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Abstract—In this paper, we give the concepts of cubic
bipolar fuzzy subsemigroups and provide some properties of
cubic bipolar fuzzy subsemigroups. We discuss the relationship
between a subsemigroup and the characteristics of cubic bipolar
fuzzy subsemigroups. The results reveal beneficial application
of the characterization of regular, intra-regular, and semisimple
semigroups in terms of cubic bipolar fuzzy ideals is very useful
for applications. Moreover, we discuss the image and pre-image
of cubic bipolar fuzzy subsemigroups.

Index Terms—Cubic bipolar fuzzy subsemigroup, regular,
intra-regular and semisimple semigroup

I. INTRODUCTION

IN THIS section, some basic definitions are given as the
follows.

A subsemigroup M of a semigroup F if M2 ⊆M .
A left (right) ideal of a semigroup F if FM ⊆M (MF ⊆
M ). An ideal of a semigroup F if it is a left ideal and a
right ideal of F . A semigroup F is called a regular if for
each r ∈ F , there exists k ∈ S such that r = rkr.

For any νi ∈ [0, 1] where i ∈ K, define

∨
i∈K

νi := sup
i∈K
{νi} and ∧

i∈K
νi := inf

i∈K
{νi}.

We note here that for any ν, ξ ∈ [0, 1], we have

ν ∨ ξ = max{ν, ξ} and ν ∧ ξ = min{ν, ξ}.

The theory of fuzzy sets was studied by Zadeh in 1965
[1], which he gave the definition as follows: A fuzzy set ω
of a non-empty set F is a function from F into the closed
interval [0, 1], i.e, ω : F → [0, 1].

The concept was applied in many areas such as robotics,
computer science, medical science, theoretical physics, con-
trol engineering, information science, measure theory, logic,
set theory, topology, etc. In 1979, Kuroki [2] used knowledge
of a fuzzy set in semigroup theory and various kinds of ideals
in semigroups and characterized them.

In 1975 Zadeh [3] was interested in interval valued fuzzy
sets as an extension of fuzzy sets. He gave the concepts of
interval-valued fuzzy sets as follows:

Let CS[0, 1] be the set of all closed subintervals of [0, 1],
i.e.,

CS[0, 1] = {ν = [νl, νu] | 0 ≤ νl ≤ νu ≤ 1},

Manuscript received Nov 19, 2021 ; revised Aug 1, 2022.
T. Gaketem is a lecturer at the School of Science, University of Phayao,

Phayao, Thailand. (e-mail: Newtonisaac41@yahoo.com).
N. Deetae is a lecturer at the Department of Statistics, Faculty of Science

and Technology, Pibulsongkram Rajabhat University, Phitsanulok, Thailand.
(e-mail: natthinee@psru.ac.th).

P. Khamrot is a lecturer at the Department of Mathematics, Faculty of
Science and Agricultural Technology, Rajamangala University Technology
Lanna Phitsanulok, Phitsanulok, Thailand. (corresponding author to provide:
pk_g@rmutl.ac.th).

where νl is a lower interval value of ν and νu is an upper
interval value of ν.

We note that [ν, ν] = {ν} for all ν ∈ [0, 1]. For ν = 0
or 1, we shall denote [0, 0] by 0 and [1, 1] by 1.

For ν := [νl, νu] and ξ := [ξl, ξu] in CS[0, 1], the
operations “�”, “=”, “f”, “g” are defined as follows:
(1) ν � ξ if and only if νl ≤ ξl and νu ≤ ξu
(2) ν = ξ if and only if νl = ξl and νu = ξu
(3) ν f ξ = [(νl ∧ ξl), (νu ∧ ξu)]
(4) ν g ξ = [(νl ∨ ξl), (νu ∨ ξu)].

If ν � ξ, we mean ξ � ν.
The following proposition is a tool used to prove the next

sections.

Proposition 1.1. [4] For ν, ξ, ρ ∈ CS[0, 1], then the follow-
ing properties are true:
(1) ν f ν = ν and ν g ν = ν,
(2) ν f ξ = ξ f ν and ν g ξ = ξ g ν,
(3) (νf ξ)fρ = νf (ξfρ) and (νg ξ)gρ = νg (ξgρ),
(4) (ν f ξ)g ρ = (ν g ρ)f (ξ g ρ) and

(ν g ξ)f ρ = (ν f ρ)g (ξ f ρ),
(5) If ν � ξ, then ν f ρ � ξ f ρ and ν g ρ � ξ g ρ.

For each interval νi := [(νl)i, (νu)i] ∈ CS[0, 1], i ∈ K,
where K is an index set, we define

f
i∈K

νi := [ ∧
i∈K

(νl)i, ∧
i∈K

(νu)i] and g
i∈K

νi := [ ∨
i∈K

(νl)i, ∨
i∈K

(νu)i].

Definition 1.2. [3] An interval valued fuzzy set (shortly, IVF
set) of a non-empty set F is a function µ : F → CS[0, 1].

Definition 1.3. [5] Let M be a subset of a non-empty set
F . An interval valued characteristic function (shortly, IVCF)
χM of F is defined to be a function χM : F → CS[0, 1] by

χM (r) =

{
1 if r ∈M
0 if r /∈M

for all r ∈ F .

For two IVF subsets µ and λ of a non-empty set F , define
(1) µ v λ⇔ µ(r) � λ(r) for all r ∈ F ,
(2) µ = λ⇔ µ v λ and λ v µ,
(3) (µ u λ)(r) = µ(r)f λ(r) for all r ∈ F .

For r ∈ F , define Ar := {(k, o) ∈ F × F | r = ko}.
For two IVF sets µ and λ of a semigroup F , define the

product µ© λ is defined as follows for all r ∈ F ,

(µ© λ)(r) =

 g
(k,o)∈Ar

{µ(k)f λ(o)} if Ar 6= ∅

0 if Ar = ∅.

Definition 1.4. [6] An IVF subset µ of a semigroup F is said
to be an IVF subsemigroup of F if µ(r1r2) � µ(r1)fµ(r2)
for all r1, r2 ∈ F.
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Definition 1.5. [6] An IVF subset µ of a semigroup F is
said to be an IVF left (right) ideal of F if
µ(r1r2) � µ(r2) (µ(r1r2) � µ(r1)) for all r1, r2 ∈ F.
An IVF subset µ of a semigroup F is called an IVF ideal of
F if it is both an IVF left ideal and an IVF right ideal of S.

In 1994, Zhang [7] introduced the notion of bipolar fuzzy
sets whose membership degree range is enlarged from the
interval [0, 1] to [−1, 1]. It is the extension of fuzzy sets
and used for decision analysis, modeling, and algebraic
structures. In 2000, Lee [8] used the term bipolar valued
fuzzy sets and applied it to algebraic structures.

Definition 1.6. A bipolar fuzzy set (shortly, BF set) ω on F
is an object having the form

ω := {(r, ωp(r), ωn(r)) | r ∈ F},

where ωp : F → [0, 1] and ωn : F → [−1, 0].

Remark 1.7. For the sake of simplicity we shall use the sym-
bol ω = (F ;ωp, ωn) for the BF set ω = {(r, ωp(r), ωn(r)) |
r ∈ F}.

