw™)(r) < w™(r).
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(7pDﬁp)(le%) -
oy {F (k) £ 1" (0)}

Y T AP(0
(MeAW{ 1 (o)}

Y P - TP ,
wola O} =T ()

(F'OE") (1)
A F (k) vy "
(k,o)eAw{ (k) Y @™ (o)}
A —1vya®
(k,o)eATl,,é{ At (o)}

Y o A" (0)} 2B (r2),

(k,0)€Ar 1y

(FP % wP)(rirs)

Vo {FP(k) AwP(0)}
(k,0)€EAM ry

Vo {1AYP(0)}
(k,0)EA

Vo {9P(0)} = wP(ra),

(k,0)€EAM ry
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(F™xw™)(r172)
AN A{F" (k) v

w"(0)}
(k,0)EA ry

A A{=1ven(o)}

(k70)eA7‘1 o

w(rry) <

= A Aw"(0)} Sw™(r2),
(k,0)EA ry
Hence, ﬂp(Tl’Fg) - ﬁp(’l“g), ﬁ”(rlrg) = ﬂn(’l“g) and

wP(rir2) > wP(ra), w(rire) < I (r2).
Therefore, € = (fi,w) is a CBF left ideal of F. [ |

Corollary 2.22. A CEF set € = (m,w) is a CBF ideal of a
semigroup F if and only lf& ® CCC and € ® FCC.

Theorem 2.23. Suppose that S is a regular semigroup. Then
¢ = (f,w) is a CBF left (right) ideal of S if and only if
Fec=CCe®g=0).

Proof: Assume that ¢ = (fi, w) is a CBF left ideal of F,
and let » € F'. Then there exists k£ € F such that r = rkr.
Thus

(F Om)(r)

ok A,.{fi( i) A ﬁ’i( o)}
a0 4O}
F(r) & P (kr)
I A @P(kr) = 72 (kr) = 7P(r),
FrOmE) = | f, FOYme)

= (w)gArkr{ " (i) A (0)}
F'(r) Y " (kr)
=T (k) = " (k) < ()

Iy

PN

and
(FP s w)(1)

Vo AFPE) AwP(o)}

(i,0)€EA,

Vo A{7P@) AwP(o)}
(i,0) €A pr
FP(r) AwP(kr)
1A WP (kr) = wP(kr) > wP(r),

v

(Frxw™)(r) =V A{F([) Aw(0)}
(i,0)€A,
= VA7 (@) Aw™ (o)}
(i10)€A7‘kr
< F(r) Awm(kr)
= —1Aw"(kr)=w"(kr) <w™(r),
Hence, @ES ® ¢. By Theorem 2.21, S ® CCC.
Thus, §® € = C.
For the conversion, it follows from Theorem 2.21. [ |

The next corollary follows from Theorem 2.23.

Corollary 2.24. Suppose that F is a regular semigroup. Then
¢ = (fi,w) is a CBF ideal of a semigroup F if and only if
F@C=Cand C®F =C.

Lemma 2.25. If ¢, = (fi,w) is a CBF right ideal and
Qﬁz = (\,¥) is a CBF left ideal of a semigroup F, then
¢, ® ¢,C¢,M¢,.

Proof: Assume that €, = (7z,w) and €, = (X)) is a
CBEF right ideal and a CBF left ideal of F, respectively.
Let » € F. Then, by Theorem 2.21, ¢, ® C,C¢ ® 3CC,
and ¢, ® €,C§ ® ¢,5¢, Hence, ¢, ® ¢,C¢,7¢,.

|

III. CHARACTERIZING REGULAR, INTRA-REGULAR AND
SEMISIMPLE SEMIGROUPS BY USING CUBIC BIPOLAR
FUZZY IDEALS

In this section, we will use knowledge of characteristics
of cubic set and bipolar fuzzy set to characterize regular,
intra-regular and semisimple semigroups by using CBF left
and right ideals in semigroups.

Theorem 3.1. Let M and N be a non-empty subsets of a
semigroup F'. Then

(D xm ® XN = XunN Le <EXM OﬁXNaWXM *wXN> =
<EXA/[N’O‘}XIVIN>

@) xMMxy = xXuFAN Le <ﬁXJW I_lﬁXvaXM mwXN> =
<ﬁXMmN7wmeN>

Lemma 3.2. [17] A semigroup F' is regular if and only if
RL = RN L for every right ideal R and left ideal L of F.

The following theorem shows an equivalent conditional
statement for a regular semigroup.

Theorem 3.3. A semigroup F' is regular if and only if
¢, ®¢&, = &,TC, for every CBF right ideal €, and CBF
left ideal €, of F.

