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Finite Time Adaptive Control for Nonlinear
Systems with Input Delay

Guangyu Li, Xinyu Ouyang*, Nannan Zhao, Feng Zhang, and Mengzhou Tang

Abstract—The main task of this paper is to control a class
of nonlinear systems with input delay in finite time. The Pade
approximation approach is used to reduce the impact of input
delay. In addition, unknown functions are approximated by
fuzzy logic systems (FLSs). Then the adaptive controller is
intended by backstepping technique, which make sure the the
stability of the system in finite time and also the close-loop
signals are bounded in finite time. Finally, a simulation shows
that the proposed method is effective.

Index Terms—finite time, input delay, nonlinear systems,
adaptive controller, backstepping method, fuzzy logic systems.

I. INTRODUCTION

S we all know, nonlinear systems exist in various

domains. So far, scholars worldwide have done much
research on nonlinear system control and put forward various
control schemes, for instance, adaptive control [1-4], fuzzy
control [5-7] and neural network control [8, 9]. However,
because of the nonlinear system’s complexness, some chal-
lenging issues still require to be additionally studied.

Time delays occur in network transport and biological,
physical, and chemical changes. In the work of networked
management systems, mechanical transmission systems and
other systems, input delay can invariably occur. Usually, the
existence of input delay can affect the steadiness of the
system and cut back the system’s performance. Therefore,
the way to eliminate the adverse impact of input delay on
the system has become a research hotspot within the system
control field. In [10-12], the authors designed controllers
and analyzed the stability of linear systems with input
delays. Compared with the control of input delay in linear
systems, it is more complicated in nonlinear systems. In
[13], Pezeshki et al. designed the new Lyapunov-Krasovskii
functions and combined free weighted matrices and average
residence time techniques to propose new stability conditions
for nonlinear systems with input delays. In [14—16], the Pade
approximation methodology was used to contend with the
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influence of input delay. In addition, [17] on the basis of
Pade approximation methodology, the compensation systems
were added to further reduce the impact of input delay on
nonlinear systems.

Furthermore, in engineering, we need the system to be
stable within the shortest time. Therefore, many scholars
are not satisfied with the analysis results of the asymptotic
stability, and gradually begin to study the finite time stability
analysis methods. In recent decades, with the study of finite
time stability, finite time control of nonlinear systems has
achieved rich results [18-23]. In [22], Liu et al. designed a fi-
nite time controller combining event-triggered and prescribed
performance control. And then in [23], under the condition
of finite time stability, the author considered the case of
unknown disturbance and actuator failure of the nonlinear
systems.

If there are time delays, the finite time stability of the sys-
tem is a great challenge. At present, the finite time control of
linear time-delay systems has been gradually improved [24],
but it will be more difficult to study in nonlinear systems.
Now, finite time control still has limitations in nonlinear
time delay systems [25-27]. Therefore, it’s necessary to more
study the finite time control problem of nonlinear time-delay
systems.

The research content is to cut back the influence of input
delay links in nonlinear systems and design controllers to
fulfill the finite time control conditions. The main work is as
follows:

(1) Introducing Pade approximate technology to reduce the
effect of time delay. In addition, fuzzy systems are used to
eliminate the influence of uncertain functions.

(2) The created controller can guarantee the system’s
stability in a finite time, and all signals are bounded.

The remaining structure of this paper is as follows. Section
IT provides the problem description and main lemma. Section
IIT introduces the controller design theme. The simulation
results and conclusion are provided in Section IV and Section
V respectively.

II. SYSTEM DESCRIPTIONS AND PRELIMINARIES
A. Problem Formulation

Consider a class of nonlinear system with input delay as
follows

& = wipr + fi(T) + di(T4, 1),

jj” = U,(t - T) + fn(in) + dn(i"rut)a (l)
Yy =2,
where #; = [r1,29, - ,2]T € R(i = 1,2,---,n)

represent the system state vectors; y € R is the system
output; u(t — 7) indicates the control input with time delay,
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T represents the known input delay; f;(-)(: =1,2,---
the indeterminate functions; d;(-)(i = 1,2,---
unknown interferences.

The aim of the study is to construct a controller that will
stabilize the system in finite time. At the same time, the
system output signal y can track the reference signal y, in
finite time.

For achieve the control effect, the following assumptions
are proposed.

Assumption 1: The unknown disturbances d;(-)(i =
1,--+,n) existence limit. Inequality |d;(-)] < D; holds,
where D;(i = 1,--- ,n) are positive constants.