The products ωp∗ψp and ωn∗ψn were defined as follows:
For r ∈ F

(ωp ∗ ψp)(r) =


∨

(k,o)∈Ar

{ωp(k) ∧ ψp(o)} if Ar 6= ∅

0 if Ar = ∅

and

(ωn ∗ ψn)(r) =


∧

(k,o)∈Ar

{ωn(k) ∨ ψn(o)} if Ar 6= ∅

0 if Ar = ∅,

where Ar := {(k, o) ∈ F × F | r = ko}.

Definition 1.8. Let M be a non-empty set of a semigroup F .
A positive characteristic function and a negative characteristic
function are respectively defined as

χpM : F → [0, 1], u 7→ χpM (r) :=

{
1 r ∈M
0 r /∈M

and

χnM : F → [−1, 0], u 7→ χnM (r) :=

{
−1 r ∈M
0 r /∈M .

Definition 1.9. [9] A BF set ω = (F ;ωp, ωn) on a semi-
group F is called a BF subsemigroup on F if ωp(r1r2) ≥
ωp(r1) ∧ ωp(r2) and ωn(r1r2) ≤ ωn(r1) ∨ ωn(r2) for all
r1, r2 ∈ F .

Definition 1.10. [9] A BF set ω = (F ;ωp, ωn) on a
semigroup F is called a BF left (right) ideal on F if
ωp(r1r2) ≥ ωp(r2) (ωp(r1r2) ≥ ωp(r1)) and ωn(r1r2) ≤
ωn(r2) (ωn(r1r2) ≤ ωn(r1)) for all r1, r2 ∈ F .

Moreover, in 2017, Kavikumar et al. [10] used acknowl-
edge of a BF set to finite switchboard state machines.

In 2018, Wei et al. [11] studied the concept of interval
valued bipolar fuzzy set with a generalization of BF set. It
was a study of values of positive and negative functions.

Definition 1.11. An interval valued bipolar fuzzy set (shortly,
IVBF set) C = (F ;µp, µn) of a non-empty set F if
µp : F → CS[0, 1] and µn : F → CS[−1, 0].

In 2012, Jun et al. [12] introduced a new notion, known as
a cubic set, and investigated several properties of cubic sets.
They introduced cubic subsemigroups and cubic left (right)
ideals of semigroups as follows.

Definition 1.12. [12] A cubic set C of a non-empty set F is
a structure of the form

C = {〈r, µ(r), ω(r)〉 | r ∈ F}

and denoted by C = 〈µ, ω〉 where µ is an IVF set and ω is
a fuzzy set. In this case, we will use

C(r) = 〈µ(r), ω(r)〉 = 〈[µl(r), µu(r)], ω(r)〉

for all r ∈ F .

Definition 1.13. [12] A cubic set C = 〈µ, ω〉 of a semigroup
F is called
(1) a cubic subsemigroup of F if µ(r1r2) � µ(r1)f µ(r2)

and ω(r1r2) ≤ ω(r1) ∨ (r2) for all r1, r2 ∈ F,
(2) a cubic left(right)ideal of F if µ(r1r2) � µ(r2)

(µ(r1r2) � µ(r1)) and ω(r1r2) ≤ ω(r2)(ω(r1r2) ≤
ω(r1)) for all r1, r2 ∈ F.
A cubic ideal of F if it is both a cubic left ideal and a
cubic right ideal of F .

Riaz and Tehrim [13] discussed the concept of cubic
bipolar fuzzy sets and applied it to decision-making and
problem solving such that [14], [15], [16].

In this paper, we consider the concepts of cubic bipolar
fuzzy subsemigroups and ideals. We provide properties of
cubic bipolar fuzzy subsemigroups and ideals. The regular,
intra-regular, and semisimple semigroups are characterized
in terms of cubic bipolar fuzzy ideals.

II. CUBIC BIPOLAR FUZZY SUBSEMIGROUP AND IDEALS
IN SEMIGROUPS

In this section, we give the concepts of cubic bipolar fuzzy
subsemigroups and ideals in semigroups. Also, we study the
important properties for reference in the next part.

Definition 2.1. A cubic bipolar fuzzy set (shortly, CBF set)
C̈ of a set F if

C̈ = {〈r, (µp(r), µn(r)), (ωn(r), ωp(r))〉 | r ∈ F}

and denoted by C̈ = 〈µ, ω〉 where µ = (F ;µp, µn) is an
IVBF set and ω = (F ;ωn, ωp) is a BF set.

Definition 2.2. A CBF set C̈ = 〈µ, ω〉 of a semigroup F
is called a cubic bipolar fuzzy subsemigroup (shortly, CBF
subsemigroup) of F if
µp(r1r2) � µp(r1) f µp(r2), µn(r1r2) � µn(r1) g µn(r2)
and ωp(r1r2) ≥ ωp(r1) ∧ ωp(r2), ωn(r1r2) ≤ ωn(r1) ∨
ωn(r2) for all r1, r2 ∈ F.

The following example satisfies definition 2.2.

Example 2.3. Let F be a semigroup defined by the following
table:

· a b c
a a b c
b b b c
c c c b

A CBF set C̈ = 〈µ, ω〉 in F as follows: µp(a) =
[0.6, 0.7], µp(b) = [0.4, 0.5], µp(c) = [0.1, 0.2], µn(a) =
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[−0.9,−0.8], µn(b) = [−0.7,−0.6], µp(c) = [−0.3,−0.2]
and ωp(a) = 0.7, ωp(b) = 0.4, ωp(c) = 0.2, ωn(a) =
−0.7, ωn(b) = −0.3, ωn(c) = −0.2 Thus C̈ = 〈µ, ω〉 is a
CBF subsemigroup of F .

Definition 2.4. A CBF set C̈ = 〈µ, ω〉 of a semigroup F
is called a cubic bipolar fuzzy left ideal (shortly, CBF left
ideal) of F if
µn(r1r2) � µp(r2), µn(r1r2) � µn(r2) and
ωp(r1r2) ≥ ωp(r2), ωn(r1r2) ≤ ωn(r2) for all r1, r2 ∈ F.

Definition 2.5. A CBF set C̈ = 〈µ, ω〉 of a semigroup F is
called a cubic bipolar fuzzy right ideal (shortly, CBF rihgt
ideal) of F if
µp(r1r2) � µp(r1), µn(r1r2) � µn(r1) and
ωp(r1r2) ≥ ωp(r1), ωn(r1r2) ≤ ωn(r1) for all r1, r2 ∈ F.

Definition 2.6. A cubic bipolar set C̈ = 〈µ, ω〉 of a semi-
group F is called a cubic cubic biopolar fuzzy ideal (shortly,
CBF ideal) of F if it is a CBF left ideal and a CBF right
ideal of F .

The following example is a CBF ideal of a semigroup.

Example 2.7. Let F = {a, b, c} be a semigroup with the
following Cayley table:

· a b c
a a b c
b b b b
c c b b

A CBF set C̈ = 〈µ, ω〉 in F as follows: µp(a) =
[0.1, 0.3], µp(b) = [0.2, 0.4], µp(c) = [0.1, 0.4], µn(a) =
[−0.1,−0.3], µn(b) = [−0.2,−0.4], µn(c) = [−0.1,−0.4]
and ωp(a) = 0.1, ωp(b) = 0.4, ωp(c) = 0.5, ωn(a) =
−0.1, ωn(b) = −0.3, ωn(c) = −0.4. Thus C̈ = 〈µ, ω〉 is a
CBF ideal of F .

