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Abstract—In this work, we research oscillation for a class of
fractional dynamic equations on time scales involving delay
term. By use of a generalized Riccati function, inequality
technique, and especially a certain technique dealing with the
delay term, some new sufficient conditions for oscillation and
asymptotic behaviour are proposed. The established results
unify continuous and discrete analysis as two special cases
of arbitrary time scales, and are further extensions of the
corresponding oscillatory and asymptotic results for delay
dynamic equations involving derivatives of integer order. We
also present some examples for the established results.

Index Terms—oscillation; asymptotic behavior; dynamic e-
quations; time scales

I. INTRODUCTION

For a long time, research on analytical or semi-analytical
solutions of various differential equations has been a
hot topic [1-3]. Besides, it is well known that research
on qualitative properties of solutions of differential and
difference equations is also very important in the case their
solutions are unknown, such as the stability, existence and
so on [4-6]. Oscillation belongs to the range of qualitative
properties analysis. In the last few decades, research
for oscillation of various equations including differential
equations, difference equations has been a hot topic in the
literature, and much effort has been done to establish new
oscillatory criteria for these equations especially fractional
differential equations so far [7-9]. In [10], Hilger initiated
the theory of time scale trying to treat continuous and
discrete analysis in a consistent way. Based on the theory of
time scale, Many authors have taken research in oscillation
of various dynamic equations on time scales (see [11-25]
for example). In the research for oscillation of dynamic
equations on time scales, we notice that little attention has
been paid to the research of oscillation of fractional order
dynamic equations on time scales so far in the literature. In
[26], Feng and Meng researched oscillation for a class of
fractional order dynamic equations on time scales as follows

(a(t)([r(t)x(α)(t)](α))γ)(α) + p(t)([r(t)x(α)(t)](α))γ +
q(t)f(x(t)) = 0, (1.1)
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where x(α)(t) denotes the conformable fractional derivative
of order α [27]. Based on the properties of conformable
fractional calculus, some oscillatory and asymptotic criteria
for this equation were established. However, to our best
knowledge, there has been few results on oscillatory and
asymptotic behaviour for fractional dynamic equations on
time scales involving delay term so far.

Motivated by the above analysis, and based on (1.1), in
this paper, we further consider oscillatory and asymptotic
behavior of dynamic equation involving delay term, and
are concerned with the following fractional delay dynamic
equation with damping term on time scales:

(a(t)([r(t)x(α)(t)](α))ν)(α) + p(t)([r(t)x(α)(t)](α))ν +
q(t)f(x(κ(t))) = 0, t ∈ T0, (1.2)

where x(α)(t) denotes the conformable fractional derivative
of order α, T is an arbitrary time scale, T0 = [t0,∞)

∩
T,

a, r, p, q ∈ Crd(T0,R+), f ∈ C(R,R) satisfying
xf(x) > 0, f(x)

xν ≥ L > 0 for x ̸= 0, κ ∈ Crd(R,R)
is the delay function satisfying κ(t) ≤ t, κ∆(t) ≥ 0 and
lim
t→∞

κ(t) = ∞, ν ≥ 1 is a quotient of two odd positive
integers.

A solution of Eq. (1.2) is said to be oscillatory if it is
neither eventually positive nor eventually negative, otherwise
it is nonoscillatory. Eq. (1.2) is said to be oscillatory in case
all its solutions are oscillatory.

The next of this paper will be organized as follows. In
Section 2, we present some basis for the theory of the time
scale and the conformable fractional calculus. In Section 3,
by use of the properties of conformable fractional calculus,
a generalized Riccati function and inequality technique, we
establish some new oscillatory and asymptotic criteria for
Eq. (1.2). In Section 4, we present some examples for the
established results. Some conclusions are given at the end of
this paper.

Throughout this paper, R denotes the set of real numbers
and R+ = (0,∞), while Z denotes the set of integers. p̃(t) =

tα−1p(t), θ1(t, a) =
∫ t

a

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

∆αs, θ2(t, a) =∫ t

a

θ1(s, a)
r(s)

∆αs, ti ∈ T, i = 0, 1, ..., 6. For an interval [a, b],

[a, b]T := [a, b]
∩
T, and we always assume κ ◦ σ = σ ◦ κ.
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II. BASIS FOR THE THEORY OF TIME SCALE AND
CONFORMABLE FRACTIONAL CALCULUS

A time scale is an arbitrary nonempty closed subset of the
real numbers. T denotes an arbitrary time scale. On T we
define the forward and backward jump operators σ ∈ (T,T)
and ρ ∈ (T,T) such that σ(t) = inf{s ∈ T, s > t},
ρ(t) = sup{s ∈ T, s < t}. A point t ∈ T is said to be
left-dense if ρ(t) = t and t ̸= inf T, right-dense if σ(t) = t
and t ̸= supT, left-scattered if ρ(t) < t and right-scattered
if σ(t) > t. The set Tκ is defined to be T if T does not
have a left-scattered maximum, otherwise it is T without
the left-scattered maximum. A function f ∈ (T,R) is called
rd-continuous if it is continuous at right-dense points and
if the left-sided limits exist at left-dense points, while f is
called regressive if 1+µ(t)f(t) ̸= 0, where µ(t) = σ(t)− t.
Crd denotes the set of rd-continuous functions, while R
denotes the set of all regressive and rd-continuous functions,
and R+ = {f |f ∈ R, 1 + µ(t)f(t) > 0, ∀t ∈ T}.

Definition 2.1: For some t ∈ Tκ, and a function
f ∈ (T,R), the delta derivative of f at t is denoted
by f∆(t) (provided it exists) with the property such that
for every ε > 0 there exists a neighborhood U of t satisfying

|f(σ(t)) − f(s) − f∆(t)(σ(t) − s)| ≤ ε|σ(t) − s|
for all s ∈ U .

Note that if T = R, then f∆(t) becomes the usual
derivative f ′(t), while f∆(t) = f(t + 1) − f(t) if T = Z,
which represents the forward difference.

Definition 2.2: For p ∈ R, the exponential function is
defined by

ep(t, s) = exp(
∫ t

s
ξµ(τ)(p(τ))∆τ) for s, t ∈ T.

Due to [28, Theorem 5.2], if p ∈ R+, then ep(t, s) > 0
for ∀s, t ∈ T.

For more details about the calculus of time scales, we refer
to [29].

The following are some important definitions and
theorems [27] for the conformable fractional calculus on
time scales (see also in [26]).

Definition 2.3 [27, Definition 1]. For t ∈ Tκ, α ∈ (0, 1],
and a function f ∈ (T,R), the fractional derivative of α
order for f at t is denoted by f (α)(t) (provided it exists)
with the property such that for every ε > 0 there exists a
neighborhood U of t satisfying

|[f(σ(t)) − f(s)]t1−α − f (α)(t)(σ(t) − s)| ≤ ε|σ(t) − s|
for all s ∈ U .

Definition 2.4 [27, Definition 28]. If F (α)(t) =
f(t), t ∈ Tκ, then F is called an α-order antiderivative
of f , and the Cauchy α-fractional integral of f is defined
by ∫ b

a
f(t)∆αt =

∫ b

a
f(t)tα−1∆t = F (b) − F (a),

where a, b ∈ T.

