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The Design of Coalitional Model Predictive
Control for Large-Scale Systems

Zaiful Ulum, Salmah*, Ari Suparwanto, and Solikhatun

Abstract—This study provides a hierarchical control ap-
proach for large-scale systems composed of interconnected
subsystems. A local controller or agent that can communicate
via a network manages each subsystem. The upper layer is
responsible of network topology selection to determine the
optimal trade-off between the communication load and the
control performance. The selected network topology splits the
set of agents into cooperating groups of agents referred to as
coalitions. At the bottom layer, each coalition computes the
value of its control input variable by employing a decentralized
model predictive control (MPC) scheme. Recursive feasibility
and closed-loop stability analysis are carried out by considering
fixed and varied network topologies. As a final point, a
numerical simulation is carried out to verify the performance
of the control scheme that is proposed.

Index Terms—coalitional control, model predictive control,
hierarchical control, switched systems

I. INTRODUCTION

VER the last years, MPC-based non-centralized con-

trol schemes such as decentralized and distributed
schemes are becoming more and more popular than MPC-
based centralized schemes for controlling large-scale systems
like traffic, irrigation, and power systems [1], [2], [3], [4],
[5]. This is because the non-centralized scheme offers less
computational demands, better fault tolerance, and more
flexibility to apply to the system compared to the centralized
one [6]. The idea of the non-centralized scheme is to assign
a different local controller or agent for each subsystem to
compute the local control input for its subsystem.

In the decentralized scheme, there is no communication
among the agents in deciding their corresponding control ac-
tions. Therefore, this scheme may degrade the system’s con-
trol performance and stability when the interactions between
different subsystems are strong [7]. On the contrary,some
information is shared among the agents to calculate their
control inputs in the distributed scheme. This information
plays an essential role in achieving performance close to
those provided by the centralized approach. Furthermore, the
basic assumption employed in the distributed control strategy
is that the topology of the communication network is fixed,

Manuscript received June 20, 2022; revised October 28, 2022.

This work was supported by Direktorat Jenderal Pendidikan Tinggi, Riset,
dan Teknologi, Kementerian Pendidikan Kebudayaan, Riset, dan Teknologi
Republik Indonesia.

Z. Ulum is a PhD candidate at Mathematics Department, Universitas Gad-
jah Mada, Yogyakarta 55281, Indonesia (email: zaifululum @mail.ugm.ac.id)

*Salmah (corresponding author) is a Professor at Mathematics De-
partment, Universitas Gadjah Mada, Yogyakarta 55281, Indonesia (email:
syalmah @yahoo.com)

A. Suparwanto is an Associate Professor at Mathematics Depart-
ment, Universitas Gadjah Mada, Yogyakarta 55281, Indonesia (email:
ari_suparwanto @mail.ugm.ac.id)

Solikhatun is an Associate Professor at Mathematics Department,
Universitas Gadjah Mada, Yogyakarta 55281, Indonesia (email: so-
likhatun @mail.ugm.ac.id)

regardless of the alteration in the interaction among different
subsystems.

Recently, a control strategy that adjusts the network
topology to the coupling conditions between the agents has
emerged, referred to as a coalitional control scheme [8]. This
scheme aims to ensure that communication is carried out
among only strongly coupled agents so that a control per-
formance close to the centralized strategy is obtained while
simultaneously reducing computational and communicational
burdens. Furthermore, due to network topology adjustment,
the agents can dynamically establish coalitions, i.e., groups
of agents who cooperate in deciding their control inputs or
work in a decentralized manner.

The coalitional control scheme initially appeared to control
a set of unconstrained dynamically coupled linear systems
[9]. In particular, a supervisor decides the network topology
among the agents by solving a network topology optimiza-
tion problem. Then, based on the selected network topology,
linear matrix inequalities (LMIs) are solved subject to com-
munication constraints to obtain the coalition’s feedback
matrix. Furthermore, the Shapley value, which is one of the
tools to solve a cooperative game, is employed to investigate
the relation of the distinct links and agents. This coalitional
scheme is then developed by employing other tools from
cooperative game theory, such as Harsanyi solutions [10]
and the Banzhaf value [11]. In addition, a coalitional MPC
scheme is proposed to deal with constrained systems in [12],
where the network topology is determined through a pair-
wise bargaining procedure between MPC controllers/agents.
Finally, input-to-state stability (ISS) is established under the
assumption that the coupling between agents is weak and the
system is recursively feasible.

Recursive feasibility and closed-loop stability issues in
coalitional MPC are challenging to address, because the
time-varying network topology leads the controlled system
to the switched system. It is commonly understood that
switching between multiple feasible and stable systems
might result in an infeasible and unstable system. Since
the coalitional MPC scheme in [12] doesn’t address the
feasibility issue, we propose a coalitional MPC scheme for
constrained linear systems built by a number of dynamically
interconnected subsystems that tackles the feasibility and
stability issues. The recursive feasibility issue is addressed by
modifying the decentralized MPC scheme for non-switched
systems proposed in [13] to switched systems. Specifically,
the disturbance-and-switch-robust control invariant (DS-RCI)
sets proposed in [14] will be adapted to state the coalitional
MPC optimization problem. Then, the result in [15] will
be employed to address the stability of the closed-loop
system. Furthermore, to validate the performance of the pro-
posed control scheme, a numerical simulation is performed
and compared to the performance of the centralized MPC
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method.

The remaining of this work are structured as follows. First,
in Section II, the problem to be solved is stated. Then, the
control algorithm that includes the formulation of coalitional
MPC optimization problems and the recursive feasibility and
stability analysis is provided in Section III. Next, Section IV
presents a simulation to assess the proposed control scheme’s
performance. Finally, conclusions are provided in Section V.