Assumption 2: The reference signal y, and y,»(i)(i =
1,2,-+- ,n) are known and bounded, where y, () represents
the th derivative of ,..

Use the Pade approximation approach proposed in [28, 29]
to cut back the influence of input delay within the system
(1). From [29], one has

Cfult =)} = e eu(t)} = - Hu(t)}

1—7s/2
g1+‘rs§2§€{u( )}

n) are
,m) are the

2)

among them /¢{u(t)} represents the Laplace transform of
u(t), s is Laplace variable. Next, we introduce \,, and let it
satisfy the following equation

(1—7s/2)
Hu =U{A} — Hu(t)}. 3
T O} =00} — (). ®
Therefore, according to the above formula, we can get
An = =1An + 21, “
where n = 2/7.
Thus
u(t —7) = A — u(t). %)

Substituting (5) into (1), the system (1) can be written as
follows

&y = wip1 + [i(20) + di(24, 1),
Tp = fn(zn)+>\7L —u+dy, (xvu )7 (6)
Yy=2=a1.

After introducing )\,, similar to [29], we consider the
problem of later system controller design and establish the
following compensation system

i = X1 — @i\,

At = =20 = gu1 s, ()
A = —nAn + 2nu,

where the design parameters ¢q; > %, g > 1, ¢ =
2,3,---,n—1

B. Fuzzy Logic Systems (FLSs)

In this study, fuzzy logic systems are introduced to deal
with uncertain functions. Use the following IF-THEN rules:

IF a1 is N, @ is N&, ..., @ is N,
THEN y is M,
where © = [v1,29, - ,2,|T € R™ indicates the FLSs

input; y is the FLSs output; N;* and M* are fuzzy sets;
whereas pn: (x;) and upr (y) are Membership functions; the
number of fuzzy rules is represented by ¢(¢ = 1,2,--- ,m).

The FLSs can be described as

i: Uj lnj pne ()
ya) =" , @®)
5 [ fv:0)

where §; = max{un (y)|y € R}.
The membership function is shown below

where ¢(z) = [é1
[?jtha T agL}T = [W17 WQ» T
can be written as

-, ¢,(z)] and let W =
,W,]T. Then the FLSs (8)

y(z) = Who(). 9)

Lemma 1: [5] For any smooth function f(z) on the set
A, there is a scalar quantity € > 0 to establish the following
inequality

sup|f(z) — We(x)| <,

zeEA

(10)

where ¢ is estimation error.

C. Finite Time Stability

Definition 1: (see[19]) For nonlinear system ¢ = f(¢), if
there is a constant € > 0 and 0 < T'(g,¢p) < 00, so that

sl <et>to+T,

where ¢(tg) = ¢o. As a result, the system is semi-global
practical finite time stable(SGPFS).
To achieve the control objective of the system, the follow-
ing lemmas need to be introduced.
Lemma 2: For z; € R, i = 1,2,---
following formula holds

n n
lal) < S Jal <n'
=1 =1

Lemma 3: [30] When § and ¢ are arbitrary values, and
p, o and p are arbitrary positive constants, the following
inequality is true

,n, 0 <1l <1, the

n

OB

i=1

(1)

L Pl a2)

p+a

Lemma 4: [19] In terms of the system § = g(8). V(4)
is a positive definite smooth function, and there are ¢ > 0,
0 < B <1,and h > 0, one has

V(6) < —cVB(8) + H(t > 0), (13)

then the system § = g(8) is SGPFS.

III. ADAPTIVE CONTROLLER DESIGN

This section introduces the adaptive fuzzy controller de-
sign method and analyzes the stability of the system (1).
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A. Controller Design

Before designing the controller, a set of state coordinate
transformation is introduced.

er =y —Yr — A1,

€ =T — i1 — Ai, (14)
— _ 1
€n = Tn Qn—1 + n)\na
where «;(i = 1,2,---n — 1) are virtual controllers.
Step 1: Choose a following Lyapunov function
1 " 5
m:§£+7ﬁ7 (15)

where 6, = 6; — 0y, 6; is an estimate of 6;, and 1 > 0is
the design parameter.
By (6), (7) and (14), we can get

é1 =k — P — M
=es+aq + fi+di — U + @11

Then, one has

Vi =e1é1 — 11616,

_ . (e
=ei(ea + a1 + fi +diy — 9r + @1 M1) — 110161
By Young’s inequality, one has
e2D?  a?
dy < 2L+ 2L 17
e1ar < 202 + 5 (17)

Substituting (17) for (16), the following inequality holds

61D2

Vi <ei(ez +ai+ fi + o2 21 —Ur +q1\1)
ai
(18)
T
+? —710101.