Next, we study the intersection of CBF set as defined.
Let C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉 are CBF sets of F . Define
C̈1uC̈2 = 〈µ u λ, ω ∩ ψ〉 where
(µpuλp)(r) = µp(r)fλ

p
(r), (µnuλn)(r) = µn(r)gλ

n
(r)

and
(ωp∩ψp)(r) = ωp(r)∧ψp(r), (ωn∩ψn)(r) = ωn(r)∨ψn(r)
for all r ∈ F .

The following lemma shows the positive of an intersection
and the negative of a union of two CBF subsemigroups and
ideals.

Lemma 2.8. Let F be a semigroup. Then the following
properties hold:
(1) The positive of an intersection of two CBF subsemi-

groups of a semigroup F is a positive of CBF subsemi-
group of F .

(2) The positive of an intersection of two CBF left (right)
ideals of a semigroup F is a positive of CBF left (right)
ideal of F .

Proof:
(1) Assume that C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉 are positive

of a CBF subsemigroups of F and let r1, r2 ∈ F . Then
(µp u λp)(r1r2) = (µp(r1r2)f λ

p
(r1r2)

� (µp(r1)f µp(r2))f (λ
p
(r1)f µp(r2))

= (µp(r1)f λ
p
(r1))f (λ

p
(r2)f λ

p
(r2))

= (µp u λp)(r1)f (µp u λp)(r2).

And
(ωp ∩ ψp)(r1r2) = (ωp(r1r2) ∧ ψp(r1r2))
≥ (ωp(r1) ∧ ωp(r2)) ∧ (ψp(r1) ∧ ψp(r2))
= (ωp(r1) ∧ ψp(r1)) ∧ (ωp(r2) ∧ ψp(r2))
= (ωp ∩ ψp)(r1) ∧ (ωp ∩ ψp)(r2).
Thus, (µpuλp)(r1r2) � (µpuλp)(r1)f (µpuλp)(r2),
and (ωp ∩ψp)(r1r2) ≥ (ωp ∩ψp)(r1)∧ (ωp uψp)(r2).
Hence the positive of an intersection is a CBF subsemi-
group of F .
The second can be proved in a similar way as used in
the first.

Lemma 2.9. Let F be a semigroup. Then the following
properties hold.
(1) The negative of an intersection of two CBF subsemi-

groups of a semigroup F is a negative of CBF sub-
semigroup of F .

(2) The negative of an intersection of two CBF left (right)
ideals of a semigroup F is a negative of CBF left (right)
ideals of F .

Proof:
(1) Assume that C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉 are negative

of a CBF subsemigroups of F , and let r1, r2 ∈ F . Then
(µn u λn)(r1r2) = µn(r1r2)g λ

n
(r1r2)

� (µn(r1)g µn(r2))g (λ
n
(r1)g µn(r2))

= (µn(r1)g λ
n
(r1))g (λ

n
(r2)g λ

n
(r2))

= (µn u λn)(r1)g (µn u λn)(r2).
And
(ωn ∩ ψn)(r1r2) = ωn(r1r2) ∨ ψn(r1r2)
≤ (ωn(r1) ∨ ωn(r2)) ∨ (ψn(r1) ∨ µn(r2))
= (ωn((r1) ∨ ψn(r1))g (ψn(r2) ∨ ψn(r2))
= (ωn ∩ ψn)(r1)) ∨ (ωn ∩ ψn)(r2)).
Thus, (µnuλn)(r1r2) � (µnuλn)(r1)g(µnuλ

n
)(r2)

and (ωn∩ψn)(r1r2) ≤ (ωn∩ψn)(r1)∨ (ωn∩ψn)(r2).
Hence the negative of an intersetion is a CBF subsemi-
group of F .
The second can be proved in a similar way as used in
the first.

The following result is an immediate consequence of
Lemma 2.8 and Lemma 2.9.

Theorem 2.10. Let F be a semigroup. Then the following
properties hold:
(1) The intersection of two CBF subsemigroups of a semi-

group F is a CBF subsemigroup of F .
(2) The intersection of two CBF left (right) ideals of a

semigroup F is a CBF left (right) ideal of F .

Next, we provide the definition of the characteristic cubic
bipolar fuzzy function. Let M be a non-empty subset of F .
The characteristic cubic bipolar fuzzy set (shortly, CCBF set)
χM = 〈µχM

, ωχM
〉 is defined as follows:

µpχM
(r) =

{
1 if r ∈M
0 if r /∈M

, µnχM
(r) =

{
−1 if r ∈M
0 if r /∈M

for all r ∈ F and ωχM
are characteristics bipolar fuzzy set.

In the following lemmas, we give a relationship between
a subsemigroup (left ideal, right ideal, ideal) and the CCBF
function.
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Lemma 2.11. If M is a subsemigroup of a semigroup F ,
then the CCBF function χM = 〈µχM

, ωχM
〉 is a CBF

subsemigroup of F .

Proof: Suppose that M is a subsemigroup of F and
let r1, r2 ∈ F .

If r1, r2 ∈ M , then r1r2 ∈ M . Thus, 1 = µpχM
(r1) =

µpχM
(r2) = µpχM

(r1r2), −1 = µnχM
(r1) = µnχM

(r2) =
µnχM

(r1r2) and 1 = ωpχM
(r1) = ωpχM

(r2) = ωpχM
(r1r2),

−1 = ωnχM
(r1) = ωnχM

(r2) = ωnχM
(r1r2).

Hence, µpχM
(r1r2) � µpχM

(r1) f µpχM
(r2), µnχM

(r1r2) �
µnχM

(r1)gµnχM
(r2) and ωpχM

(r1r2) ≥ ωpχM
(r1)∧ωpχM

(r2),
ωnχM

(r1r2) ≤ ωnχM
(r1) ∨ ωnχM

(r2).
If r1 /∈M or r2 /∈M , then

µpχM
(r1r2) � µpχM

(r1)f µpχM
(r2),

µnχM
(r1r2) � µnχM

(r1)g µnχM
(r2) and

ωpχM
(r1r2) ≥ ωpχM

(r1) ∧ ωpχM
(r2),

ωnχM
(r1r2) ≤ ωnχM

(r1) ∨ ωnχM
(r2).

Thus χM = 〈µχM
, ωχM

〉 is a CBF subsemigroup of F .

Lemma 2.12. If χM = 〈µχM
, ωχM

〉 is a CBF subsemigroup
of F , then M is a subsemigroup of a semigroup F .

Proof: Suppose that χM = 〈µχM
, ωχM

〉 is a CBF
subsemigroup of F , and let r1, r2 ∈ M. Then µpχM

(r1) =
µpχM

(r2) = 1, µnχM
(r1) = µnχM

(r2) = −1 and ωpχM
(r1) =

ωpχM
(r2) = 1, ωnχM

(r1) = ωnχM
(r2) = −1. By assumption,

µpχM
(r1r2) � µpχM

(r1)f µpχM
(r2),

µnχM
(r1r2) � µnχM

(r1)g µnχM
(r2) and

ωpχM
(r1r2) ≥ ωpχM

(r1) ∧ ωpχM
(r2),

ωnχM
(r1r2) ≤ ωnχM

(r1) ∨ ωnχM
(r2).

(1)

If r1r2 /∈M , then by (1) 0 � 1, 0 � −1 and 0 ≥ 1, 0 ≤ −1.
It is a contradiction. Hence r1r2 ∈ M . Therefore, M is a
subsemigroup of F .