Notation 1. AT indicates the transpose of matrix A. R,
represents the set of all real numbers t such that t > 0, and
7 represents the set of all integers k such that k > 0. Z>
stands for the set of all k € 7. such that k > s for some s €
Zy. A square matrix A is called Schur if its spectral radius
is less than one. For two sets X,Y C R", their Minkowski
sum and Pontryagin difference are respectively defined as
X@Y £ {z+ylr € X,y € Y} and XOY £ {z]2dY C X}.
A strictly increasing function o : Ry — Ry is said to be
a K-function if it is continuous and taking values zero at
zero. B,(y) C R™ denotes the ball with center y and radius
p >0, ie. the set of all x € R™ such that ||x—vy|| < p, where
||.|| denotes the Euclidian norm in R™. A set X is said to be
robust positively invariant (RPI) for the system x(k + 1) =
f(xz(k), w(k)) if the state trajectory {x(k)}}S, starting at
X always stays at X for any w(k) e W,k =0,1,2, ...

II. PROBLEM FORMULATION
A. System Description

We consider a system that can be split into a set N/ =
{1,2,..., M} of coupled subsystems. The dynamic and the
constraints of each subsystem ¢ € N are given by

zi(k+1) = Ajxi(k) + Biui(k) + di(k), (1a)

di(k) = Y (Aija; (k) + Biju;(k)), (1b)
JEM,;

T, €X; C Rni, u; € U; C R(h, (1c)

where k € Z denotes the discrete-time index, and z; € R™
and u; € R% are the state and input vectors of subsystem .
Matrices A;; € R™"*" and B;; € R™*% are transition and
input to state matrices of subsystem i, respectively. Vector
d; € R™ gathers the effect of the state and input of all
subsystems in the set M; on the dynamic of subsystem i,
where M, is defined as M; = {j € N'|A;; # 0V B;; # 0}.

Assumption 1. X; and U; are compact polyhedral sets
having the origin within their interior for all i € N.

B. Information Exchange

A different controller or agent manage each subsystem
1 € N with access only to its state x;. Therefore, the number
of agents is equal to the number of subsystems. The symbol
N is also used to denote the set of agents from now on. Each
agent i € N has a task to compute the value of its input
variable wu; at every time step. For this purpose, agents can
communicate through a communication network represented
by the undirected graph (N, £), where A is the set of agents,
and L is the set of links connecting them. Specifically, the
set L is defined as

L£CLN = {{i,5}{i,j} CN,i,j EN,i# ) ()

Each link {7, 7} € £ may be enabled or disabled, with each
enabled link having a specific stage cost ¢ > 0. When the
link {i,;j} is enabled, agents ¢ and j can communicate so
that the states x; and x; are respectively available for agents
7 and ¢. In addition, any two indirectly connected agents can
communicate as long as there is a path of activated links
between them. Hereafter, the symbol g is used to denote the
set of all enabled links, referred to as fopology, and the set
of all possible topologies is represented by G = {g|g C
L}. Consider that if the cardinality of £ is |£]|, then the
cardinality of G is 2/¢I.

Any topology g € G splits the set of agents N into
disjoint sets of cooperation groups of agents, referred to
as coalitions. In addition, two agents are inside the same
coalition if and only if they are either directly connected
through an enabled link or indirectly through a path of
enabled links. Furthermore, the set of all coalitions induced
by the topology g is denoted by II(g) = {C|C C N}, where
C # () for all C € (g), CNC’ = ( for any pair C,C’ € I(g)
and Ueeryy) € = N . Hence, the set I1(g) is a partition of the
set N. The cardinality of the set II(g), denoted by |II(g)
ranges from 1 to M.

All agents in the same coalition C € II(g) determine their
control input cooperatively and act as a single system. Let
xe = (2i)iecc € R™ and uc = (u;)icc € R be the state
and control input of coalition C obtained by stacking the state
and input vectors of all subsystems in C, the dynamic of the
coalition C is specified by

)

ze(k +1) = Acxc(k) + Beue(k) +de(k),  (3)
where A¢c = [Aij}i,jec € R"e*"¢ and Be = [Bij]q',’jec S
Rrexde with ne = Y ,coni and g¢ = ) ;ccqi- Fur-
thermore, the vector de = (dS)icc € R" represents the

influence of state and input of subsystems outside C on the
dynamic of coalition C. For each i € C, d¢ is given by

JEM;\C
From (1c), we have

ze € X§ = [[ X,
ieC

uc € U =[] Us. (5)
ieC

Note that X2 and U? are compact polyhedral sets including
the origin inside their interior based on Assumption 1.
Moreover, from (4), we have

& eDf = P AyX; @ B;U;. (6)
FJEM;\C

Therefore, the constraint of d¢ is as follows.

dCeDgZHDS. (7
ieC

Since X; and U; are bounded and include the origin inside

their interior for all j € M,;\C based on Assumption 1, then

D¢ is also bounded and includes the origin within its interior.

Consequently, DY, is bounded that contains the origin within
1ts 1nterior.

Denoting the aggregate of state and input vectors of all

coalitions C € TI(g) as xx = (2c)cemn(y) and un =
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(uc)cer(q)- the dynamic of the overall system corresponding

to the topology g can be modeled as
zn(k+1) = Ay (k) + Byun (k), (®)

where Axr = [Ac]ceni(g) and By = [Be|cer(g)- In addition,
the constraints of the overall system are

Ty € XY, = H X2, uneUf = H Ug.
CETl(g) Cell(g)

€))

Since X and UZ are compact polyhedral sets containing the
origin in their interior for all g € II(g), then X, and UY, are
also compact polyhedral sets containing the origin in their
interior.

Regarding systems (3) and (8), the following decentralized
stabilization assumption is introduced.

Assumption 2. For each topology g € G, a block-diagonal
matrix K3, = diag(KQ)cen(qg) exists, with K € RIexne,
such that (i) F{, & Ax + By K3, is Schur, (i) FS = Ac +
BeKZ is Schur for all C € 11(g).

The algorithm to compute the matrix K j(/ satisfying
Assumption 2 is provided in [9].