Proof: Assume that €, = (fi,w) and ¢, = (X, 1)) are
CBF right ideal and a CBF left ideal of F’, respectively. Then
by Lemma 2.25, ¢, ® €,C¢,M¢,. Let r € F. Then there
exists ¢ € F' such that r = r¢r. Thus

ORI = ), P® 1)
= L, T LX)
= W) AX(r) .
= mP(r) AN (r) = (P nA)(r),
@O = & A7 (k) Y X (o)}
= ot AM,,,{ﬁn(k) Y X' (0)}
< () YX'(r) .
2 () YA (r)=(E"nA)(r)
and
WPxyP)(r) =V A{wP(k) AYP(o)}
(k,0)EA,
= Vo AwP(k) AyP(o)}
(k,0)EA tr
> wP(rt) AyP(r)
> wP(r) AYP(r) = (WP NYP)(r),
(Wsym)(r) = A Aw"(k) Ve"(o)}
(k,0)€A,
= A Aw" (k) Vyr(o)}
(k,0)EA ¢r
< W) ver(r)
< w(r)Vor(r) = (W NyY™)(r).

Hence, Q‘Z‘lﬁe'fzf@'fl ® Q'fz. Therefore, Q‘Z‘l ® Q'fz = Q’Z’lﬁdfz.

(<) Let R and L be a right ideal and a left ideal of F,
respectively. Then, by Theorem 2.14, xr and x, is a CCBF
IVF right ideal and a CCBF left ideal of F, respectively. By
supposition and Theorem 3.1, we have

(7, O 1R, )(r) =

(r) =1,

5y, (1) (Y, MR, )(7)

MXR!’!L
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Py, (1) = (EZR L) (7, My, )(r)
= MXR!’!L -1
and
MQRL (T) - (wiR * WQL)(T) = (w);ZR N ngL)(T)
- wiRﬁL (7’) = 1’
(1) = (@ wy, )(r) = (Wi, Ny, )()
= wXRﬁL( ): -1
Thus r € RL, and so RL = RN L. It follows that by
Lemma 3.2, F' is regular. [ |

The following definition and lemma will be used to prove
Theorem 3.6.

Definition 3.4. [17] A semigroup F is called an intra-regular
if, for each r € S, there exist k,t € S such that r = kr’t.

Lemma 3.5. [17] A semigroup F is intra-regular if and only
if LN R C LR for every left ideal L and every right ideal
R of F.

Theorem 3.6. A semigroup F' is intra-regular if and only if
¢,1¢,0¢, ® ¢, for every CBF left ideal ¢, = = (i, w) and
every CBF right ideal €, = (X, 1)) of F.

Proof: (=) Assume that ¢, = (7i,w) and &, = (X, ¢)
are a CBF left ideal and CBF right ideal of F, respectively.
Let » € F. Then there exist e,t € F such that r = er?t.
Thus

@ OX)(r) = (o, {mP (k )AX”EO)}
- (k,o)gAem{ﬁp(k) A )‘p(o)}
= 1P (er) )\}”(ﬁ) -
= w(r) A )\p(r) = (@’ N /\P)(T)7
@ ONYr) = s { n(k) Y X (O)}
B (k,O);{AMTf ik ) ( )}
< @(er) Y X' (rt) B
< ) YN ) = @A)
and
(WP *YP)(r) = Vo {wP(k) AyP(o)}
(k,0)EA,
= Vo {wP(k) AYP(o)}
(k,0)€Acrrt
> wP(er) AyP(rt)
> W) A = (@ 0 (),
@) = A ) V(o)
(k,0)EA,
- AN Aw" (k) Vyr(o)}
(k,0)EAcrrt
< wh(er) Vyr(rt)
< W) VYR = @0 e).

Hence, ¢,1¢,5¢, ® €.

(<) Let R and L be a right ideal and a left ideal of F
respectively. Then by Theorem 2.14, yr and x, is a CCBF
right ideal and a CCBF left ideal of F, respectively. By
supposition and Theroem 3.1, we have

g () (1R, OBy, ) (r) = (By, Ny, )(r)
= P ()= 1,

Ay, (1) = (EQROMX )(r) = (B, My, )(r)
= M (1) = 1

and
wiRL (7‘) - (wil? * wiL)(T) 2 (wiz? N U‘J;L)(T)
= wz)éRﬁL (’I“) = 1’
Wyer (r)y = (w;‘R * w;L)(r) < (w;R Nw? )(r)
= w;RﬁL (T) = —1.
Thus r € LR, and so LN R C LR. It follows that by Lemma
3.5, F' is intra-regular. [ |

The following definition and lemma will be used to prove
Theorem 3.10.

Definition 3.7. [17] A semigroup F' is called semisimple if
every ideal of F is idempotent.

Remark 3.8. A semigroup F is semisimple if and only if r €
(FrF)(FrF) for every r € F, that is there exist w,y,z € F
such that r = wryrz.