The following result is an immediate consequence of
Lemma 2.11 and Lemm 2.12.

Theorem 2.13. Let M be a non-empty subset of a semigroup
F . Then M is a subsemigroup of F if and only if χM =
〈µχM

, ωχM
〉 is a CBF subsemigroup of F .

Lemma 2.14. If M is a left (right) of a semigroup F , then
the CCBF function χM = 〈µχM

, ωχM
〉 is a CBF left (right)

of F .

Lemma 2.15. If χM = 〈µχM
, ωχM

〉 is a CBF left (right) of
F , then M is a left (right) of a semigroup F .

The following result is an immediate consequence of
Lemma 2.14 and Lemm 2.15.

Theorem 2.16. Let M be a non-empty subset of a semigroup
F . Then M is a left (right) ideal of F if and only if χM =
〈µχM

, ωχM
〉 is a CBF left (right) of F .

The following definition is of the (s, t)-level and (s, t)-
level subset of a CBF set.

Definition 2.17. Let C̈ = 〈µ, ω〉 be a CBF set with (s, t) ∈
CS[−1, 0]×CS[0, 1] and (s, t) ∈ [−1, 0]× [0, 1]. Define the
set U (t,s)

µ = {r ∈ F | µp(r) � t, µn(r) � s} and
U (t,s)
ω = {r ∈ F | ωp(r) ≥ t, ωn(r) ≤ s} is called and

(s, t)-level and (s, t)-level subset of a CBF set of F .

In the following theorems, we give a relationship between
a subsemigroup (left ideal, right ideal, ideal) and the (s, t)-
level and (s, t)-level subset of a CBF set.

Theorem 2.18. A CBF set C̈ = 〈µ, ω〉 is a CBF subsemi-
group of a semigroup F if and only if the level sets U (t,s)

µ

and U (t,s)
ω are subsemigroups of F for all

(s, t) ∈ CS[−1, 0]× CS[0, 1] and (s, t) ∈ [−1, 0]× [0, 1].

Proof: Let C̈ = 〈µ, ω〉 be a CBF subsemigroup of F
and let r1, r2 ∈ F, (s, t) ∈ CS[−1, 0]× CS[0, 1] and
(s, t) ∈ [−1, 0]× [0, 1].

If r1, r2 are elements of U (t,s)
µ and U (t,s)

ω , then µp(r1) � t,
µp(r2) � t, µn(r1) � s, µn(r1) � s and ωp(r1) ≥
t, ωp(r2) ≥ t, ωn(r1) ≤ s, ωn(r2) ≤ s. By assumption,
µp(r1r2) � µp(r1)fµp(r2), µp(r1r2) � µp(r1)gµp(r2) and
ωp(r1r2) ≥ ωp(r1) ∧ ωp(r2), ωn(r1r2) ≤ ωn(r1) ∨ ωp(r2).
Thus r1r2 is an element of U (t,s)

µ and U (t,s)
ω .

Hence U (t,s)
µ and U (t,s)

ω are subsemigroups of F .

Conversely, suppose that U (t,s)
µ and U (t,s)

ω are subsemi-
groups of F . Let r1, r2 ∈ F, (s, t) ∈ CS[−1, 0] × CS[0, 1]
and (s, t) ∈ [−1, 0]× [0, 1].

By assumption, r1r2 is an element of U (t,s)
µ and U (t,s)

ω . Thus,
µp(r1r2) � µp(r1)fµp(r2), µp(r1r2) � µp(r1)gµp(r2) and
ωp(r1r2) ≥ ωp(r1) ∧ ωp(r2), ωn(r1r2) ≤ ωn(r1) ∨ ωp(r2).
Hence C̈ = 〈µ, ω〉 is a CBF subsemigroup of F .

Theorem 2.19. A CBF set C̈ = 〈µ, ω〉 is a CBF left (right)
ideal of a semigroup F if and only if the level set U (t,s)

µ and
U (t,s)
ω are left (right) ideals of F for all (s, t) ∈ CS[−1, 0]×
CS[0, 1] and (s, t) ∈ [−1, 0]× [0, 1].

Next, we study the subset and product of CBF set as
defined.
Let C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉 be CBF sets of a semigroup
F . Define

1) C̈1@C̈2 if and only if µp(r) � λ
p
(r), µn(r) � λ

n
(r)

and ωp(r) ≤ ψp(r), ωn(r) ≥ ψn(r), for all r ∈ F.
2) C̈1~ C̈2 = 〈µ©λ, ω ∗ψ〉 and define µ©λ as follows.

For r ∈ F

(µp©λp)(r) =

 g
(k,o)∈Ar

{µp(k)f λp(o)} if Ar 6= ∅

0 if Ar = ∅,

(µn©λn)(r) =

 f
(k,o)∈Ar

{µn(k)g λn(o)} if Ar 6= ∅

0 if Ar = ∅,

and ω ∗ ψ is a product of a BF set.

Next, we study equivalent conditions of important proper-
ties for CBF subsemigroups of semigroups as shown in the
following theorems.

Theorem 2.20. A CBF set C̈ = 〈µ, ω〉 is a CBF subsemi-
group of a semigroup F if and only if C̈~ C̈@C̈.

Proof: (⇒) Assume that C̈ = 〈µ, ω〉 is a CBF subsemi-
group of a semigroup F , and let r ∈ F .

If Ar = ∅, then it is easy to verify that,
(µp© µp)(r) � µp(r), (µn© µn)(r) � µn(r) and
(ωp ∗ ωp)(r) ≤ ωp(r), (ωn ∗ ωn)(r) ≥ ωn(r).
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If Ar 6= ∅, then

(µp© µp)(r) = g
(k,o)∈Ar

{µp(k)f µp(o)}

� g
(k,o)∈Ar

{µp(ko)} = µp(r),

(µn© µn)(r) = f
(k,o)∈Ar

{µn(k)g µn(o)}

� f
(k,o)∈Ar

{µn(ko)} = µn(r)

and

(ωp ∗ ωp)(r) =
∨

(k,o)∈Ar

{ωp(k) ∧ ωp(o)}

≤
∨

(k,o)∈Ar

{ωp(ko)} = ωp(r),

(ωn ∗ ωn)(r) =
∧

(k,o)∈Ar

{ωn(k) ∨ ωn(o)}

≥
∧

(k,o)∈Ar

{ωn(ko)} = ωn(r),

Thus, (µp©µp)(r) � µn(r), (µn©µn)(r) � µn(r) and
(ωp ∗ ωp)(r) ≤ ωp(r), (ωn ∗ ωn)(r) ≥ ωn(r).
Hence, C̈~ C̈@C̈.
(⇐) Suppose C̈~ C̈@C̈, and let r1, r2 ∈ F . Then

(µp© µp)(r1r2) � µp(r1r2), (µn© µn)(r1r2) � µn(r1r2)
and (ωp ∗ ωp)(r1r2) ≥ ωp(r1r2), (ωn ∗ ωn)(r1r2) ≤
ωn(r1r2). Thus

µp(r1r2) � (µp© µp)(r1r2)
= g

(k,o)∈Ar1r2

{µp(k)f µp(o)}

� µp(r1)f µp(r2),

µn(r1r2) � (µn© µn)(r1r2)
= f

(k,o)∈Ar1r2

{µn(k)g µn(o)}

� µn(r1)g µn(r2)

and

ωp(r1r2) ≥ (ωp ∗ ωp)(r1r2)
=

∨
(k,o)∈Ar1r2

{ωp(k) ∧ ωp(o)}

≥ ωp(r1) ∧ ωp(r2),

ωn(r1r2) ≤ (ωn ∗ ωn)(r1r2)
=

∧
(k,o)∈Ar1r2

{ωn(k) ∨ ωn(o)}

≤ ωn(r1) ∨ ωn(r2).