C. Coalitional Control Problem

Coalitional control schemes aim to seek the best trade-off
between the control performance and the communicational
cost by periodically altering the network topology. To this
end, the objective function below is minimized at every time
step k.

i ST W (@e(tlk), uc(tlk)) + clg(k)|  (10a)

=0 Cell(g(k))

subject to
xc(t + 1|kj) = Acl‘c(ﬂkﬁ) + Beue + dc(ﬂk‘), VC e H(g(kz))
(10b)
ze(tlk) € X8 ue(tlk) € UM, Ve e TI(g(k))  (10c)
g(k) € G, (10d)

where g(k) denotes the network topology at time step k.
zc(t|k) and uc(t|k) respectively denote the prediction of x¢
and uc at time step k + ¢ based on the measurement at time
step k, with z¢(0]k) = x¢(k) for all C € II(g(k)). The first
and second terms of (10a) respectively represent the cost-to-
go and the communicational cost. In order to regulate the
state of the overall system towards the origin, the stage cost
ég(k) in (10a) is defined as

ég(k) (ze(k),uc(k)) = zZ (k) g(k)mc(k)+ug(k)Rg(’f)uc(k)7

an
where Qg(k) = diag(Q;)iec and Rg(k) = diag(R;)icc €
R4c*qc

Assumption 3. Matrices QQ; € R™*™ and R; € R%*% gre
positive definite for all i € N.

The decision variables of the optimization problem (10)
consist of continuous and integer variables. More specifically,
the input control variables are continuous, and the network
topology selection leads to integer variables. Hence, the
problem (10) is a mixed-integer optimization problem, which

is generally impractical to solve. In addition, the cardinality
of the set of all network topologies generally increases
exponentially as the number of links increases. Therefore, a
hierarchical multi-agent control algorithm will be proposed
to address these issues to get a sub-optimal solution for the
problem. (10).

III. CONTROL ALGORITHM

The hierarchical multi-agent control algorithm which
yields an approximate solution to the problem (10) is
presented in this section. The top layer is in charge of
selecting the network topology, and the bottom layer is
responsible for computing the control input. For this purpose,
we provide the following assumption.

Assumption 4. For each g € G, there exists a positive
definite matrix Py, = diag(PJ)ccr(g) that, Yo (k), satisfies

> @t (k)Poac(k)

Cell(g)

SN dae(tlk), uc(tlk))

t=0 Cell(g)

o (k) Plran (k) =

%

when the control feedback law upy (k) =
applied to the system (8).

K{rap(k) is

The matrices K3, and Py, that meet Assumption 2 and
Assumption 4, respectively, could be computed by using a
method in [9]. Note that the matrix PX/ provides an upper
bound on the cost-to-go. Therefore, the upper bound on the
cost function (10a) is given by

r(g(k), an (k) = 2pr (k)T L anr (k) + clg (k).

Given the value of the state zpr(k), the following opti-
mization should be solved at the top layer to determine the
network topology.

12)

minr(g(k), zar(k))

13a
g(k) (132)

subject to

g(k) € G. (13b)

Note the cardinality of G grows exponentially to the cardi-
nality of L. Therefore, the problem (13) will be solved at
some given time step to reduce the computational burden.

At the bottom layer, each coalition C € II(g(k)) com-
putes the value of its corresponding input variable in a
decentralized manner. The term decentralized here refers to
the absence of communication among coalitions when they
calculate their control input. Furthermore, the decentralized
MPC scheme in [13] will be employed to compute the input
of the overall system to address constraint satisfaction and
stability of closed-loop system issues. In addition, since the
coalitional control scheme leads the system under considera-
tion to the switched system, the decentralized MPC scheme
will be modified for the switched system.

Remark 1. The dynamic of each subsystem considered
in this research differs from [13], since the control in-
put coupling Bj;u;(k) in (1b) is neglected in [13], i.e.
Biju;(k) =0 for all j € M,.
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A. MPC for Coalitions

The decentralized MPC scheme in [13] is developed
based on the tube-based robust MPC technique in [16].
The tube-based robust MPC approach works on the nominal
system corresponding to the actual system and the tightened
constraints to obtain the trajectory of the nominal state and
control input over a finite horizon. The trajectory of the
nominal state is then used as a reference for the state of the
actual system. To ensure the actual state near to the nominal
state,a feedback control is applied to the actual system.

Treating the coupling term d¢ as a disturbance, the nomi-
nal system that corresponds to (3) is given by

Ze(k+1) = Acze(k) + Bete(k), (14)

in which ¢ and ¢ are the nominal state and input of
coalition C. Following [16], the control input for (3) at time
step k is given by

ue (k) = tc(k) + Kg(zc (k) — 2c(k)). (15)

Letting z¢ = z¢ — ¢, from (3), (14), and (15), we obtain

sk +1) = Fdze(k) + de(k), (16)

where d¢ € DY. Furthermore, since F¢ is Schur and DY
is bounded, an RPI set Z7 exists for each C € II(g). To
reduce conservativeness, the RPI set Zg should be as small
as possible. Since F is Schur, the minimal RPI set is
B2 (FE)/Dg, according to [17]. However, to reduce the
complexity of computation, the RPI set Z¢ in this research
is computed by the following algorithm. This algorithm is
the modification of Algorithm 1 in [18].

Algorithm 1: The computation of the RPI 2
1) Initialize ZZ = box(D¥) for all C € II(g).
2) Compute Zg+ = box(FgZZ) @ box(DY) for all C €
1(g).,
3) If 2 C Z§ for all C € II(g), then stop. The desired

RPI set is ZJ. Otherwise, set ZJ = z’ZCg+ and repeat
step 2.

The notation box(X) indicates the smallest hyperrectangle
that contains X with faces perpendicular to the cartesian
axis. In particular, the outerApprox method from [19] can be
used to compute the operator box. Algorithm 1 generates a
compact set ZJ since the operator box yields a compact set,
and the Minkowski sum operation preserves the compactness
property. In addition, the set ZJ contains the origin in its
interior since ]D)g contains the origin in its interior.

The following assumption is needed to guarantee the
feasibility and stability of switched systems.

Assumption 5. (Dwell time): Let T =
{ko,k1,..., ki,...} C Zy, with kg = 0, denote the
set of switching instants. Then, for each topology g € G,
there exist a dwell time T, such that Ty > k; — kj_1 when
glk)y =g forall k€ ki_1,k), l €Z>y .