Lemma 3.9. [17] A semigroup F' is semisimple if and only
if INJ = 1J for every ideals I and J of F.

Theorem 3.10. A semigroup F' is semisimple if and only if
¢, ed, =¢,ne,, for every CBF ideals €, = (fi,w) and
¢, = (\¢) of F.
_ Proof: (=) Assume that ¢, = (fi,w) and
¢, = (X, ¢) are CBF ideals of F. Then, by Theorem 2.25,
¢, ® €,CC¢,M¢,. Let r € F. Since F is semisimple, there
exist w,x,y,z € F such that r = (zry)(wrz). Thus

(@ ON)(r) = {m” (k) A X' (0)}

(K, O)EA

Y {7° (k) £ X" (0)}

(k) €A ery)or)

(AP (zry) A/\ (wrz))

(BP(ar) A X' (r2)) -

(P (r) A X" (1) = (@ X" (1),
o Ar{ﬁ”(k) Y X' (0)}

(, o)eALy)(m){fn(k) YA (o)}

(" (zry) A X" (wr2))

(" (W)YA( z))
(7" (r) Y X' (r)) =

Y 1Y 1Y
3

@ OX")(r)

=

(

I A TA

(@ nA")(r)
and

(WP §P)(r)

Vo A{wP(k) AYP(o)}

(k,0)€A,

{wP (k) AP (o)}
(k,0)€ A (zry) (wrz)
(WP (zry) AP (wrz))
(wP(xr) NYP(rz))
(WP(r) AgP(r)) = (WP NYP)(r),

N (k) Ver(o)}

(k,0)EA,

{w" (k) v ¢ (o)}
(k,0)€A(ary) (wr2)
(@™ (zry) vV " (wrz))
(@™ (zr) V" (rz))
(@ (r)vyr(r)) = (W 0ym)(r).

) (r),
and (wp*qjﬂ’)( ) > (wpﬂz/ﬂ’)( ),
)™)(r) and so, €, me,c¢, ® ¢,.

VIV IV

(@™ xy™)(r)

IANIAIA

Hence

(" )(
(" * wnxh
Therefore, €,

)(r)

>V
\/3/-\

3=
DZI
S
3

“;\

O
r)
)

Py
=
< (w
® ¢

G/-\/‘\
I

(A

£

|

(q

N
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(<) Let I and J be ideals of F. Then, by Theorem 2.14,
X; and X ; are (5,¢)-IVF ideals of F. By supposition and
Theorem 3.1, we have

() (i, Ork,)(r) = (1, Nag,)(r)
= 'uXImJ( ) = 1
Ty, (1) (my, Ony,)(r) = (ry, NaEy,)(r)
= MXIHJ( ) -1
and
Wi, () = (% *wh () = (W§, Nwg,)(r)
= wXImJ (T) = 17
w;(LIJ<r) = (w;(LI * wXJ)(r) = (W;CLI N w;CLJ)(r)
= w;(lmJ(r =-L
Thus r € IJ, and so IJ = 1IN J. It follows that by Lemma
3.9, F is semisimple. [ |

The following lemma will be used to prove Theorem 3.12.

Lemma 3.11. [17] A semigroup F is semisimple if and only
if I? = I for every ideal I of F.

Theorem 3.12. A semigroup F' is semisimple if and only if
E®C=¢, for every € = (li,w), is a CBF ideal of F.

Proof: (=) Let ¢, = (fi,w) be a CBF ideal of F.
Then, by Theorem 2.20 we have that € = (7, w) is a CBF
subsemigroup of F' if and only if C®CTC. Let r € F. Then
there exist w, z,y, z € F such that r = (ry)(wrz). Thus

@O = ¥ (k) A7)}
(’f=0)€A<m><m>{ﬁp(k) A 7P (0)}
(AP (zry) A AP (wrz))

(@ (xr) A [P (rz))

(7°(r) A 7" (r) = " (r),

Y 1Y 1Y

Il
,_»_\
7;

(" Or")(r)

|
—
=
3
—~
El
S~—
<
=
3
—~
o)
S~—
—

IATATA
SRET
3
8
=
<
=

and

(WP * wP)(r)

V  {wP(k) AwP(0)}
(k,0)€A,
V {wP(k) A wP(o)}
(k,0) €A (wry) (wrz)
(wP(zry) A wP(wrz))
(WP (ar) AwP(rz))
(WP(r) AwP(r)) = wP(r),

A Aw" (k) V(o))

(k,0)€EA,

A {w™(k) v
(k,0) €A (wry) (wrz)
(W™ (xry) Vw™(wrz))
(W"(zr) Vw™(rz))
(W™(r) Vwh(r)) = w™(r).

"(r
Hence, (7* O 7%)(r) = 7°(r), (7" O 7™)(r) < 7"(r) and
(P 5 wP)(r) = wP(r), (@ w")(r) < w(r) and so,
¢E¢ ® €. Therefore, ¢ ® € = €.