Theorem 2.5 [27, Theorem 4]. For t ∈ Tκ, α ∈ (0, 1],
and a function f ∈ (T,R), the following conclusions hold:

(i). If f is conformal fractional differentiable of order α
at t > 0, then f is continuous at t.

(ii). If f is continuous at t and t is right-scattered, then
f is conformable fractional differentiable of order α at t

with f (α)(t) =
f(σ(t))− f(t)

σ(t)− t
t1−α =

f(σ(t))− f(t)
µ(t)

t1−α.

(iii). If t is right-dense, then f is conformable fractional
differentiable of order α at t if, and only if, the limit

lim
s→t

f(s)− f(t)
s− t t1−α exists as a finite number. In this case,

f (α)(t) = lim
s→t

f(s)− f(t)
s− t t1−α.

(iv). If f is fractional differentiable of order α at t, then
f(σ(t)) = f(t) + µ(t)t1−αf (α)(t).

Corollary 2.6. According to the definition of the
conformable fractional differentiable of order α, it holds
that f (α)(t) = t1−αf∆(t), where f∆(t) is the usual ∆
derivative in the case α = 1. Furthermore, if f (α)(t) > 0
(< 0) for t > 0, then f is increasing (decreasing) for t > 0.

Theorem 2.7: Let p̃(t) = tα−1p(t), α ∈ (0, 1]. If
p̃ ∈ R, and fix t0 ∈ T, then the exponential function
e
p̃
(t, t0) is the unique solution of the following initial value

problem y(α)(t) = p(t)y(t),

y(t0) = 1.

Proof . By [28, Theorem 5.1], if p ∈ R, and fix
t0 ∈ T, then the exponential function ep(t, t0) is the
unique solution of the following initial value problem y∆(t) = p(t)y(t),

y(t0) = 1.

So according to Corollary 2.6, one has

(e
p̃
(t, t0))

(α) = t1−α(e
p̃
(t, t0))

∆ = t1−αp̃(t)e
p̃
(t, t0) =

p(t)e
p̃
(t, t0).

So the proof is complete.

Theorem 2.8 [27, Theorem 15]. Assume f, g ∈ (T,R)
are conformable fractional differentiable of order α. Then

(i). (f + g)(α)(t) = f (α)(t) + g(α)(t).

(ii). (fg)(α)(t) = f (α)(t)g(t) + f(σ(t))g(α)(t) =
f (α)(t)g(σ(t)) + f(t)g(α)(t).

(iii). ( 1
f
)(α)(t) = − f (α)(t)

f(t)f(σ(t))
.

(iv). (fg )
(α)(t) =

f (α)(t)g(t)− f(t)g(α)(t)
g(t)g(σ(t))

.

Theorem 2.9. Let α ∈ (0, 1], f, g be two rd-continuous
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functions. Then∫ b

a
f (α)(t)g(t)∆αt = [f(t)g(t)]ba−

∫ b

a
f(σ(t))g(α)(t)∆αt.

The proof of Theorem 2.9 can be reached by fulfilling α-
fractional integral for the first equality in Theorem 2.8 (ii).

III. MAIN RESULTS

The following lemmas are necessary for proving our main
results.

Lemma 3.1. Suppose − p̃
a ∈ R+, and assume that

∫∞
t0

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

∆αs = ∞, (3.1)∫∞
t0

1
r(s)

∆αs = ∞, (3.2)

and x is eventually a positive solution of Eq. (1.2). Then
there exists a sufficiently large T ∗

1 such that

(
a(t)([r(t)x(α)(t)](α))ν

e
− p̃

a

(t, t0)
)(α) < 0, [r(t)x(α)(t)](α) > 0 on

[T ∗
1 ,∞)T.

Lemma 3.2. Under the conditions of Lemma 3.1,
furthermore, assume that

lim
t→∞

sup
∫ t

t0
[ 1
r(ξ)

∫∞
ξ

(

e
− p̃

a

(τ, t0)

a(τ)

∫∞
τ

q(s)
e
− p̃

a

(σ(s), t0)
∆αs)

1
ν

∆ατ ]∆αξ = ∞. (3.3)

Then either there exists a sufficiently large T ∗
2 such

that x(α)(t) > 0 on [T ∗
2 ,∞)T or lim

t→∞
x(t) = 0.

Lemma 3.3. Assume − p̃
a ∈ R+, and x is eventually a

positive solution of Eq. (1.2) such that

[r(t)x(α)(t)](α) > 0, x(α)(t) > 0 on [T ∗
3 ,∞)T,

where T ∗
3 ≥ t0 is sufficiently large. Then for t ∈ [T ∗

3 ,∞)T
it holds that

x(α)(t) ≥ θ1(t, T
∗
3 )

r(t)
{a

1
ν (t)[r(t)x(α)(t)](α)

[e
− p̃

a

(t, t0)]
1
ν

},

x(t) ≥ θ2(t, T
∗
3 ){

a
1
ν (t)[r(t)x(α)(t)](α)

[e
− p̃

a

(t, t0)]
1
ν

}.

The proof of Lemmas 3.1-3.3 are similar to [26, Lemmas
2.1-2.2] with some difference on the delay term, which are
omitted here.

Lemma 3.4 [30, Theorem 41]. Assume that X and
Y are nonnegative real numbers. Then

λXY λ−1 −Xλ ≤ (λ− 1)Y λ for all λ > 1.

Theorem 3.5. Suppose − p̃
a ∈ R+, and assume that

(3.1), (3.2), (3.3) hold, and for all sufficiently large T ∈ T,

lim
t→∞

sup
∫ t

T
{L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), T )[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
r(κ(s))ϖ

(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), T )

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1

[a(σ(s))ϖ2(σ(s))]
ν+1
ν }∆αs} = ∞, (3.4)

where ϖ1, ϖ2 are two given nonnegative functions
on T with ϖ1(t) > 0. Then every solution of Eq. (1.2) is
oscillatory or tends to zero.

Proof . Assume (1.2) has a nonoscillatory solution x
on T0. Without loss of generality, we may assume
x(t) > 0, x(κ(t)) > 0 on [t1,∞)T, where t1 is sufficiently
large. By Lemmas 3.1 and 3.2, there exists sufficiently large
t2 such that [r(t)x(α)(t)](α) > 0 on [t2,∞)T, and either
x(α)(t) > 0 on [t2,∞)T or lim

t→∞
x(t) = 0. Now we assume

x(α)(t) > 0 on [t2,∞)T. Since lim
t→∞

κ(t) = ∞, there exists

t3 > t2 such that κ(t) > t2 on [t3,∞)T. So x(α)(κ(t)) > 0
on [t3,∞)T.

Define a generalized Riccati function:

ω(t) = ϖ1(t)a(t)[
([r(t)x(α)(t)](α))ν

xν(κ(t))e
− p̃

a

(t, t0)
+ϖ2(t)].