Let t. denote the amount of time that has passed from
the most current switching instant, with ¢.(0) = 0. Let the
network topology at time step k is g(k) = g with dwell time
7g. Then, the following optimization problem is solved by

each coalition C € TI(g) to compute its corresponding input
uc (k) when its state is z¢ (k).

TN (we(k)) =
min JINe (G (01k), {ae (¢,

(GO, ¢ (@ (Olk), {ac(tlk) 12 ) (17a)

{ac(tlk)}izs ")
subject to
ze(k) —c(0lk) € 28, (17b)
i‘c(t —+ 1‘/{) = Aci‘c(t‘]{?) —+ Bcac(ﬂk), (17¢)
R X%, t<r(k)

Ze(tlk) € {frg, £ r(k) (17d)

dc(tlk) € U, (17¢)

Zc(N,|k) € T, (17f)

where X4 = X% © 24, U% = U} © K429, N, > 7, is
the length of horizon prediction, and r(k) = 7, — t.(k).
The set Tg is the terminal constraint of the nominal system
(14) whose Rfroperties will be specified later. The objective
function Jg P is defined by

JEN (e (0[k), {ac(tk)} iy ') =
Np—1

ST (e (tlk), de(tk)) + VE (@e(Ny|k)),
t=0

(18)

where the stage cost 3 is given by (11), and the terminal
cost V¢ is defined as

V¢ (e (Np|k)) = 2¢ (Np|k)Pic(Nplk).  (19)
Let (25 (0|k), {ﬁé(t\k)}iv:"(;l) denote the optimal solution to
the problem (17). Then the control input of coalitions C at
time step k is given by

ug (k) = g (0|k) + KZ(zc(k) — 22 (0[k)).  (20)

To guarantee the existence of the sets X(g: and @Z the

following assumption is assumed to hold.

Assumption 6. Given a topology g € G. For any coalition
C € I(g), there exist pcqi > 0 and pco > 0 such that
Z @B, ,(0) € X? and KIZJ & B, ,(0) C U where
ch,l(o) C R"™ and Bﬂc,z (0) C R,

The following algorithm summarizes the hierarchical con-
trol scheme proposed in this research.
Algorithm 2: The hierarchical control scheme

1) a) If k € T, all agents announce their state vector
so that the problem (13) can be solved. The
optimal solution of (13) is then selected as the
next topology.

b) If k ¢ T, each agent only shares their state vector
with all agents inside the same coalition.

2) Each coalition C € II(g(k)) solves the problem (17)

to obtain the coalitional control input (20).
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B. Feasibility and Stability Analysis

To analyze the feasibility and the stability of the system,
we initiate by formulating the collective MPC optimiza-
tion problem for all coalitions C € II(g). Letting AN =
diag(Ac)cen(g)> By = diag(Be)cen(g), Ay = Ax — An,
and By, = By — By, the overall system (8) can be rewritten
as follows

an(k+1) = Ayan (k) + Baun (k) + dar(k),

where dy (k) = (dc)cen(g) = Ayra (k) + Bjun (k). Fur-
thermore, viewing das as a disturbance vector, the nominal
system corresponding to (21) and its constraints are given by

21

= Ayin(k) + Byin(k),  (22a)

iveXf= ] X avelf= [] U
Cell(g) CeIl(g)

Ear(k+ 1)
(22b)

where Zx = (Z¢)cer(g) and tn = (tc)ceri(g)- In view of
(15), the control input of the system (21) is

up (k) = an (k) + KX (zpr (k) — 2a (k).

Moreover, from (16), we have the error system between (21)
and (22) as follows

zv(k+1) :Ff\]/-

(23)

2 (k) + dwe (), 24)

in which zx = (2¢)cen(y)-
Solving (17) for all C € II(g) is equivalent to solve the
following problem.

TN (2 () =
i T (@ pr (0] t|k
(.IA?N(O‘IE)I,H P (@nr(O]k), {an(tlk) 1 ), (25a)
Lanr (t1R) } 2
subject to
an (k) — 2 (0lk) € 237, (25b)
En(t+1]k) = Axin(tlk) + Byin (tk),  (25¢)
Xf\/v t < r(k)
~(tlk) € {f%, ¢ > r(k) (25d)
i (tk) € UY,, (25¢)
En(Nplk) € TS, (250)

where ZN = Hcen(g) ZC’ XN - HCEH(g) Xc’ UN -
Meeney) U2 T = Teengy) T, and

TGN (@ar(Olk), {an(tk) g ) =

N,—1 (26)
3" Btk an (k) + Vi (Ear (N, |k)),
t=0
with
(@ (k), = Y l(ic(k), e (k)),
CeIl(g)
and
V(i (k), = 3 Vi(ae(k),ack)).

Cell(yg)

Expanding the right-hand side of the last two equations, we
have

B (En(k),an (k) = &5 (k) Q% Ear (k) + ax(k )RNUN((2 7))
and
V(@ (k) = &5 (k) PRri (k) (28)

where QY = diag(Q%)cer(g) and R}, = diag(RE)cen(y)
are positive definite. In view of (20), the control input to (8)
at time step k is given by

up (k) = ap(0lk) + KR (zpr(k) — 23 (01K)),  (29)
where a3 (0[k) = (4g(0k))cen(gy and 23 (0k) =
(2&(0]k))cen(q)-

Remark 2. For the case fixed network topology, i.e. g(k) = g
for all k > 0, for any g € G, the constraint (25d) becomes
En(tlk) € XY, since 74 — oo, so that r(k) — oo.

The definition below provides the feasibility region of the
problem (25).
Definition 7. The feasibility region of the problem (25) is
defined as
X)q\’,N” ={zn € X§/| if zar(k) = zpr, then there exists
(Ear (O1K), {an (t]R)}2y ') such that
(25b) — (25f) are satisfied}.

Note that the set Xj’\}Np is the domain of Jf(}N” ().