Hence, µp(r1r2) � µp(r1)f µp(r2),
µn(r1r2) � µn(r1)g µp(r2) and
ωp(r1r2) ≥ ωp(r1) ∧ ωp(r2), ωn(r1r2) ≤ ωn(r1) ∨ ωn(r2).
Therefore C̈ = 〈µ, ω〉 is a CBF subsemigroup of F .

Let F̈ = 〈F ,F〉 be a CBF set of a non-empty set F . Then
Fp(r) = 1, Fn(r) = −1 and Fp(r) = 1, Fn(r) = −1 for
all r ∈ F.

Theorem 2.21. A CBF set C̈ = 〈µ, ω〉 is a CBF left (right)
ideal of a semigroup F if and only if F̈~ C̈@C̈ (C̈~ F̈@C̈),
where F̈ = 〈F ,F〉 is a CBF set of F .

Proof: (⇒) Assume that C̈ = 〈µ, ω〉 is a CBF left ideal
of F , and let r ∈ F .

If Ar = ∅, then it is easy to verify that,
(Fp© µp)(r) � µp(r), (Fn© µn)(r) � µn(r)
and (Fp ∗ ωp)(r) ≥ ωp(r), (Fn ∗ ωn)(r) ≤ ωn(r).

If Ar 6= ∅, then

(Fp© µp)(r) = g
(k,o)∈Ar

{Fp(k)f µp(o)}

= g
(k,l)∈Ar

{1f µp(o)}

= g
(k,o)∈Ar

{µp(o)}

� g
(k,o)∈Ar

{µp(ko)} = µp(r),

(Fn© µn)(r) = f
(k,o)∈Ar

{Fn(k)g µn(o)}

= f
(k,o)∈Ar

{−1g µn(o)}

= f
(k,o)∈Ar

{µn(l)}

� g
(k,o)∈Ar

{µn(ko)} = µn(r)

and

(Fp ∗ ωp)(r) =
∨

(k,o)∈Ar

{Fp(k) ∧ ωp(o)}

=
∨

(k,o)∈Ar

{1 ∧ ωp(l)}

=
∨

(k,o)∈Ar

{ωp(l)}

≥
∨

(k,o)∈Ar

{ωp(kl)} = ωp(r),

(Fn ∗ ωn)(r) =
∧

(k,o)∈Ar

{Fn(k) ∨ ωn(o)}

=
∧

(k,o)∈Ar

{−1 ∨ ωn(o)}

=
∧

(k,o)∈Ar

{ωn(o)}

≤
∧

(k,o)∈Ar

{ωn(ko)} = ωn(r).

Thus, (Fp©µp)(r) � µp(r), (Fn©µn)(r) � µn(r) and
(Fp ◦ ωp)(r) ≤ ωp(r), (Fn ◦ ωn)(r) ≥ ωn(r).
Hence, F̈~ C̈@C̈.

(⇐) Suppose F̈~ C̈@C̈, and let r1r2 ∈ F . Then
(Fp©µp)(r1r2) � µp(r1r2), (F

n©µn)(r1r2) � µn(r1r2)
and (Fp ∗ ωp)(r1r2) ≥ ωp(r1r2), (Fn ∗ ωn)(r1r2) ≤
ψn(r1r2). Thus

µp(r1r2) � (Fp�µp)(r1r2)
= g

(k,o)∈Ar1r2

{Fp(k)f µp(o)}

= g
(k,o)∈Ar1r2

{1f µp(o)}

= g
(k,o)∈Ar1r2

{µp(o)} � µp(r2),

µn(r1r2) � (Fn�µn)(r1r2)
= f

(k,o)∈Ar1r2

{Fn(k)g µn(o)}

= f
(k,o)∈Ar1r2

{−1g µn(o)}

= g
(k,o)∈Ar1r2

{µn(o)} � µp(r2),

and

ωp(r1r2) ≥ (Fp ∗ ωp)(r1r2)
=

∨
(k,o)∈Ar1r2

{Fp(k) ∧ ωp(o)}

=
∨

(k,o)∈Ar1r2

{1 ∧ ψp(o)}

=
∨

(k,o)∈Ar1r2

{ψp(o)} ≥ ωp(r2),
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ωn(r1r2) ≤ (Fn ∗ ωn)(r1r2)
=

∧
(k,o)∈Ar1r2

{Fn(k) ∨ ωn(o)}

=
∧

(k,o)∈Ar1r2

{−1 ∨ ψn(o)}

=
∧

(k,o)∈Ar1r2

{ωn(o)} ≤ ωn(r2),

Hence, µp(r1r2) � µp(r2), µn(r1r2) � µn(r2) and
ωp(r1r2) ≥ ωp(r2), ωn(r1r2) ≤ µn(r2).
Therefore, C̈ = 〈µ, ω〉 is a CBF left ideal of F .

Corollary 2.22. A CEF set C̈ = 〈µ, ω〉 is a CBF ideal of a
semigroup F if and only if F̈~ C̈@C̈ and C̈~ F̈@C̈.

Theorem 2.23. Suppose that S is a regular semigroup. Then
C̈ = 〈µ, ω〉 is a CBF left (right) ideal of S if and only if
F̈~ C̈ = C̈(C̈~ F̈ = C̈).

Proof: Assume that C̈ = 〈µ, ω〉 is a CBF left ideal of F ,
and let r ∈ F . Then there exists k ∈ F such that r = rkr.
Thus

(Fp© µp)(r) = g
(i,o)∈Ar

{Fp(i)f µp(o)}

= g
(i,o)∈Arkr

{Fp(i)f µp(o)}

� Fp(r)f µp(kr)
= 1f µp(kr) = µp(kr) � µp(r),

(Fn© µn)(r) = f
(i,o)∈Ar

{Fn(i)g µn(o)}

= g
(i,o)∈Arkr

{Fp(i)f µn(o)}

� Fn(r)g µn(kr)
= −1g µn(kr) = µn(kr) � µn(r)

and
(Fp ∗ ωp)(r) =

∨
(i,o)∈Ar

{Fp(i) ∧ ωp(o)}

=
∨

(i,o)∈Arkr

{Fp(i) ∧ ωp(o)}

≥ Fp(r) ∧ ωp(kr)
= 1 ∧ ωp(kr) = ωp(kr) ≥ ωp(r),

(Fn ∗ ωn)(r) =
∨

(i,o)∈Ar

{Fn(i) ∧ ωn(o)}

=
∨

(i,o)∈Arkr

{Fn(i) ∧ ωn(o)}

≤ Fn(r) ∧ ωn(kr)
= −1 ∧ ωn(kr) = ωn(kr) ≤ ωn(r),

Hence, C̈@F̈~ C̈. By Theorem 2.21, F̈~ C̈@C̈.
Thus, F̈~ C̈ = C̈.

For the conversion, it follows from Theorem 2.21.
The next corollary follows from Theorem 2.23.