Then for t ∈ [t3,∞)T, by Theorem 2.8 (iii) and
Theorem 2.7 one can deduce that

ω(α)(t) =
ϖ1(t)

xν(κ(t))
{a(t)([r(t)x

(α)(t)](α))ν

e
− p̃

a

(t, t0)
}(α)

+[
ϖ1(t)

xν(κ(t))
](α)

a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

e
− p̃

a

(σ(t), t0)

+ϖ1(t)[a(t)ϖ2(t)]
(α) +ϖ

(α)
1 (t)a(σ(t))ϖ2(σ(t))

=
ϖ1(t)

xν(κ(t))
1

e
− p̃

a

(t, t0)e
− p̃

a

(σ(t), t0)

{e
− p̃

a

(t, t0)(a(t)([r(t)x
(α)(t)](α))ν)(α)

−(e
− p̃

a

(t, t0))
(α)a(t)([r(t)x(α)(t)](α))ν}

+[
xν(κ(t))ϖ

(α)
1 (t)− (xν(κ(t)))(α)ϖ1(t)

xν(κ(t))xν(κ(σ(t)))
]

a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

e
− p̃

a

(σ(t), t0)

+ϖ1(t)[a(t)ϖ2(t)]
(α) +ϖ

(α)
1 (t)a(σ(t))ϖ2(σ(t))

=
ϖ1(t)

xν(κ(t))

[
(a(t)([r(t)x(α)(t)](α))ν)(α) + p(t)([r(t)x(α)(t)](α))ν

e
− p̃

a

(σ(t), t0)
]

+
ϖ

(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

−[
ϖ1(t)(x

ν(κ(t)))(α)

xν(κ(t))
]
a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

xν(κ(σ(t)))e
− p̃

a

(σ(t), t0)
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+ϖ1(t)[a(t)ϖ2(t)]
(α)

= − ϖ1(t)
xν(κ(t))

[
q(t)f(x(κ(t)))
e
− p̃

a

(σ(t), t0)
] +

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

−[
ϖ1(t)(x

ν(κ(t)))(α)

xν(κ(t))
]
a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

xν(κ(σ(t)))e
− p̃

a

(σ(t), t0)

+ϖ1(t)[a(t)ϖ2(t)]
(α)

≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

−[
ϖ1(t)(x

ν(κ(t)))(α)

xν(κ(t))
]
a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

xν(κ(σ(t)))e
− p̃

a

(σ(t), t0)

+ϖ1(t)[a(t)ϖ2(t)]
(α).

Furthermore, according to [29, Theorem 1.87 and 1.93], and
the assumption κ ◦ σ = σ ◦ κ, one has

(xν(κ(t)))∆ ≥ νxν−1(κ(t))(x(κ(t)))∆

= νxν−1(κ(t))x∆(κ(t))κ∆(t).

So by Corollary 2.6 it holds that

(xν(κ(t)))(α) = t1−α(xν(κ(t)))∆

≥ t1−ανxν−1(κ(t))x∆(κ(t))κ∆(t)
= νxν−1(κ(t))x(α)(κ(t))κ∆(t),

which implies

ω(α)(t) ≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

+ϖ1(t)[a(t)ϖ2(t)]
(α)

−ϖ1(t)[
νxν−1(κ(t))x(α)(κ(t))κ∆(t)

xν(κ(t))
]

a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

xν(κ(σ(t)))e
− p̃

a

(σ(t), t0)
. (3.5)

According to Lemma 3.3 and x(α)(t) > 0, one has

ω(α)(t) ≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

+ϖ1(t)[a(t)ϖ2(t)]
(α) − [

νϖ1(t)κ
∆(t)

x(κ(σ(t)))
]

{θ1(κ(t), t2)
r(κ(t))

[
a

1
ν (κ(t))[r(κ(t))x(α)(κ(t))](α)

[e
− p̃

a

(κ(t), t0)]
1
ν

]}

a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

xν(κ(σ(t)))e
− p̃

a

(σ(t), t0)
.

By Lemma 3.1, a(t)([r(t)x(α)(t)](α))ν

e
− p̃

a

(t, t0)
is decreasing

on [t2,∞)T. So (a(κ(t)))
1
ν [r(κ(t))x(α)(κ(t))](α)

[e
− p̃

a

(κ(t), t0)]
1
ν

>

(a(σ(t)))
1
ν [r(σ(t))x(α)(σ(t))](α)

[e
− p̃

a

(σ(t), t0)]
1
ν

for t ∈ [t3,∞)T.

Furthermore, one can obtain that

ω(α)(t) ≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

+ϖ1(t)[a(t)ϖ2(t)]
(α) − ν

ϖ1(t)κ
∆(t)θ1(κ(t), t2)
r(κ(t))

[
ω(σ(t))
ϖ1(σ(t))

−a(σ(t))ϖ2(σ(t))]
1+ 1

ν . (3.6)

Using the following inequality (see [31, Eq. (3.12)]):

(u− v)1+
1
ν ≥ u1+ 1

ν + 1
ν v

1+ 1
ν − (1 + 1

ν )v
1
ν u,

one can deduce that

[
ω(σ(t))
ϖ1(σ(t))

− a(σ(t))ϖ2(σ(t))]
1+ 1

ν

≥ ω1+ 1
ν (σ(t))

ϖ
1+ 1

ν
1 (σ(t))

+ 1
ν [a(σ(t))ϖ2(σ(t))]

1+ 1
ν

−(1+1
ν )

[a(σ(t))ϖ2(σ(t))]
1
ν ω(σ(t))

ϖ1(σ(t))
. (3.7)

Then if follows from a combination of (3.6) and (3.7)
that

ω(α)(t) ≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+ϖ1(t)[a(t)ϖ2(t)]

(α)

−ϖ1(t)κ
∆(t)θ1(κ(t), t2)[a(σ(t))ϖ2(σ(t))]

1+ 1
ν

r(κ(t))

+
ω(σ(t))

r(κ(t))ϖ1(σ(t))
{r(κ(t))ϖ(α)

1 (t)

+(ν + 1)ϖ1(t)κ
∆(t)θ1(κ(t), t2)[a(σ(t))ϖ2(σ(t))]

1
ν }

−ν
ϖ1(t)κ

∆(t)θ1(κ(t), t2)
r(κ(t))

ω1+ 1
ν (σ(t))

ϖ
1+ 1

ν
1 (σ(t))

. (3.8)

Setting

λ = 1+ 1
ν , Xλ = ν

ϖ1(t)κ
∆(t)θ1(κ(t), t2)
r(κ(t))

ω1+ 1
ν (σ(t))

ϖ
1+ 1

ν
1 (σ(t))

,

Y λ−1 =
ν

1
ν+1

(ν + 1)r
1

ν+1 (κ(t))ϖ
ν

ν+1

1 (t)(κ∆(t))
ν

ν+1 θ
ν

ν+1

1 (κ(t), t2)

{r(κ(t))ϖ(α)
1 (t) + (ν + 1)ϖ1(t)κ

∆(t)θ1(κ(t), t2)

[a(σ(t))ϖ2(σ(t))]
1
ν },

Applying Lemma 3.4 in (3.7) one has

ω(α)(t) ≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+ϖ1(t)[a(t)ϖ2(t)]

(α)

−ϖ1(t)κ
∆(t)θ1(κ(t), t2)[a(σ(t))ϖ2(σ(t))]

1+ 1
ν

r(κ(t))
+

[
1

(ν + 1)r
1

ν+1 (κ(t))ϖ
ν

ν+1

1 (t)(κ∆(t))
ν

ν+1 θ
ν

ν+1

1 (κ(t), t2)
]ν+1

{r(κ(t))ϖ(α)
1 (t) + (ν + 1)ϖ1(t)κ

∆(t)θ1(κ(t), t2)

[a(σ(t))ϖ2(σ(t))]
1
ν }ν+1. (3.9)

Substituting t with s in (3.9), fulfilling α-fractional integral
for (3.9) with respect to s from t3 to t yields that∫ t

t3
{L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))
−
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[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

{r(κ(s))ϖ(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)
[a(σ(s))ϖ2(σ(s))]

1
ν }ν+1}∆αs

≤ ω(t3)− ω(t) ≤ ω(t3) < ∞.