To ensure the feasibility and stability of the proposed
control scheme, the terminal cost V{(.) and the terminal set
TY ‘v should satisfy the following assumption. This assumption
is commonly used in the MPC design to stabilize the origin
of the closed-loop system.

Assumption 8. For each topology g € G, it holds that

1) Tg C XY, is an invariant set for in(k+1) = (Ay +
BNKN)xN(k) )

2) (k) = K in € UY for any x(k) € T

3) Vi(an(k+1))=Vy (aw(k)) < L3 (@ (R, (K)),

Vi (k) € T9,.

To maintain the feasibility of the overall system when the
switching of the network topology appears, we introduce the
following definition and assumption.

Definition 9. Let I'y denote the global nominal system (22).
Then the set of all T € X that can be feasibly driven into
T9 "\ in h steps relative to I‘g is defined as

Prep (T%)) n-l

={in e XY N A Zar(0) = 2ar, I (k) oo,
(k) € U9,Vk =0,...,h— 1, such that
in(k) € X4,V =0,...,h—1,

an(h) € T),

with Pre%q (TY,) = T%-

The reachableSet method provided by [19] can be used

to compute the set Pre’llg ('ﬂ‘Jg\[) by inserting the appropriate
arguments.

Assumption 10. For any g € G, it holds
1) TY C Pref? (T%), V¢’ € G;
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2) T4 & 2§, C Pref? (%) & 2, Vg € G.

The collection of sets ']I‘j’\/ for all ¢ € G that satisfies
Assumption 8.1 and 8.2 and Assumption 10.1 is called
a switch-robust control invariant (switch-RCI) set [20].
In addition, the switch-RCI set {?I‘ tg € G that meets
Assumption 10.2 is called a disturbance-and-switch robust
control-invariant (DS-RCI) set [14]. In this research, the set
'ﬂ‘g\f is computed using the following algorithm, which is
adapted from Algorithm 1 in [20]. This algorithm provides
the computation of maximal switch-RCI sets.

Algorithm 3: The computation of the set T%,
1) Initialize Q,(0) = X4, for all g € G.
2) For all g € G, compute
QL(k+1)=

Q% (k) N Pref? (%(k)) N (NgreaPrer?, (% (k))).-

= Q% (k) for all g € G, then stop and
= Q% (k+1)

3) If Qj’v(k +1)
set T, = Q% (k). Otherwise, set Q% (k)
for all g € G and repeat step 2.
Since the system I'y is linear and the constraints X v and
[Ug are compact for all g € G, then the sets TY v produced
by Algorithm 3 are compact based on Lemma 3 in [20].
Having computed the set TY v we can calculate the set ’JI‘g
for all C € II(g) by projecting ’]I‘f\f to the state space of
coalition C.
In order to compute the feasibility region ng\}N”,
provide the following algorithm.
Algorithm 4: The computation of the set ng\’/Np
input: the global nominal system I'y given by (22), the set
Z3, the set TY, and the length of prediction horizon N,,.
output: the set Xf\’,N”
Initialize ¥, (0) = TY..
for j =1to N, do
1. compute T%,(j)

we

— Pre}. (W4,(j — 1)) N XY,

2. update U%,(j — 1) = T%,(J),
end for
Compute XQ’ T =TH(N,) © 2%

The proposition below provides the feasibility property of
the proposed coalitional control scheme.

Proposition 11. Let Assumptions 1, 2, 4, 5, 8 and 10 hold.
Then, if the problem (25) is feasible at time step k, it is also
feasible at time step k + 1.

Proof: Let g and the pair (£3(0|k), {a} (t|k)} 1y )
be the topology and the optimal solution of (25) at time
step k. Then, denote the trajectory of the nominal state
corresponding to the optimal solution as {i}‘\/(ﬂk)}iipo The
proof will consider two cases, i.e, (i) g(k + 1) = g(k) and
(i) g(k + 1) # g(k).

Case 1. (g(k + 1) = g(k) = g). Define the pair (£%,(0]k +
1), {al (t|k + 1)}t X ") as a solution to the problem (25) at
trme step k+1, with 2%( O\R—H) = @ (1]k), A% (tk+1) =

Wrr(t+1|k) fort =0, . —2, and 4}, (N, —1|k—|—1):
K Jg\/i"jv(N |k). Then, the tra_]ectory of the nominal state
correspondmg to this solution is {2%/(t|k + 1)}75 , with

Qe (tlk + 1) = @3 (t + 1]k) for t = 0,...,N, — 1, and
fc%(NpUc +1) = (Ay + By K3 (N, \k) Furthermore,

based on the feas1b1hty at time step k, we have af(tk+1) €

Uy for all t = 0,...,N, — 2, and #Q-(t|k) € X if
t<r(k+1):r(k)fl, (t|k)€TN1ft>r(k+1)
for t =0,..., N, — 1. In addition, since Z},(NNp|k) € ']I‘N,
then a4}, (N, — 1|k: +1) € U% and xN(N k+1) €

Tg accordmg to Assumptions 8.1 and 8.2. Finally, since
:CN(k:) — @3 (0|k) € Z3%;, and up (k) is given by (29), then,
based on Proposition 1 in [16], za(k + 1) — 2*(1|k) =

zn(k+1) —2°(0/k + 1) € Z7.. Thus, we Conclude that the
solution (iN(O\k + 1), {a(t|k + 1)}t o 1) is feasible.