Corollary 2.24. Suppose that F is a regular semigroup. Then
C̈ = 〈µ, ω〉 is a CBF ideal of a semigroup F if and only if
F̈~ C̈ = C̈ and C̈~ F̈ = C̈.

Lemma 2.25. If C̈1 = 〈µ, ω〉 is a CBF right ideal and
C̈2 = 〈λ, ψ〉 is a CBF left ideal of a semigroup F , then
C̈1 ~ C̈2@C̈1uC̈2.

Proof: Assume that C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉 is a
CBF right ideal and a CBF left ideal of F , respectively.
Let r ∈ F . Then, by Theorem 2.21, C̈1 ~ C̈2@C̈1 ~ F̈@C̈1

and C̈1 ~ C̈2@F̈~ C̈2@C̈2 Hence, C̈1 ~ C̈2@C̈1uC̈2.

III. CHARACTERIZING REGULAR, INTRA-REGULAR AND
SEMISIMPLE SEMIGROUPS BY USING CUBIC BIPOLAR

FUZZY IDEALS

In this section, we will use knowledge of characteristics
of cubic set and bipolar fuzzy set to characterize regular,
intra-regular and semisimple semigroups by using CBF left
and right ideals in semigroups.

Theorem 3.1. Let M and N be a non-empty subsets of a
semigroup F . Then
(1) χM ~ χN = χMN i.e. 〈µχM

© µχN
, ωχM

∗ ωχN
〉 =

〈µχMN
, ωχMN

〉
(2) χMuχN = χMuN i.e. 〈µχM

u µχN
, ωχM

∩ ωχN
〉 =

〈µχMuN
, ωχM∩N 〉

Lemma 3.2. [17] A semigroup F is regular if and only if
RL = R ∩ L for every right ideal R and left ideal L of F .

The following theorem shows an equivalent conditional
statement for a regular semigroup.

Theorem 3.3. A semigroup F is regular if and only if
C̈1 ~ C̈2 = C̈1uC̈2 for every CBF right ideal C̈1 and CBF
left ideal C̈2 of F .

Proof: Assume that C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉 are
CBF right ideal and a CBF left ideal of F , respectively. Then
by Lemma 2.25, C̈1 ~ C̈2@C̈1uC̈2. Let r ∈ F . Then there
exists t ∈ F such that r = rtr. Thus

(µp© λ
p
)(r) = g

(k,o)∈Ar

{µp(k)f λp(o)}

= g
(k,o)∈Artr

{µp(k)f λp(o)}

� µp(rt)f λ
p
(r)

� µp(r)f λ
p
(r) = (µp u λp)(r),

(µn© λ
n
)(r) = f

(k,o)∈Ar

{µn(k)g λn(o)}

= g
(k,o)∈Artr

{µn(k)g λn(o)}

� µn(rt)g λ
n
(r)

� µn(r)g λ
n
(r) = (µn u λn)(r)

and

(ωp ∗ ψp)(r) =
∨

(k,o)∈Ar

{ωp(k) ∧ ψp(o)}

=
∨

(k,o)∈Artr

{ωp(k) ∧ ψp(o)}

≥ ωp(rt) ∧ ψp(r)
≥ ωp(r) ∧ ψp(r) = (ωp ∩ ψp)(r),

(ωn ∗ ψn)(r) =
∧

(k,o)∈Ar

{ωn(k) ∨ ψn(o)}

=
∧

(k,o)∈Artr

{ωn(k) ∨ ψn(o)}

≤ ωn(rt) ∨ ψn(r)
≤ ωn(r) ∨ ψn(r) = (ωn ∩ ψn)(r).

Hence, C̈1uC̈2@C̈1 ~ C̈2. Therefore, C̈1 ~ C̈2 = C̈1uC̈2.
(⇐) Let R and L be a right ideal and a left ideal of F ,

respectively. Then, by Theorem 2.14, χR and χL is a CCBF
IVF right ideal and a CCBF left ideal of F , respectively. By
supposition and Theorem 3.1, we have

µpχRL
(r) = (µpχR

© µpχL
)(r) = (µpχR

u µpχL
)(r)

= µpχRuL
(r) = 1,
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µnχRL
(r) = (µnχR

© µnχL
)(r) = (µnχR

u µnχL
)(r)

= µnχRuL
(r) = −1

and
ωpχRL

(r) = (ωpχR
∗ ωpχL

)(r) = (ωpχR
∩ ωpχL

)(r)
= ωpχR∩L

(r) = 1,

ωnχRL
(r) = (ωnχR

∗ ωnχL
)(r) = (ωnχR

∩ ωnχL
)(r)

= ωnχR∩L
(r) = −1.

Thus r ∈ RL, and so RL = R ∩ L. It follows that by
Lemma 3.2, F is regular.

The following definition and lemma will be used to prove
Theorem 3.6.

Definition 3.4. [17] A semigroup F is called an intra-regular
if, for each r ∈ S, there exist k, t ∈ S such that r = kr2t.

Lemma 3.5. [17] A semigroup F is intra-regular if and only
if L ∩ R ⊆ LR for every left ideal L and every right ideal
R of F .

Theorem 3.6. A semigroup F is intra-regular if and only if
C̈1uC̈2@C̈1 ~ C̈2, for every CBF left ideal C̈1 = 〈µ, ω〉 and
every CBF right ideal C̈2 = 〈λ, ψ〉 of F .

Proof: (⇒) Assume that C̈1 = 〈µ, ω〉 and C̈2 = 〈λ, ψ〉
are a CBF left ideal and CBF right ideal of F , respectively.
Let r ∈ F . Then there exist e, t ∈ F such that r = er2t.
Thus

(µp© λ
p
)(r) = g

(k,o)∈Ar

{µp(k)f λp(o)}

= g
(k,o)∈Aerrt

{µp(k)f λp(o)}

� µp(er)f λ
p
(rt)

� µp(r)f λ
p
(r) = (µp u λp)(r),

(µn© λ
n
)(r) = f

(k,o)∈Ar

{µn(k)g λn(o)}

= g
(k,o)∈Aerrt

{µn(k)g λn(o)}

� µn(er)g λ
n
(rt)

� µn(r)g λ
n
(r) = (µn u λn)(r)

and
(ωp ∗ ψp)(r) =

∨
(k,o)∈Ar

{ωp(k) ∧ ψp(o)}

=
∨

(k,o)∈Aerrt

{ωp(k) ∧ ψp(o)}

≥ ωp(er) ∧ ψp(rt)
≥ ωp(r) ∧ ψp(r) = (ωp ∩ ψp)(r),

(ωn ∗ ψn)(r) =
∧

(k,o)∈Ar

{ωn(k) ∨ ψn(o)}

=
∧

(k,o)∈Aerrt

{ωn(k) ∨ ψn(o)}

≤ ωn(er) ∨ ψn(rt)
≤ ωn(r) ∨ ψn(r) = (ωn ∩ ψn)(r).

Hence, C̈1uC̈2@C̈1 ~ C̈2.
(⇐) Let R and L be a right ideal and a left ideal of F

respectively. Then by Theorem 2.14, χR and χL is a CCBF
right ideal and a CCBF left ideal of F , respectively. By
supposition and Theroem 3.1, we have

µpχRL
(r) = (µpχR

© µpχL
)(r) � (µpχR

u µpχL
)(r)

= µpχRuL
(r) = 1,

µnχRL
(r) = (µnχR

© µnχL
)(r) � (µnχR

u µnχL
)(r)

= µnχRuL
(r) = −1

and

ωpχRL
(r) = (ωpχR

∗ ωpχL
)(r) ≥ (ωpχR

∩ ωpχL
)(r)

= ωpχR∩L
(r) = 1,

ωnχRL
(r) = (ωnχR

∗ ωnχL
)(r) ≤ (ωnχR

∩ ωnχL
)(r)

= ωnχR∩L
(r) = −1.