So it also holds that∫ t

t2
{L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

{r(κ(s))ϖ(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)
[a(σ(s))ϖ2(σ(s))]

1
ν }ν+1}∆αs < ∞,

which contradicts (3.4), and the proof is complete.

Theorem 3.6. Suppose − p̃
a ∈ R+, and (3.1), (3.2),

(3.3) hold. If for all sufficiently large T ∈ T,

lim
t→∞

sup{
∫ t

T
{L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
νϖ1(s)κ

∆(s)θ1(κ(s), T )θ
ν−1
2 (κ(σ(s), T ))a2(σ(s))ϖ2

2(σ(s))

r(κ(s))

− 1
4νr(κ(s))ϖ1(s)κ

∆(s)θ1(κ(s), T )θ
ν−1
2 (κ(σ(s), T ))

[r(κ(s))ϖ
(α)
1 (s) + 2νϖ1(s)κ

∆(s)θ1(κ(s), T )θ
ν−1
2

(κ(σ(s), T ))a(σ(s))ϖ2(σ(s))]
2}∆αs} = ∞, (3.10)

where ϖ1, ϖ2 are defined as in Theorem 3.5. Then
every solution of Eq. (1.2) is oscillatory or tends to zero.

Proof . Assume (1.2) has a nonoscillatory solution
x on T0. Similar to Theorem 3.5, we may assume
x(t) > 0 on [t1,∞)T, where t1 is sufficiently large. By
Lemmas 3.1 and 3.2, there exists sufficiently large t2
such that [r(t)x(α)(t)](α) > 0 on [t2,∞)T, and either
x(α)(t) > 0 on [t2,∞)T or lim

t→∞
x(t) = 0. Now we assume

x(α)(t) > 0, x(α)(κ(t)) > 0 on [t3,∞)T, where t3 > t2 is
sufficiently large. Let ω(t) be defined as in Theorem 3.5.
By Lemma 3.3, for t ∈ [t3,∞)T, we have the following
observation:

x(α)(κ(t))
x(κ(t))

≥ x(α)(κ(t))
x(κ(σ(t)))

=
x(α)(κ(t))
xν(κ(σ(t)))

xν−1(κ(σ(t)))

≥ θ1(κ(t), t2)
r(κ(t))xν(κ(σ(t)))

{a
1
ν (κ(t))[r(κ(t))x(α)(κ(t))](α)

[e
− p̃

a

(κ(t), t0)]
1
ν

}xν−1(κ(σ(t)))

≥ θ1(κ(t), t2)
r(κ(t))xν(κ(σ(t)))

{a
1
ν (κ(t))[r(κ(t))x(α)(κ(t))](α)

[e
− p̃

a

(κ(t), t0)]
1
ν

} × θν−1
2 (κ(σ(t)), t2)

{a
1
ν (κ(σ(t)))[r(κ(σ(t)))x(α)(κ(σ(t)))](α)

[e
− p̃

a

(κ(σ(t)), t0)]
1
ν

}ν−1

≥ θ1(κ(t), t2)
r(κ(t))xν(κ(σ(t)))

{a
1
ν (κ(t))[r(κ(t))x(α)(κ(t))](α)

[e
− p̃

a

(κ(t), t0)]
1
ν

} × θν−1
2 (κ(σ(t)), t2)

{a
1
ν (σ(t))[r(σ(t))x(α)(σ(t))](α)

[e
− p̃

a

(σ(t), t0)]
1
ν

}ν−1

≥ θ1(κ(t), t2)θ
ν−1
2 (κ(σ(t), t2))

r(κ(t))

{a(σ(t))([r(σ(t))x
(α)(σ(t))](α))ν

e
− p̃

a

(σ(t), t0)x
ν(κ(σ(t)))

}. (3.11)

Using (3.11) in (3.5) we get that

ω(α)(t) ≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t))

+ϖ1(t)[a(t)ϖ2(t)]
(α) −ϖ1(t)[

νxν−1(κ(t))x(α)(κ(t))κ∆(t)

xν(κ(t))
]

a(σ(t))([r(σ(t))x(α)(σ(t))](α))ν

xν(κ(σ(t)))e
− p̃

a

(σ(t), t0)

≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t)) +ϖ1(t)[a(t)ϖ2(t)]

(α)

−νϖ1(t)κ
∆(t)

θ1(κ(t), t2)θ
ν−1
2 (κ(σ(t), t2))

r(κ(t))

{a(σ(t))([r(σ(t))x
(α)(σ(t))](α))ν

e
− p̃

a

(σ(t), t0)x
ν(κ(σ(t)))

}2

= −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+

ϖ
(α)
1 (t)

ϖ1(σ(t))
ω(σ(t)) +ϖ1(t)[a(t)ϖ2(t)]

(α)

−νϖ1(t)κ
∆(t)

θ1(κ(t), t2)θ
ν−1
2 (κ(σ(t), t2))

r(κ(t))

[
ω(σ(t))
ϖ1(σ(t))

− a(σ(t))ϖ2(σ(t))]
2

= −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+ϖ1(t)[a(t)ϖ2(t)]

(α)

−νϖ1(t)κ
∆(t)θ1(κ(t), t2)θ

ν−1
2 (κ(σ(t), t2))a

2(σ(t))ϖ2
2(σ(t))

r(κ(t))

+
ω(σ(t))

r(κ(t))ϖ1(σ(t))
[r(κ(t))ϖ

(α)
1 (t) + 2νϖ1(t)κ

∆(t)

θ1(κ(t), t2)θ
ν−1
2 (κ(σ(t), t2))a(σ(t))ϖ2(σ(t))]

−νϖ1(t)κ
∆(t)θ1(κ(t), t2)θ

ν−1
2 (κ(σ(t), t2))

r(κ(t))ϖ2
1(σ(t))

ω2(σ(t))

≤ −L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
+ϖ1(t)[a(t)ϖ2(t)]

(α)

−νϖ1(t)κ
∆(t)θ1(κ(t), t2)θ

ν−1
2 (κ(σ(t), t2))a

2(σ(t))ϖ2
2(σ(t))

r(κ(t))
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+ 1
4νr(κ(t))ϖ1(t)κ

∆(t)θ1(κ(t), t2)θ
ν−1
2 (κ(σ(t), t2))

[r(κ(t))ϖ
(α)
1 (t) + 2νϖ1(t)κ

∆(t)θ1(κ(t), t2)
θν−1
2 (κ(σ(t), t2))a(σ(t))ϖ2(σ(t))]

2. (3.12)
Substituting t with s in (3.12), fulfilling α-fractional integral
for (3.12) with respect to s from t3 to t yields∫ t

t3
{L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)+

νϖ1(s)κ
∆(s)θ1(κ(s), t2)θ

ν−1
2 (κ(σ(s), t2))a

2(σ(s))ϖ2
2(σ(s))

r(κ(s))

− 1
4νr(κ(s))ϖ1(s)κ

∆(s)θ1(κ(s), t2)θ
ν−1
2 (κ(σ(s), t2))

[r(κ(s))ϖ
(α)
1 (s) + 2νϖ1(s)κ

∆(s)θ1(κ(s), t2)
θν−1
2 (κ(σ(s), t2))a(σ(s))ϖ2(σ(s))]

2}∆αs

≤ ω(t3)− ω(t) ≤ ω(t3) < ∞.