Case 2.( g(k + 1) # g(k)). In this case, (k) = 0
and 7(k + 1) = Ty41). s0 20k + 1) = &3 (1]k) €

’JI’g(k) CPr e;g((’j:l)) (’]I‘g(k+1)) From case 1, we have zr(k+

1) — 20k + 1) € 2. Therefore, zp(k + 1) €

T%k) o ng\;k) C Pre/* Y (’]I‘g(k+1)) o Zg(kH) based on
g(k+1

Assumption 10. Hence, constraint (25b) holds at time step

k+ 1. Since 290k + 1) € Pre™*V (T9%*1), then there

Dgk+1)
1
exists a sequence {aQ/(t|k + 1) € [UA}HU}T"("“’ such

that & Ag(kﬂ) Xg(kH) for t = 0,...,7gk4+1) — 1, and
xN(Tg(k+1)|k+1) € Tg(k+1) Based on Assumptions 8.1 and
8.2, we have ﬁ?v(t|k+ 1) = Kg(k+1) Otk +1) € UY glk+1)
and 29 (t+ 1|k +1) € T"(’@“) for t = Ty(rs1)s-- - Np— 1.
Hence, we conclude that the pair (23,(0[k + 1), {al-(t|k +
)}t 0 ) is the feasible solution of (25) at time step k + 1.
|
The following proposition provides the result on the
stability of the closed-loop system (8) when the network
topology is fixed. This proposition will be employed later
to state the result on the stability of the closed-loop system
(8) for switched topology cases.

Proposition 12. If g(k) = g for all k > 0, then the origin of
the closed-loop system xar(k+1) = Anwa (k) + Bauy (k)
where u) (k) is given by (29) is asymptotically stable with
the region of attraction Xf\}N"

Proof: The proof follows the proof of theorem 1 in [13].

|

The following result is provided by [15] and also will be

employed to state the result on the stability of the closed-loop
system (8).

Lemma 13. Consider the switched system x(k + 1) =
Jotey(x(k)), where f,(.) is globally Lipschitz continuous
having values 0 at 0, and the switching signal o is a function
from Z, to a finite set L. The origin of the system is locally
stable if there exist a scalar v > 0 and a set of continuous
positive-definite functions V,, : R* - Ry, o(k) =m e T
satisfying

Billlz(R)I) < Vi
Vi (2(k

(2(k)) < Ba(llz(k)]),
) € VVo(0)(2(0)),

(30a)
(30b)
where By, B2 € K.

In this research, the switching signal is defined by g :
Zy — G, and the family of continuous positive-definite
functions is given by J/g\[’N” : Xi}N” — R, for all g € G.
Thus, to establish the stability of the closed-loop system (8)
and (29), we have to show that the functions Jf(} ?(.) satisfy

(30a) and (30b). To this end, we provide the following results.
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Proposition 14. Lettzng Xj’vo 2 T9 % ® 23, for all g € G.

Then, the set X is compact and control invariant for (8)
and (9).

Proof: The compactness of Xg’ is immediately im-
plied by the compactness of TY i and Z{;. Next, for any
an(k) € X9P, we have zpr(k) — in(k) € Zj;, where
in(k) € T Therefore, iy (k) = K{in(k) € U, and
n(k + 1) € TY,, based on Assumptions 8.1 and 8.2.
Consequently, up (k) = (k) + K3 (zar(k) — Zar(k)) €
UY@K 2], = U Moreover, since (k) —inr(k) € 23,
and upr(k) = Gn(k) + K3 (war(k) — @pr(k)), then, based
on Proposition 1 in [16] ,zxn(k + 1) — @n(k + 1) € 2§
In addition, since Zpr(k + 1) € TN, then zn(k + 1) €
'ﬂ“j]\/ ® 23 =X . Thus the set X4 is control invariant for
(8) and (9). [ |

Since the dynamic of the overall system (8) is linear where
its constraints (9) are compact polyhedral sets containing the
origin in their interior, and the set ng\,[o is compact and con-
trol invariant for (8) and (9), then, according to Proposition
2.10 in [21], the sets X9/, for all j € {1,...,N,}, are

Jgact and control invariant for (8) and (9), and satisfy

X 2 Xg A B Xﬁ’\}o. Furthermore, if Xf\}o

contains the origin, Xj{’/ also contains the origin for all
j€{0,1,...,Np}.

The result below provides the lower and upper bound on
the value function Jg’NP (.) and will be employed to state

that Jg’ v (.) satisfies (30a).

Proposition 15. Let (&4(0[k), {@} (t|k)} 1% ") be the opti-
mal solution for (25) when the state of the overall system and
the network topology and at time step k are xn (k) = xn
and g(k) = g, respectively. Then there exist positive scalars
by > ag > 0 such that

T (@n) 2 aglli O, vay € XFY, @)
and
T (ex) < bolla OR)|?, Ven € X35 (D)
Proof:
1) Since (a3, (0]F), {3, (¢1k)};% ) is the optimal solu-

tion for (25) corresponding to g(k) = g and z (k) =
2, then JUN () > 09, (3% (0]k), i (0]k)), where
O (Enr, an) = 2R Q%En + Uk RS . Furthermore,
based on Assumption 3, matrices Q% and RY, are
positive definite. Therefore there exists a scalar a, > 0

such that ¢(&3(0lk), @i (01k)) > a||4-(0[K)]|>.
Hence,
LN J N,
T (@ar) > ag||Ea (01K, Yaa € X577

2) Since zn € XY, then there exists Zp € ’ﬁ‘jg\/ that
satrsﬁes TN — xN € Z{,. Letting xN(0|k) = Tp, we
have @ (0|k) £ K{-23,(0[k) € U4, and @3 (1]k) =
(AN—l—BNKN) v (0]k) € TY,, based on Assumptions
8.1 and 8.2. Repeatrng this, we can form trajectories
of nominal 1nput {u} (t|k)}t o ' and nominal state
{ax <t|k>}t o where a3 (t[k) = K@ (tlk) € U%
and @3, (t+1|k) = (A% + B K )i (t|k) € TY, for

allt=0,...,N,
8.3, we have

Vi (@3 (01k))

— 1. Consequently, from Assumption

v
o2

@ (0[k))

Y
2<

S B (k). e (k)

t=0

V(&5 (Np[R)) +

Np—1
w(tR),

> @

t=0

= T2 (ap(R)),
where Vi (&y) = & Pian. Since P, is positive
definite, there exists a scalar by > a, > 0 such that
V& (@3 (0k)) < by||Z3,(0]k)||*. Consequently,

@ (tlk))

TSN (@pr) < byllar (OfR)| 2, Yy € X5P.

|
Note that, if Xg > contains the origin in its mterror we can
extend the upper bound on J{™* () to X% according to

Proposition 2.16 in [21]. That is,
P (an) < bylli

The result below provides the closed-loop stability of the
overall system.