Thus r ∈ LR, and so L∩R ⊆ LR. It follows that by Lemma
3.5, F is intra-regular.

The following definition and lemma will be used to prove
Theorem 3.10.

Definition 3.7. [17] A semigroup F is called semisimple if
every ideal of F is idempotent.

Remark 3.8. A semigroup F is semisimple if and only if r ∈
(FrF )(FrF ) for every r ∈ F , that is there exist w, y, z ∈ F
such that r = wryrz.

Lemma 3.9. [17] A semigroup F is semisimple if and only
if I ∩ J = IJ for every ideals I and J of F .

Theorem 3.10. A semigroup F is semisimple if and only if
C̈1 ~ C̈2 = C̈1uC̈2, for every CBF ideals C̈1 = 〈µ, ω〉 and
C̈2 = 〈λ, ψ〉 of F .

Proof: (⇒) Assume that C̈1 = 〈µ, ω〉 and
C̈2 = 〈λ, ψ〉 are CBF ideals of F . Then, by Theorem 2.25,
C̈1 ~ C̈2@C̈1uC̈2. Let r ∈ F . Since F is semisimple, there
exist w, x, y, z ∈ F such that r = (xry)(wrz). Thus

(µp© λ
p
)(r) = g

(k,o)∈Ar

{µp(k)f λp(o)}

= g
(k,o)∈A(xry)(wrz)

{µp(k)f λp(o)}

� (µp(xry)f λ
p
(wrz))

� (µp(xr)f λ
p
(rz))

� (µp(r)f λ
p
(r)) = (µp u λp)(r),

(µn© λ
n
)(r) = f

(k,o)∈Ar

{µn(k)g λn(o)}

= g
(k,o)∈A(xry)(wrz)

{µn(k)g λn(o)}

� (µn(xry)f λ
n
(wrz))

� (µn(xr)g λ
n
(rz))

� (µn(r)g λ
n
(r)) = (µn u λn)(r)

and

(ωp ∗ ψp)(r) =
∨

(k,o)∈Ar

{ωp(k) ∧ ψp(o)}

=
∨

(k,o)∈A(xry)(wrz)

{ωp(k) ∧ ψp(o)}

≥ (ωp(xry) ∧ ψp(wrz))
≥ (ωp(xr) ∧ ψp(rz))
≥ (ωp(r) ∧ ψp(r)) = (ωp ∩ ψp)(r),

(ωn ∗ ψn)(r) =
∧

(k,o)∈Ar

{ωn(k) ∨ ψn(o)}

=
∧

(k,o)∈A(xry)(wrz)

{ωn(k) ∨ ψn(o)}

≤ (ωn(xry) ∨ ψn(wrz))
≤ (ωn(xr) ∨ ψn(rz))
≤ (ωn(r) ∨ ψn(r)) = (ωn ∩ ψn)(r).

Hence, (µp© λ
p
)(r) � (µp u λp)(r),

(µn©λ
n
)(r) � (µnuλn) and (ωp ∗ψp)(r) ≥ (ωp∩ψp)(r),

(ωn ∗ ψn)(h) ≤ (ωn ∩ ψn)(r) and so, C̈1uC̈2@C̈1 ~ C̈2.
Therefore, C̈1 ~ C̈2 = C̈1uC̈2.
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(⇐) Let I and J be ideals of F . Then, by Theorem 2.14,
χI and χJ are (s, t)-IVF ideals of F . By supposition and
Theorem 3.1, we have

µpχIJ
(r) = (µpχI

© µpχJ
)(r) = (µpχI

u µpχJ
)(r)

= µpχIuJ
(r) = 1,

µnχIJ
(r) = (µnχI

© µnχJ
)(r) = (µnχI

u µnχJ
)(r)

= µnχIuJ
(r) = −1

and

ωpχIJ
(r) = (ωpχI

∗ ωpχJ
)(r) = (ωpχI

∩ ωpχJ
)(r)

= ωpχI∩J
(r) = 1,

ωnχIJ
(r) = (ωnχI

∗ ωnχJ
)(r) = (ωnχI

∩ ωnχJ
)(r)

= ωnχI∩J
(r) = −1.

Thus r ∈ IJ , and so IJ = I ∩ J. It follows that by Lemma
3.9, F is semisimple.

The following lemma will be used to prove Theorem 3.12.

Lemma 3.11. [17] A semigroup F is semisimple if and only
if I2 = I for every ideal I of F .

Theorem 3.12. A semigroup F is semisimple if and only if
C̈~ C̈ = C̈, for every C̈ = 〈µ, ω〉, is a CBF ideal of F .

Proof: (⇒) Let C̈1 = 〈µ, ω〉 be a CBF ideal of F .
Then, by Theorem 2.20 we have that C̈ = 〈µ, ω〉 is a CBF
subsemigroup of F if and only if C̈~ C̈@C̈. Let r ∈ F . Then
there exist w, x, y, z ∈ F such that r = (xry)(wrz). Thus

(µp© µp)(r) = g
(k,o)∈Ar

{µp(k)f µp(o)}

= g
(k,o)∈A(xry)(wrz)

{µp(k)f µp(o)}

� (µp(xry)f µp(wrz))
� (µp(xr)f µp(rz))
� (µp(r)f µp(r)) = µp(r),

(µn© µn)(r) = f
(k,o)∈Ar

{µn(k)g µn(o)}

= g
(k,o)∈A(xry)(wrz)

{µn(k)g µn(o)}

� (µn(xry)f µn(wrz))
� (µn(xr)g µn(rz))
� (µn(r)g µn(r)) = µn(r)

and

(ωp ∗ ωp)(r) =
∨

(k,o)∈Ar

{ωp(k) ∧ ωp(o)}

=
∨

(k,o)∈A(xry)(wrz)

{ωp(k) ∧ ωp(o)}

≥ (ωp(xry) ∧ ωp(wrz))
≥ (ωp(xr) ∧ ωp(rz))
≥ (ωp(r) ∧ ωp(r)) = ωp(r),

(ωn ∗ ωn)(r) =
∧

(k,o)∈Ar

{ωn(k) ∨ ωn(o)}

=
∧

(k,o)∈A(xry)(wrz)

{ωn(k) ∨ ωn(o)}

≤ (ωn(xry) ∨ ωn(wrz))
≤ (ωn(xr) ∨ ωn(rz))
≤ (ωn(r) ∨ ωn(r)) = ωn(r).

Hence, (µp© µp)(r) � µp(r), (µn© µn)(r) � µn(r) and
(ωp ∗ ωp)(r) ≥ ωp(r), (ωn ∗ ωn)(r) ≤ ωn(r) and so,
C̈@C̈~ C̈. Therefore, C̈~ C̈ = C̈.