Then∫ t

t2
{L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)+

νϖ1(s)κ
∆(s)θ1(κ(s), t2)θ

ν−1
2 (κ(σ(s), t2))a

2(σ(s))ϖ2
2(σ(s))

r(κ(s))

−
4νr(κ(s))ϖ1(s)κ

∆(s)θ1(κ(s), t2)θ
ν−1
2 (κ(σ(s), t2))

[r(κ(s))ϖ
(α)
1 (s) + 2νϖ1(s)κ

∆(s)θ1(κ(s), t2)
θν−1
2 (κ(σ(s), t2))a(σ(s))ϖ2(σ(s))]

2}∆αs < ∞,

which contradicts (3.10). So the proof is complete.

Theorem 3.7. Suppose − p̃
a ∈ R+, and

assume that (3.1), (3.2), (3.3) hold, and define
D = {(t, s)|t ≥ s ≥ t0, t, s ∈ T}. If there exists a
function H ∈ Crd(D,R) such that

H(t, t) = 0, for t ≥ t0, H(t, s) > 0, for t > s ≥
t0, (3.13)

and H has a nonpositive continuous α− partial
fractional derivative H

(α)
s (t, s) with respect to the

second variable, and for all sufficiently large T ∈ T,

lim
t→∞

sup 1
H(t, t0)

{
∫ t

t0
H(t, s){L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)

−ϖ1(s)[a(s)ϖ2(s)]
(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), T )[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))
−

[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), T )
[a(σ(s))ϖ2(σ(s))]

1
ν ]ν+1}∆αs} = ∞. (3.14)

Then every solution of Eq. (1.2) is oscillatory or tends to
zero.

Proof . Assume (1.2) has a nonoscillatory solution
x on T0. Similar to Theorem 3.5, we may assume
x(t) > 0 on [t1,∞)T, where t1 is sufficiently large. By
Lemmas 3.1 and 3.2, there exists sufficiently large t2
such that [r(t)x(α)(t)](α) > 0 on [t2,∞)T, and either
x(α)(t) > 0 on [t2,∞)T or lim

t→∞
x(t) = 0. Now we assume

x(α)(t) > 0, x(α)(κ(t)) > 0 on [t3,∞)T, where t3 > t2 is
sufficiently large. Let ω(t) be defined as in Theorem 3.5.
Then by (3.9), for t ∈ [t3,∞)T, we have

L
q(t)ϖ1(t)

e
− p̃

a

(σ(t), t0)
−ϖ1(t)[a(t)ϖ2(t)]

(α)

+
ϖ1(t)κ

∆(t)θ1(κ(t), t2)[a(σ(t))ϖ2(σ(t))]
1+ 1

ν

r(κ(t))

−[
1

(ν + 1)r
1

ν+1 (κ(t))ϖ
ν

ν+1

1 (t)(κ∆(t))
ν

ν+1 θ
ν

ν+1

1 (κ(t), t2)
]ν+1

[r(κ(t))ϖ
(α)
1 (t) + (ν + 1)ϖ1(t)κ

∆(t)θ1(κ(t), t2)
[a(σ(t))ϖ2(σ(t))]

1
ν ]ν+1

≤ −ω(α)(t). (3.15)

Substituting t with s in (3.15), multiplying both sides
by H(t, s) and then fulfilling α-fractional integral with
respect to s from t3 to t, together with the use of Theorem
2.9 yields that∫ t

t3
H(t, s){L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)
[a(σ(s))ϖ2(σ(s))]

1
ν ]ν+1}∆αs

≤ −
∫ t

t3
H(t, s)ω(α)(s)∆αs

= H(t, t3)ω(t3) +
∫ t

t3
H

(α)
s (t, s)ω(σ(s))∆αs

≤ H(t, t3)ω(t3)
≤ H(t, t0)ω(t3).

So one has∫ t

t0
H(t, s){L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)
[a(σ(s))ϖ2(σ(s))]

1
ν ]ν+1}∆αs

=
∫ t3
t0

H(t, s){L q(s)ϖ1(s)
e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)
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+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)

[a(σ(s))ϖ2(σ(s))]
1
ν ]ν+1}∆αs

+
∫ t

t3
H(t, s){L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)

[a(σ(s))ϖ2(σ(s))]
1
ν ]ν+1}∆αs

≤ H(t, t0)ω(t3)

+H(t, t0)
∫ t3
t0

|L q(s)ϖ1(s)
e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)

[a(σ(s))ϖ2(σ(s))]
1
ν ]ν+1|∆αs.

Then

lim
t→∞

sup 1
H(t, t0)

{
∫ t

t0
H(t, s){L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)

−ϖ1(s)[a(s)ϖ2(s)]
(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)

[a(σ(s))ϖ2(σ(s))]
1
ν ]ν+1}∆αs}

≤ ω(t3) +
∫ t3
t0

|L q(s)ϖ1(s)
e
− p̃

a

(σ(s), t0)
−ϖ1(s)[a(s)ϖ2(s)]

(α)

+
ϖ1(s)κ

∆(s)θ1(κ(s), t2)[a(σ(s))ϖ2(σ(s))]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ∆(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), t2)
]ν+1

[r(κ(s))ϖ
(α)
1 (s) + (ν + 1)ϖ1(s)κ

∆(s)θ1(κ(s), t2)

[a(σ(s))ϖ2(σ(s))]
1
ν ]ν+1|∆αs < ∞,

which contradicts (3.14). The proof is complete.

Based on (3.12) and the deduction process in Theorem
3.7, one can easily prove the following theorem.

Theorem 3.8. Suppose − p̃
a ∈ R+, and assume that

(3.1), (3.2), (3.3) hold. Let H be defined as in Theorem 3.7,
and for all sufficiently large T ∈ T,

lim
t→∞

sup 1
H(t, t0)

{
∫ t

t0
H(t, s){L q(s)ϖ1(s)

e
− p̃

a

(σ(s), t0)

−ϖ1(s)[a(s)ϖ2(s)]
(α)

+
νϖ1(s)κ

∆(s)θ1(κ(s), T )θ
ν−1
2 (κ(σ(s), T ))a2(σ(s))ϖ2

2(σ(s))

r(κ(s))

− 1
4νr(κ(s))ϖ1(s)κ

∆(s)θ1(κ(s), T )θ
ν−1
2 (κ(σ(s), T ))

[r(κ(s))ϖ
(α)
1 (s) + 2νϖ1(s)κ

∆(s)θ1(κ(s), T )

θν−1
2 (κ(σ(s), T ))a(σ(s))ϖ2(σ(s))]

2}∆αs}
= ∞. (3.16)

Then every solution of Eq. (1.2) is oscillatory or tends to
zero.

Remark 3.9. If κ(t) = t, then the established results
above reduce to the main results in [26, Theorems 2.4-2.7].

In Theorems 3.5-3.8, if we take T for some special cases
such as T = R, T = Z and so on, then one can obtain
some corollaries. For example, based on theorem 3.5, one
has the following corollaries.