Theorem 16. Let Assumptions 1, 2, 4, 5, 8, 10 hold and
Xf’\’/o contains the origin in its interior. Then

I NOIR)1Z, Van e XG0 (33)

1) the origin of the closed-loop system xa(k + 1) =
Joty(@(k)) = Anan (k)+Bauj (k) is locally stable;
2) If there exists a finite time kg > 0 such that g(k) =
g € G for all k > kg, then the closed-loop system
an(k+1) = foum)((k)) = Ayvan (k) + Byuy (k)
is asymptotically stable with the region of attraction

X%O)»Np

Proof:

1) Since the overall system f,(za(k),un(k)) =
Anzpn(k) + Byupa (k) is linear and the constraints
X4, and U}, are polyhedral for each g € G, the value

function J 9Ny Xg » 7 — R>q is continuous for each

geG accordrng to Theorem 2.7(b) in [21]. Therefore,

the set

Np*
sup 37 (an)}gea

zNEXQ Np

{0, =

is bounded and finite by the continuity of J3 ;( ) and

the compactness of Xg’ >, Sinc Jf\'/( N " (zar(0)) is
finite, set for all g € G
(0),N _
Yo 2 G @ (0) 716, +2g), Veg > 0.
Then for any z € Xf’\}N”, Vg € G, we have
T ) <0y <05+ ey <TG (@),
(34)
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where v £ max,e{7,}. Hence, (30b) is satisfied
within topology g € G. Let k, be the switching instant
with g(ks — 1) = g and g(ks) = h. Then, if zar (ks —
1) € Xg’ P, xpn(ks) € th\, Vh E ‘G, according
to Proposnlon 11. As a result, JN (xN(k ) <

Ja(’(’) (2(0)) according to (34). Thus, (30b) is also
satlsﬁed when the switching of topology occurs. Set-
ting @ £ min{ay }yee and b = max{b,},ecq, by (31)

and (33), we have, for all x5 (k) € Xf\}Np,

Bi(len(k)) < JG (@ (k) < Br(lea (R,

where  By(an(kK)) = all#i(0/k)[2 and
Bo(lzar(k)||) = bl|&3,(0]k)||?. Thus, (30a) is satisfied.
Therefore, by Lemma 13, the closed-loop system
an(k+1) = foum)(@(k)) = Avan (k) + Byuje(k)
is locally stable.
2) The asymptotically stability of the closed-loop system
ax(k+1) = fou(@(k)) = Avan(k) + Byui(k)
is immediately implied by Proposition 12.
|
Based on the proof in part 1, we can guarantee the stability
of the closed-loop system as long as the recursive feasibility
of the overall system is assured.

IV. SIMULATION

To assess the performance of the proposed control scheme,
we use a system that consists of three interconnected sub-
systems as an academic example. The dynamic and the
constraints of subsystem i € A" = {1,2,3} are respectively
given by

zi(k +1) =Axi(k) + Biiui (k)+
> (Aijz;(k) + Biju;(k)), (35)
J#i
and
X;={z; e R?: (-2,-2) <=; < (2,2)}, (36)
U, = {’U,l eR:-05<u; < 05} 37

For ¢ = 1, the matrices that describe (35) are provided by

0.5 0.2 0.05 0
An = < 0 0.4) iz =i = ( 0 0.05) ’

0.5 0
By = < 1 ) ,Bi2 = Bz = (0'15> .

Then, for ¢+ = 2, the matrices describing (35) are

06 0.3 0.04 0
Az = ( 0 —0.5) Az = Az = ( 0 0.04) ’

0 0
By = (1) ;B2 = Bas = (0.15> :

Finally, the matrices that describe (35) for ¢ = 3 are

0.6 —0.2 0.05 0
Ass = ( 0 03 ) Aa = Ase = ( 0 0.05) ’

0
B33 = (O 5) B3, = B3y = (0.15> .

Al [e--+| A2 |e--+ A3

Fig. 1. Communication network of agents

A set {Al, A2, A3} of agents connected via a commu-
nication network consisting of two links {I, I} rules the
subsystems independently, as depicted in Fig.1. Furthermore,
both links can be enabled and disabled at every time step.
Therefore, there are four possible topologies that might
be formed. All possible topologies and their corresponding
partition of agents are displayed in Table I.

TABLE I
THE LIST OF ALL TOPOLOGIES

No  Network Topology  Partition of Agents

91=0 I(g1) = {{A1},{A2},{A3}}
g2 = {1} I(g2) = {{A1, A2}, {A3}}
g3 = {11} T(gs) = {{A1},{A2, A3}}
ga ={I,11} II(g4) = {A1, A2, A3}

Eall el Bl e

In the topology gi, all links are disabled. As a result, each
agent forms a coalition of itself. The link I is enabled in the
topology go, accordingly agents A; and A, form a coalitions,
and agent A3 forms its own coalition. On the other hand, the
link I7 is enabled in the topology gs. Consequently, agents
Ay and Aj form a coalition in the topology gs. Finally, all
links are enabled in the topology g4, so all agents form a
grand coalition.

Given the system and the network topology, we then set
and compute some parameters. First, the weighting matrices
Q; and R; are set to

Q; = (100 100> , Ry =10, Vi eN.
Then, we set the dwell time of all topology g € G as 7, =
3 and the length of horizon prediction as N, = 7,. After
that, for all g € G = {¢1, 92, 93,94}, We compute matrices
K3, and P}, using the method in [9], and the set Z¢ using
Algorlthm 1 Based on K¢ and Z, we then calculate the
sets X9 and UY as X = Xg © 29 and U% = U% © KIZ§
for all C € H( ). Then,we compute the set T9 N for each g
using Algorithm 3. Finally, the sets ’]I‘g for all C € II(g) are
obtained by projecting T?\/ to the state space of coalition C.