(⇐) Let I be an ideal of F . Then, by Theorem 2.14, χI
is an (s, t)-IVF ideal of F . By supposition and Theorem 3.1,
we have

µpχI2
(r) = (µpχI

© µpχI
)(r) = µpχI

(r) = 1,

µnχI2
(r) = (µnχI

© µnχI
)(r) = µnχI

(r) = −1

and
ωpχI2

(r) = (ωpχI
∗ ωpχI

)(r) = ωpχI
(r) = 1,

ωnχI2
(r) = (ωnχI

∗ ωnχI
)(r) = ωnχI

(r) = −1,

Thus r ∈ I2, and so I2 = I. It follows that, by Lemma 3.11,
F is semisimple.

IV. THE IMAGE AND PRE-IMAGE OF CBF
SUBSEMIGROUPS

In this section, we introduce the notion of image and pre-
image of the CBF subsemigroups and discuss some of their
properties.

Definition 4.1. [17] A mapping φ from a semigroup F1 to
a semigroup F2 is said to be homomorphism if φ(uv) =
φ(u)φ(v) for all u, v ∈ F1.

Definition 4.2. Let φ be a mapping a semigroup set F1 to
a semigroup F2, and let C̈ = 〈µ, ω〉 be CBF set in F1 and
F2, respectively. Then the image φ(C̈) of C̈ is the CBF set
φ(C̈) = 〈φ(µ), φ(ω)〉 of F2 defined by for r ∈ F2,

φ(µ)p(r) =

 g
y=φ−1(r)

µp(y), if φ−1(r) 6= 0,

0, otherwise

φ(µ)n(r) =

 f
y=φ−1(r)

µn(y), if φ−1(r) 6= 0,

0, otherwise

and

φ(ω)p(r) =


∨

y=φ−1(r)

ωp(y), if φ−1(r) 6= 0,

1, otherwise

φ(ω)n(r) =


∧

y=φ−1(r)

ωn(y), if φ−1(r) 6= 0,

−1, otherwise

for all r ∈ F2. The inverse image φ−1(C̈) =
〈φ−1(µ), φ−1(ω)〉 is defined by φ−1φ (µp)(r) = µ(φ(r)),
φ−1(µn)(r) = µ(φ(r)) and φ−1(ωp)(r) = ωp(φ(r)),
φ−1(ωn)(x) = ωn(φ(r)) for all r ∈ F1. Then the mapping
φ is called a cubic bipolar transformation (CBT), and φ−1

is called an inverse cubic bipolar transformation (ICBT)
induced by φ. A CBF set C̈ = 〈µ, ω〉 in X has the CBF
property if for any subset T of X . There exists x0 ∈ T such
that (µ)p(r0) = g

r∈T
(µ)p(r), (µ)n(r0) = f

r∈T
(µ)n(r) and

(ω)p(r0) =
∨
r∈T

(ω)p(x), (ω)n(r0) =
∧
r∈T

(ω)n(r).

Theorem 4.3. For a homomorphism φ : F1 → F2 of
semigroups, and let C̈ = 〈µ, ω〉 be a CBF subsemigroup
of F1 and F2, respectively.
(1) φ(C̈) = 〈φ(µ), φ(ω)〉 is a CBF subsemigroup of F2.
(2) φ−1(C̈) = 〈φ−1(µ), φ−1(ω)〉 is a CBF subsemigroup of

F1.
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Proof:
(1) Let r1, r2 ∈ F2. Since φ is a homorphism, there exist

m1,m2 ∈ F1 such that φ(m1) = r1 and φ(m2) = r2.
Thus

φ(µ)p(r1r2) = g
k=φ−1(r1r2)

(µ)p(k)

= g
φ(m1),φ(m2)

(µ)p(m1m2)

� g
φ(m1),φ(m2)

{(µ)p(m1)f (µ)p(m2)}

= g
k=φ−1(r1r2)

(µ)p(k)

= φ((µ)p(r1)f (µ)p(r2)),

φ(µ)n(r1r2) = f
k=φ−1(r1r2)

(µ)n(k)

= f
φ(m1),φ(m2)

(µ)n(m1m2)

� f
φ(m1),φ(m2)

{(µ)n(m1)g (µ)n(m2)}

= f
k=φ−1(r1r2)

(µ)n(k)

= φ((µ)n(r1)g (µ)n(r2)).

And

φ(ω)p(r1r2) =
∨

k=φ−1(r1r2)

(ω)p(k)

=
∨

φ(m1),φ(m2)

(ω)p(m1m2)

≤
∨

φ(m1),φ(m2)

{(ω)p(m1) ∧ (ω)p(m2)}

=
∨

k=φ−1(r1r2)

(ω)p(k)

= φ((ω)p(r1) ∧ (ω)p(r2)),

φ(ω)n(r1r2) =
∧

k=φ−1(r1r2)

(ω)n(k)

=
∧

φ(m1),φ(m2)

(ω)n(m1m2)

≥
∧

φ(m1),φ(m2)

{(ω)n(m1)g (ω)n(m2)}

=
∧

k=φ−1(r1r2)

(ω)n(k)

= φ((ω)n(r1) ∨ (ω)n(r2)).

Thus φ(µ)p(r1r2) � φ((µ)p(r1)f (µ)p(r2)),
φ(µ)n(r1r2) � φ((µ)n(r1)g (µ)n(r2)) and
φ(ω)p(r1r2) ≤ φ((ω)p(r1) ∧ (ω)p(r2)),
φ(ω)n(r1r2) ≥ φ((ω)n(r1) ∨ (ω)n(r2)).
Hence φ(C̈) = 〈φ(µ), φ(ω)〉 is a CBF subsemigroup of
F2.

(2) Let m1,m2 ∈ F1. Then

φ−1(µ)p(m1m2) = (µ)p(φ(m1m2))
= (µ)p(φ(m1)φ(m2))
� (µ)p(φ(m1)f φ(m2))
= φ−1(µ)p(m1 fm2),

φ−1(µ)n(m1m2) = (µ)n(φ(m1m2))
= (µ)n(φ(m1)φ(m2))
� (µ)n(φ(m1)g φ(m2))
= φ−1(µ)n(m1 gm2).

And

φ−1(ω)p(m1m2) = (ω)p(φ(m1m2))
= (ω)p(φ(m1)φ(m2))
≥ (ω)p(φ(m1) ∧ φ(m2))
= φ−1(ω)p(m1 ∧m2),

φ−1(ω)n(m1m2) = (ω)n(φ(m1m2))
= (ω)n(φ(m1)φ(m2))
≤ (ω)n(φ(m1) ∨ φ(m2))
= φ−1(ω)n(m1 ∨m2).

Thus φ−1(µ)p(m1m2) � φ−1(µ)p(m1 f m2),
φ−1(µ)n(m1m2) � φ−1(µ)n(m1 gm2) and
φ−1(ω)p(m1m2) ≥ φ−1(ω)p(m1 ∧ m2),
φ−1(ω)n(m1m2) ≤ φ−1(ω)n(m1 ∨m2).
Hence φ−1(C̈) = 〈φ−1(µ), φ−1(ω)〉 is a CBF
subsemigroup of F1.

Theorem 4.4. For a homomorphism φ : F1 → F2 of
semigroups, and let C̈ = 〈µ, ω〉 be a CBF left (right) of
F1 and F2, respectively.
(1) φ(C̈) = 〈φ(µ), φ(ω)〉 is a CBF left (right) of F2.
(2) φ−1(C̈) = 〈φ−1(µ), φ−1(ω)〉 is a CBF left (right) of

F1.

Proof: It follows Theorem 4.3.
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