Corollary 3.10. Let T = R. Assume that

∫∞
t0

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

sα−1ds = ∞, (3.17)∫∞
t0

1
r(s)

sα−1ds = ∞, (3.18)

∫∞
t0

[
ξα−1

r(ξ)

∫∞
ξ

τα−1(

e
− p̃

a

(τ, t0)

a(τ)

∫∞
τ

q(s)sα−1

e
− p̃

a

(s, t0)
ds)

1
ν dτ ]dξ

= ∞, (3.19)
and for all sufficiently large T ∈ R,

lim
t→∞

sup{
∫ t

T
{Lq(s)ϖ1(s)

e
− p̃

a

(s, t0)
−ϖ1(s)[a(s)ϖ2(s)]

′s1−α

+
ϖ1(s)κ

′(s)θ1(κ(s), T )[a(s)ϖ2(s)]
1+ 1

ν

r(κ(s))

−[
1

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ′(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1

[r(κ(s))ϖ′
1(s)s

1−α + (ν + 1)ϖ1(s)κ
′(s)θ1(κ(s), T )

[a(s)ϖ2(s)]
1
ν ]ν+1}ds} = ∞. (3.20)

Then every solution of Eq. (1.2) is oscillatory or tends to
zero.

Corollary 3.11. Let T = Z. Assume that − p̃
a ∈ R+, and
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∞∑
s=t0

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

sα−1 = ∞, (3.21)

∞∑
s=t0

1
r(s)

sα−1 = ∞, (3.22)

∞∑
ξ=t0

[
ξα−1

r(ξ)

∞∑
τ=ξ

τα−1(

e
− p̃

a

(τ, t0)

a(τ)

∞∑
s=τ

q(s)sα−1

e
− p̃

a

(s+ 1, t0)
)

1
ν ]

= ∞, (3.23)

and for all sufficiently large T ∈ Z,

lim
t→∞

sup{
t−1∑
s=T

{L q(s)ϖ1(s)
e
− p̃

a

(s+ 1, t0)

−ϖ1(s)[a(s+ 1)ϖ2(s+ 1)− a(s)ϖ2(s)]s
1−α

+
ϖ1(s)(κ(s+ 1)− κ(s))θ1(κ(s), T )[a(s+ 1)ϖ2(s+ 1)]1+

1
ν

r(κ(s))

−[(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ(s+ 1)− κ(s))
ν

ν+1

θ
ν

ν+1

1 (κ(s), T )]−ν−1

[r(κ(s))(ϖ1(s+ 1)−ϖ1(s))s
1−α

+(ν + 1)ϖ1(s)(κ(s+ 1)− κ(s))θ1(κ(s), T )

[a(s+1)ϖ2(s+1)]
1
ν ]ν+1}} = ∞. (3.24)

Then every solution of Eq. (1.2) is oscillatory or tends to
zero.

Remark 3.12. We note that the established main
theorems are generalizations of many existing results in the
literature. If we set ν = 1, κ(t) = t and the forced function
f(x) = x in Eq. (1.2), then Eq. (1.2) reduces to [11, Eq.
(1.1)], and the results in Theorems 3.4 and 3.7 reduce to
[11, Theorems 2.4, 2.6] with L = 1.

Remark 3.13. The deduction process of Theorems
3.4-3.7 can be further applied to prove oscillation of other
dynamic equations on time scales with higher fractional
derivative term, such as

{[(a(t)([r(t)x(α)(t)](α))γ)(α)](α)}(α)
+ p(t)([r(t)x(α)(t)](α))γ + q(t)f(x(t)) = 0.

Corresponding oscillatory criteria can be established by
following a similar proving process with Theorems 3.4-3.7.

IV. APPLICATIONS

In this section, we will present some applications for the
established results above.

Example 1. Consider the following fractional delay
differential equation with T = R:

{t ν
3 [((t+ 1)−

2
3x( 1

3 )(t))(
1
3 )]ν}( 1

3 )

+ 1
tν+

5
3

[((t+ 1)−
2
3x( 1

3 )(t))(
1
3 )]ν

+ 1
tν+

1
3

xν(t−1)[ex(t−1)+1] = 0, t ∈ [2,∞), (4.1)

where ν ≥ 1 is a quotient of two odd positive integers.

Compared with Eq. (1.2) we have α = 1
3 , a(t) =

t
ν
3 , p(t) = 1

tν+
5
3

, p̃(t) = tα−1p(t) = 1
tν+

7
3

, q(t) =

1
tν+

1
3

, κ(t) = t − 1, f(x) = xν [ex + 1], r(t) = (t +

1)−
2
3 , t0 = 2.

One can see f(x)
xν ≥ 1 = L, µ(t) = σ(t) − t = 0, and

− p̃
a ∈ R+. So e

− p̃
a

(t, t0) = e
− p̃

a

(t, 2) = exp(−
∫ t

2

p̃(s)
a(s)

ds),

and

1 > exp(−
∫ t

2

p̃(s)
a(s)

ds) ≥ 1 −
∫ t

2

p̃(s)
a(s)

ds = 1 −∫ t

2
1

s
4ν
3 + 7

3

ds ≥ 1−
∫ t

2
1

s
4ν
3 +1

ds = 1− 3
4ν [2

− 4
3 ν−t−

4
3 ν ] > 1

4 .

Furthermore, one has the following observations:

∫∞
t0

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

sα−1ds > 1
4

1
ν

∫∞
2

1
sds = ∞,∫∞

t0
1

r(s)
sα−1ds =

∫∞
t0

(s+ 1
s )

2
3 ds = ∞,

and

∫∞
t0

[
ξα−1

r(ξ)

∫∞
ξ

τα−1(

e
− p̃

a

(τ, t0)

a(τ)

∫∞
τ

q(s)sα−1

e
− p̃

a

(s, t0)
ds)

1
ν dτ ]dξ

=
∫∞
2

(
ξ + 1
ξ

)
2
3

[
∫∞
ξ

1
τ (e− p̃

a

(τ, 2)
∫∞
τ

1
sν+1e

− p̃
a

(s, 2)
ds)

1
ν dτ ]dξ

> 1
4

1
ν

∫∞
2

[
∫∞
ξ

1
τ (

∫∞
τ

1
sν+1 ds)

1
ν dτ ]dξ

= 1
(4ν)

1
ν

∫∞
2

[
∫∞
ξ

1
τ2

dτ ]dξ

= 1
(4ν)

1
ν

∫∞
2

1
ξ
dξ = ∞.

Then (3.18)-(3.20) hold. Moreover, for a sufficiently
large T , one has

θ1(t, T ) =
∫ t

T

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

sα−1ds → ∞ for t → ∞.

So we can take sufficiently large T ∗ > T such
that θ1(κ(t), T ) > 1 for t ∈ [T ∗,∞). Taking
ϖ1(t) = tν , ϖ2(t) = 0 in (3.20), considering L = 1, one
can obtain that

lim
t→∞

sup{
∫ t

T
{Lq(s)ϖ1(s)

e
− p̃

a

(s, t0)

−[
r(κ(s))ϖ′

1(s)s
1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ′(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1}

sα−1ds}

= lim
t→∞

sup{
∫ T∗

T
{q(s)ϖ1(s)
e
− p̃

a

(s, t0)

−[
r(κ(s))ϖ′

1(s)s
1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ′(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1}

sα−1ds
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+
∫ t

T∗{
q(s)ϖ1(s)
e
− p̃

a

(s, t0)

−[
r(κ(s))ϖ′

1(s)s
1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ′(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1}

sα−1ds}

> lim
t→∞

sup{
∫ T∗

T
{q(s)ϖ1(s)
e
− p̃

a

(s, t0)

−[
r(κ(s))ϖ′

1(s)s
1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ′(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
]ν+1}

sα−1ds

+

∫ t

T∗
[1− (

ν

ν + 1
)ν+1]

1

s
ds} = ∞.