For example, for topology g = g1, which corresponds to
the case no agents are communicating, we have

4 = diag(Kg,, K&, K2.), P = diag(P¢,, PS., PY),

where
C= {Al}aCQ = {A2}7C3 - {A3}7
Kg = (-0.1332 —0.2651),KJ = (—0.0141 0.2131),
14.8443  0.6639
K¢, = (-0.2773  —0.0158) , P¢, = <0,6639 11.5167)
po _ (183644 3.0565\ ,, _ (16.8463 —3.1652
€2\ 3.0565 13.6719) "G — \—3.1652 13.0495

Then, the sets @gl, @gQ, and @gd are given by

U, = {a1 € R: —0.3206 < 4y < 0.3206},
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UZ, = {i2 € R: —0.3906 < @y < 0.3906},
and
UZ, = {i2 € R: —0.3209 < i1y < 0.3209}.

Furthermore, the sets Z2', Xgl, and ’ﬁ‘f’; for all C € TI(gy)
are depicted in Fig. 2, Fig. 3, and Fig. 4.

Fig. 3. The sets Xg;, 'ﬂ‘glz, and Zg;

We establish a simulation by considering two scenarios
for the network topology. In the first scenario, the network
topology is fixed for all of the time as g4. Hence, scenario 1
corresponds to the centralized MPC scheme since all agents
form a grand coalition. Then, in scenario 2, the network
topology is periodically modified using Algorithm 2 at every
multiple of 7, with initial topology g(0) = g4. Therefore, the
set of switching instants 7 is 7 = {1gk : k € Z}.

To set the initial state of each subsystem, we firstly deter-
mine the feasibility region Xﬁ’\‘}’N” by employing Algorithm
4, and then project it to the state space of each subsystem.

1.5¢

91 = g1 g1
X, T 12,

-0.5 0 0.5 1 15
T31

15k ‘
-1.5 -1

Fig. 4. The sets Xg;, 'ﬂ‘g;, and Zg;

Fig. 5 below depicts the feasibility region of subsystem 1.
Since the feasibility regions of subsystems 2 and 3 are same
as the feasibility region of subsystem 1, we don’t provide
the figure of those regions. By setting the initial state of
each subsystem as z1(0) = (1.5, —1.5), 22(0) = (1.5, —1.5)
and z3(0) = (—1.5,1.5), and the cost of an enabled link as
¢ = 0.1, the simulation results for 10 time steps are depicted
in Fig.6, Fig. 7, and Fig. 8.

25¢
ol
15+
1k
0.5F
= 0
8
0.5
Ak
15F
2+F
25 | | ; ‘ | ‘ : | ‘ ;
25 2 415 -1 05 0 05 1 15 2 25
T11
Fig. 5. The feasibility region of subsystem 1

Fig. 6 and Fig. 7 show the state and input trajectories
of all subsystems for both scenarios. We can observe that
both scenarios result in an asymptotically stable closed-
loop system and a feasible system. In addition, the state
trajectories of both scenarios are very close. Particularly, the
trajectories {u;(k)}7_, and {x;(k)}3_,, for all i € {1,2,3},
are equal for both scenarios since the network topology for
both scenarios are equal to g4 for £ = 0,1, 2. Fig. 8 depicts
the topologies for scenario two that are active during the
simulation. Based on the set 7 above, the topology is revised
at time steps 3, 6, and 9. We can see from Fig. 8 that
g(3) = g3 and g(6) = ¢g(9) = g1. This shows that when
the state of all subsystems is around the origin, the topology
g1 is activated. We can observe from Fig. 6 that the state of
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Scenario 1 Scenario 2

lower than the total cost for scenario 1. This means that our

; —n ..
2 z“ 2 . proposed control scheme has a control performance similar
-=- 12 . . .
g o \,\_________ 5o &——————— to the centralized MPC scheme with a lower cost.
4 ’
ol ol TABLE 1I
o2 4 I 6 &8 w0 o2 4 i 6 8 10 TOTAL COST FOR BOTH SCENARIOS
2 Scenario ! Z21 2 Scenario2 —29 Scenario 1 Scenario 2
-==T22 - == Al ,
3o IR\ — a o :R‘ — (Centralized MPC)  (Coalitional MPC)
‘ ’ Total Cost 196.7172 193.6126
2 2
0 2 4 6 8 10 0 2 4 6 8 10
k k
0 Scenario 1 |—— 4, 0 Scenario 2 "
. e C - Ta V. CONCLUSION
M 32 N == =3

S o /,-————— 2o /,-———— In this paper, we investigate a coalitional MPC approach

for a system consisting of interconnected subsystems. The

o 2 4 6 8 M0 0 2 4 & & 10 approach seeks the optimal trade-off between the control

performance and the communicational cost by periodically

altering the network topology, which induces a collection

Fig. 6. The state trajectories of subsystems

of coalitions. Each coalition computes the value of its

corresponding input variable by employing a decentralized
MPC scheme. The recursive feasibility of the system is
Scenario 1 _ Scenario 2 guaranteed under the assumption that DS-RCI sets exist. It

is shown that the recursive feasibility implies the stability of

S 00 S the closed-loop system. Moreover, the closed-loop system

U2

-0.2

04 0.4

k k [1]

0.4 0.4

02 K Z o2 K 2]

k k [3]

us3

Fig. 7. The input trajectories of subsystems [4]

[5]

Q
B
L g
L]
L]

[6]

Network Topology
«Q
w
L]
L]
L]

[7]

«Q
T
L]
L]
L]
L]

0 1 2 3 4 5 6 7 8 9 [8]

Fig. 8. The dynamic of network topology of Scenario 2 9]

all subsystems is around the origin is at time step 5. Table [jq)
IT presents the total cost for both scenarios that are defined

as (1]

10 .
SR @ac k) + clg(R))).

k=0 [12]

It can be observed that the total cost for scenario 2 is

0 0 is guaranteed to be asymptotically stable if the network

k k topology is finally fixed. Simulation results show that the
Scenario 1 Scenario 2 proposed control approach provides a control performance
similar to the centralized MPC approach with a lower cost.
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