IV IV IV

(W™ xw™)(r)

w"(0)}

INININ

(<) Let I be an ideal of F. Then, by Theorem 2.14, ;
is an (3, )-IVF ideal of F. By supposition and Theorem 3.1,
we have

iy, (r) = (A%, Oy, )(r) =7k, (r) =1,
Ry, (r) = (A, O oy, )(r) =iy, (r) = -1
and
Wy L (r) = (W§, xwf ) (r) =wf, (r) =1,
w;ﬂ (r) = (w;I * wXI)(r) = wy, (r)y=-1,
Thus r € I?, and so I? = I. It follows that, by Lemma 3.11,
F' is semisimple. ]

IV. THE IMAGE AND PRE-IMAGE OF CBF
SUBSEMIGROUPS

In this section, we introduce the notion of image and pre-
image of the CBF subsemigroups and discuss some of their
properties.

Definition 4.1. [17] A mapping ¢ from a semigroup F} to
a semigroup Fs is said to be homomorphism if ¢(uv) =

o(w)o(v) for all u,v € Fy.

Definition 4.2. Let ¢ be a mapping a semigroup set Fy to
a semigroup I, and let € = (fi,w) be CBF set in Iy and
F, respectively. Then the image ¢(€) of € is the CBF set

#(€) = (p(Tn), ¢(w)) of Fy defined by for r € Fs,

Y mP(y), if ¢ '(r) #0,
O (r) = § 1=67 0 |
0, otherwise
A @My), if o) #0
B (r) = § v=6710)
0, otherwise
and
Vo wP(y), if ¢7(r) #0
P(w)P(r) = {v=¢"" ()
1, otherwise
w™(y), if ¢7(r)#0
P(w)"(r) =  v=671(n)
-1, otherwise
for all v € F, The inverse image ¢ (&) =

<¢_1(ﬁ),¢_1(W)> is defined by ¢ YE)(r) = m(e(r )g

YE)(r) = F(e(r)) and ¢~ ( P)(r) = wP(e(r)
“Ywm)(z) = w(p(r)) for all r € Fy. Then the mapping

qb is called a cub1c bipolar transformation (CBT), and ¢!
is called an inverse cubic bipolar transformation (ICBT)
induced by ¢. A CBF set € = (f,w) in X has the CBF
property if for any subset T' of X. There exists xo € T such
that () (ro) = Y (EP(), (1)'(ro) = A ()"(r) and
(W)P(ro) = V (W)P(x), ()" (ro) = A (w)"(r).
reT reT
Theorem 4.3. For a homomorphism ¢ : F; — Fy of

semigroups, and let ¢ = (t,w) be a CBF subsemigroup
of Fy and Fs, respectively.

(1) (@) = (¢(7), ¢(w)) is a CBF subsemigroup of F>.
) ¢~ 1) = (¢ (1), ¢~ (w)) is a CBF subsemigroup of
Fi.
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Proof: ¢~ (w) (mimg) = w):(¢(m1m2))
(1) Let r1,72 € F5. Since ¢ is a homorphism, there exist 2 Ezgngzgzli(@(gag ))
my,mo € Iy such that ¢(mq) = r1 and ¢(me) = 7. — a0 An ! 2
Thus = ¢ (w)"(m1Vmy).
= — Thus ¢~ ' (@)P(mima) = ¢~ (@)P(m1 A mo)
p rr — p k [ )
PP = iy ® P 6~ L) mims) % 6~ ()" (m1 Y m2) and
- ¢(m1)\(¢(m2)(u)p(m1m2) ¢_1(w)p(mlm2) Z1 o7 (WPmy A my),
’ — — - " <o Hw)"(m1 V ma)
=Y @) A @peme)} G @) ) < 0 W m v
$(m1),6(m2) Hence ¢~1(€) = (¢7'(A),¢ '(w)) is a CBF
= (m)P(k) subsemigroup of Fj.
k=¢=1(rir2)
— (@ () A (7(2), .
Theorem 4.4. For a homomorphism ¢ : Fy — Fy of
7\ — 7\ .
¢(p)" (mr2) = k:qﬁ—f(nrz)(m (k) semigroups, and let € = (ji,w) be a CBF left (right) of
= ( )A( )(ﬁ)"(m1m2) Fy and F5, respectively.
d(m1),¢(m2 p _ . .
_ _ () ¢(€) = (éd(h), ¢(w)) is a CBF left (right) of F>.
= A "(my) Y ()™ (m . ’ . .
= st U IY ) G51G) = ), 67 () s @ CBF lefi (right) of
=k ) R
= 1r2
= o((@)"(r1) Y (m)"™(r2)). Proof: Tt follows Theorem 4.3. [ |
And
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