So (3.17)-(3.20) all hold, and by Corollary 3.10 we deduce
that every solution of Eq. (4.1) is oscillatory or tends to zero.

Example 2. Consider the following fractional delay
difference equation with T = Z:

{t 3ν
4 [∆( 3

4 )((t + 1)−
1
4∆( 3

4 )x(t))]ν}( 3
4 ) + 1

tν+
5
4

[∆( 3
4 )((t +

1)−
1
4∆( 3

4 )x(t))]ν + M
tν+

3
4

xν( t2) = 0, t ∈ [2,∞)Z, (4.2)

where ∆( 3
4 ) denotes the fractional difference operator

of order 3
4 , M > 0 is a constant, and ν ≥ 1 is a quotient of

two odd positive integers.
Compared with Eq. (1.2) we have α = 3

4 , a(t) =

t
3ν
4 , p(t) = 1

tν+
5
4

, p̃(t) = tα−1p(t) = 1
tν+

3
2

, q(t) =

1
tν+

3
4

, κ(t) = t
2 , f(x) = Mxν , r(t) = (t+ 1)−

1
4 , t0 = 2.

Then f(t)
xν(t)

≥ M = L, µ(t) = σ(t)− t = 1, and

1− µ(t)
p̃(t)
a(t)

= 1− 1
t
7ν
4 + 3

2

≥ 1− 1
t ≥ 1− 1

2 > 0,

which implies − p̃
a ∈ R+. So According to [32, Lemma 2]

one can deduce that

e
− p̃

a

(t, t0) = e
− p̃

a

(t, 2) ≥ 1−
∫ t

2

p̃(s)
a(s)

∆s

= 1−
∫ t

2
1

s
7ν
4 + 3

2

∆s = 1−
t−1∑
s=2

1
s

7ν
4 + 3

2

≥ 1−
∫ t−1

1
1

s
7ν
4 + 3

2

ds ≥ 1−
∫ t−1

1
1

s
7ν
4 +1

ds

= 1− 4
7ν [1− (t− 1)−

7ν
4 ] > 3

7 ,

and

e
− p̃

a

(t, t0) ≤ exp(−
∫ t

2

p̃(s)
a(s)

∆s) < 1.

Then by a computation for (3.21)-(3.23) we conclude

∞∑
s=t0

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

sα−1 =
∞∑
s=2

[e
− p̃

a

(s, 2)]
1
ν

a
1
ν (s)

sα−1

=
∞∑
s=2

[e
− p̃

a

(s, 2)]
1
ν

s > (37)
1
ν

∞∑
s=2

1
s = ∞,

and

∞∑
s=t0

1
r(s)

sα−1 =
∞∑

s=t0

(s+ 1
s )

1
4 = ∞.

Moreover,

∞∑
ξ=t0

[
ξα−1

r(ξ)

∞∑
τ=ξ

τα−1(

e
− p̃

a

(τ, t0)

a(τ)

∞∑
s=τ

q(s)sα−1

e
− p̃

a

(s+ 1, t0)
)

1
ν ]

=
∞∑
ξ=2

[
ξα−1

r(ξ)

∞∑
τ=ξ

τα−1(

e
− p̃

a

(τ, 2)

a(τ)

∞∑
s=τ

q(s)sα−1

e
− p̃

a

(s+ 1, 2)
)

1
ν ]

> (37)
1
ν

∞∑
ξ=2

[
∞∑
τ=ξ

1
τ (

∞∑
s=τ

1
sν+1 )

1
ν ]

≥ (37)
1
ν

∞∑
ξ=2

[
∞∑
τ=ξ

1
τ (

∫∞
τ

1
sν+1 ds)

1
ν ]

= ( 3
7ν )

1
ν

∞∑
ξ=2

[
∞∑
τ=ξ

1
τ2

]

> ( 3
7ν )

1
ν

∞∑
ξ=2

∞∑
τ=ξ

1
τ(τ + 1)

= ( 3
7ν )

1
ν

∞∑
ξ=2

1
ξ
= ∞.

So (3.21)-(3.23) hold. On the other hand, for a sufficiently
large T > 1, when t → ∞, one has

θ1(t, T ) =
t−1∑
s=T

[e
− p̃

a

(s, t0)]
1
ν

a
1
ν (s)

sα−1 → ∞.

So there exists T ∗ > T such that θ1(κ(t), T ) > 1 for
t ∈ [T ∗,∞)Z.

In (3.24), if we let ϖ1(t) = tν , ϖ2(t) = 0, then by use
of the inequality (t+ 1)ν − tν ≤ ν(t+ 1)ν−1 < ν2ν−1tν−1

for t ≥ T ∗, one can deduce that

lim
t→∞

sup{
t−1∑
s=T

{L q(s)ϖ1(s)
e
− p̃

a

(s+ 1, t0)
−

[
r(κ(s))(ϖ1(s+ 1)−ϖ1(s))s

1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ(s+ 1)− κ(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )

]ν+1}sα−1}

= lim
t→∞

sup{
t−1∑
s=T∗

{M q(s)ϖ1(s)
e
− p̃

a

(s+ 1, t0)
−

[
r(κ(s))(ϖ1(s+ 1)−ϖ1(s))s

1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ(s+ 1)− κ(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )

]ν+1}sα−1

+
T∗∑
s=T

{M q(s)ϖ1(s)
e
− p̃

a

(s+ 1, t0)
−

[
r(κ(s))(ϖ1(s+ 1)−ϖ1(s))s

1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ(s+ 1)− κ(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )
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]ν+1}sα−1}

>
T∗∑
s=T

{M q(s)ϖ1(s)
e
− p̃

a

(s+ 1, t0)
−

[
r(κ(s))(ϖ1(s+ 1)−ϖ1(s))s

1−α

(ν + 1)r
1

ν+1 (κ(s))ϖ
ν

ν+1

1 (s)(κ(s+ 1)− κ(s))
ν

ν+1 θ
ν

ν+1

1 (κ(s), T )

]ν+1}sα−1 +
t−1∑
s=T∗

[M − ( ν
ν + 1)

ν+12ν
2−1] 1s → ∞

for t → ∞,

provided that M > ( ν
ν + 1)

ν+12ν
2−1. So (3.21)-(3.24) all

hold, and by Corollary 3.11 we obtain that every solution of
Eq. (4.2) is oscillatory or tends to zero under the condition
M > ( ν

ν + 1)
ν+12ν

2−1.

V. CONCLUSIONS

We have derived some new oscillatory and asymptotic
criteria for a class of fractional delay dynamic equation on
time scales based on the properties of conformable fractional
calculus, a generalized Riccati function and inequality tech-
nique, which are extensions of the corresponding results for
dynamic equations on time scales involving integer order
derivative. When the time scale T is taken for some different
cases such as T = R, T = Z, T = qZ and so on,
then corresponding oscillatory and asymptotic criteria can be
obtained respectively. Applications for the established results
show that they are valid.

The deduction process of Theorems 3.5-3.8 can also be
applied to other types of fractional delay dynamic equation
on time scales, which is expected to further research.
For example, the n − th fractional dynamic equation on
time scales with delay term and forced term as follows
{[(a(t)([r(t)x(α)(t)](α))γ)(α)](α)......}(α)
+ p(t)([r(t)x(α)(t)](α))γ + q(t)f(x(t)) = 0,

where the α-order fractional derivative appears for n
times.

REFERENCES

[1] H.M. Jaradat, S. Al-Shar’a, Q. J.A. Khan, M. Alquran and K. Al-
Khaled, “ Analytical Solution of Time-Fractional Drinfeld-Sokolov-
Wilson System Using Residual Power Series Method,” IAENG Inter-
national Journal of Applied Mathematics, vol. 46, no. 1, pp. 64-70,
2016.

[2] S.X. Zhou, F.W. Meng, Q.H. Feng and L. Dong, “ A Spatial Sixth
Order Finite Difference Scheme for Time Fractional Sub-diffusion
Equation with Variable Coefficient,” IAENG International Journal of
Applied Mathematics, vol. 47, no. 2, pp. 175-181, 2017.

[3] H. Song, M. Yi, J. Huang and Y. Pan, “ Bernstein Polynomials Method
for a Class of Generalized Variable Order Fractional Differential
Equations,” IAENG International Journal of Applied Mathematics, vol.
46, no. 4, pp. 437-444, 2016.

[4] Z. Yan and F. Lu, “ Existence of A New Class of Impulsive Riemann-
Liouville Fractional Partial Neutral Functional Differential Equations
with Infinite Delay,” IAENG International Journal of Applied Mathe-
matics, vol. 45, no. 4, pp. 300-312, 2015.

[5] A. M. A. Abou-El-Ela, A. I. Sadek and A. M. Mahmoud, “Existence
and Uniqueness of a Periodic Solution for Third-order Delay Differ-
ential Equation with Two Deviating Arguments,” IAENG International
Journal of Applied Mathematics, vol. 42, no.1, pp. 7-12, 2012.

[6] G. Feng and Y. Yang, “Existence of Solutions for the Four-point Frac-
tional Boundary Value Problems Involving the P-Laplacian Operator,”
IAENG International Journal of Applied Mathematics, vol. 49, no.2,
pp. 234-238, 2019.

[7] B. Zheng and Q. Feng, “New Oscillatory Criteria for a Class of
Fractional Differential Equations,” Engineering Letters, vol. 28, no.
3, pp. 970-977, 2020.

[8] Q. Feng, “Oscillation for a Class of Fractional Differential Equations
with Damping Term in the Sense of the Conformable Fractional
Derivative,” Engineering Letters, vol. 30, no. 1, pp. 311-317, 2022.

[9] Q. Feng, “ Interval oscillation criteria for a class of nonlinear fractional
differential equations with nonlinear damping term,” IAENG Interna-
tional Journal of Applied Mathematics, vol. 43, no. 3, pp. 154-159,
2013.

[10] S. Hilger, “ Analysis on measure chains-a unified approach to contin-
uous and discrete calculus,” Results Math., vol. 18, pp. 18-56, 1990.

[11] Q. Feng, “Oscillation for a class of conformable fractional dynamic
equations on time scales,” Engineering Letters, vol. 28, no. 2, pp.
633-642, 2020.

[12] Y. Sahiner, “ Oscillation of second-order delay differential equations
on time scales,” Nonlinear Anal. TMA, vol. 63, pp. 1073-1080, 2005.

[13] M. Bohner and S. H. Saker, “ Oscillation of second order nonlinear
dynamic equations on time scales,” Rocky Mountain J. Math., vol. 34,
pp. 1239-1254, 2004.

[14] S. R. Grace, R. P. Agarwal, M. Bohner and D. O’Regan, “ Oscillation
of second-order strongly superlinear and strongly sublinear dynamic
equations,” Commun. Nonlinear Sci. Numer. Simul., vol. 14, pp. 3463-
3471, 2009.

[15] S. H. Saker, “ Oscillation of second-order nonlinear neutral delay
dynamic equations on time scales,” J. Comput. Appl. Math., vol. 187,
pp. 123-141, 2006.

[16] R. P. Agarwal, M. Bohner and S. H. Saker, “ Oscillation of second
order delay dynamic equations,” Can. Appl. Math. Q., vol. 13, pp.
1-18, 2005.

[17] Y. Shi, Z. Han and Y. Sun, “ Oscillation criteria for a generalized
Emden-Fowler dynamic equation on time scales,” Adv. Diff. Equ., vol.
2016:3, pp. 1-12, 2016.

[18] S. H. Saker, “ Oscillation of third-order functional dynamic equations
on time scales,” Science China(Mathematics), vol. 12, pp. 2597-2614,
2011.

[19] T. S. Hassan and Q. Kong, “ Oscillation criteria for higher-order
nonlinear dynamic equations with Laplacians and a deviating argument
on time scales,” Math. Methods Appl. Sci., vol. 40, no. 11, pp. 4028-
4039, 2017.

[20] L. Erbe, T. S. Hassan and A. Peterson, “ Oscillation of third-order
functional dynamic equations with mixed arguments on time scales,”
J. Appl. Math. Comput., vol. 34, pp. 353-371, 2010.

[21] S. R. Grace, J. R. Graef and M. A. El-Beltagy, “ On the oscillation of
third order neutral delay dynamic equations on time scales,” Comput.
Math. Appl., vol. 63, pp. 775-782, 2012.

[22] Z. Han, T. Li, S. Sun and F. Cao, “ Oscillation criteria for third order
nonlinear delay dynamic equations on time scales,” Ann. Polon. Math.,
vol. 99, pp. 143-156, 2010.

[23] T. S. Hassan, “ Oscillation criteria for higher order quasilinear dynamic
equations with Laplacians and a deviating argument,” J. Egypt. Math.
Soc., vol. 25, no. 2, pp. 178-185, 2016.

[24] L. Erbe and T. S. Hassan, “ Oscillation of Third Order Nonlinear
Functional Dynamic Equations on Time Scales,” Diff. Equ. Dynam.
Sys., vol. 18, no.1, pp. 199-227, 2010.

[25] Y. B. Sun, Z. Han, Y. Sun and Y. Pan, “ Oscillation theorems for
certain third order nonlinear delay dynamic equations on time scales,”
Electron. J. Qual. Theory Differ. Equ., vol. 75, pp. 1-14, 2011.

[26] Q. Feng and F. Meng, “ Oscillation results for a fractional order dy-
namic equation on time scales with conformable fractional derivative,”
Adv. Diff. Equ., vol. 2018:193, pp. 1-20, 2018.

[27] N. Benkhettou, S. Hassani and D. F. M. Torres, “ A conformable
fractional calculus on arbitrary time scales,” J. King Saud Univer. Sci.,
vol. 28, pp. 93-98, 2016.

[28] R. Agarwal, M. Bohner, A. Peterson, “ Inequalities on time scales: a
survey,” Math. Inequal. Appl., vol. 4, pp. 535-557, 2001.

[29] M. Bohner, A. Peterson, “ Dynamic Equations on Time Scales: An
Introduction with Applications,” Birkhäuser, Boston, 2001.
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