Then, defined Fy(X1) = f1 + e1 D} /203 + A1, X1 =
[21, 9, M]T. According to Lemma 1, Fy(X;) can be ap-
proximated by FLS W{'¢;(X). By giving a scalar quantity
g1 > 0, and an approximate error &1 (X1 ), we can get

Fi(X1) = Wi n(X1) 4+ 61(X1), [61(X1)| < e (19)
Using Young’s inequality, we can get
e1 F1(X1) =er [W 61 (X1) + 61(X1)]

<€%HW1||2<I51(X1)T¢51(X1)Jrg2 ef | et

1 —
= 22 2 T2ty
e20 X)) o (X 2 e g2
S11¢71( 1)2¢1( 1)_'_&_~_71_'_717
202 2 "2 72
(20)
where 6, = |[W;||* and there is positive constant p;. Then,
combine (20) with (18), we can get
e16010T e . Y
Vi < 61(624—%4—44—@1—%)4—}11—719191, (21

2p? 2

2 2 2
where hy = G + 2L + 3L
Based on the preceding information, the virtual controller
is selected as follows

1 251 e1b19] ¢

ap = —ge1 = e 202 + Urs (22)

where c¢; > 0 is an optional parameter. Now, we can get

. 20,¢T -
W < _Cle%ﬁ + % +h1 — 70101 +erea, (23)
1
and choose the following adaptive law
. 2T
b= GO0k, (4)
2v1p7
where kp is an optional positive constant. Then
Vl < —016?6 + k1719191 + hi +ejes. 25)
Step 2: Choose the Lyapunov function as follows
1 ~
Vo=Vi+ 56+ L8, (26)

where 52 =0y — ég, ég is an estimate of 65, and 75 > 0 is
the design parameter.
By (6), (7) and (14), we can get

€y =Ty — G — A2

(27
=e3 + as + fo+do — A1 + g2 o
Then, derivation of V5 as follows
Vo < — Cleiﬂ + kl’hélél + h
+es(er +eg+as+ fo+dy—dy (28)

+42)2) — 720205,
By Young’s inequality, the following inequality is true
e3D? a3
dy < 222 4 2
k=g Ty

Substituting (29) for (28), the following inequality holds

(29)

Vo < — 13?4+ k10161 +
eaD3 .
+es(er +es+ax+ fo+ =5 — 1+ g22)

2
242 (30)

2 .
+% — 720205,

Now, defined F5(X3) = e1 + fo +62D§/2a§ — 1 + oo,
Xy = [a:l,zg,yr,yr,)\l,)\g,él]T. According to lemma 1,
give a scalar quantity e5 > 0, by using FLS Wl ¢o(X5) to
approximate F5(X5), there has

F5(X5) = W5 ¢2(X2) + 02(X2), 02(X2)| < eo,

where d5(X5) is approximate error.
By Young’s inequality, the following inequality is true

eaFo(X2) =e2[Wy ¢2(X2) + 62(X2)]
<€§HW2||2¢2(X2)T¢2(X2) Py e &

= 22 TRty
<6§92¢2(X2)T¢2(X2) +é+€j+§
= 22 2 2 2

(31)

where 6, = ||Ws||? and there is positive constants po. Then,
combine (31) with (30) ,we can get

VQ S — clefﬂ + kl’ylélél + hg

20203 o
203

€2

+eo (63 + ag + + 9 ) (32)

—72§2é27
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where ho = hq + 2 + p2 + 622
Construct the followmg virtual controller and adaptive law
to ensure the stability of the system

€2 28—-1 €2é2¢g¢2
Qpy = — 5 — 8262 — W, (33)
2 24T .
b, =292 Q;Q — kobs, (34)
2725

where co and ko are positive design parameters. Consequent-
ly, V5 is rewritten as follows

2 2
72(2]'6?& +ij7jaj9j +h2 +€2€3. (35)

j=1 j=1

Step ¢ (3 <7 < n—1): The Lyapunov function is designed
as follows:

V=V 1+—e + Lig2

56+ 502 (36)

where 9~Z =0, — éi, 97 is an estimate of #;, and ~; > 0 is the
design parameter.
By (6), (7) and (14), we can get

€ =& — Qim1 — A

. (37)
=ejp1 + oy + fi +di — i1+ g
Then, we have
1—1
Vi <— ch —|—ij%99 +hi1+ei1e;
= (38)
+€i(ei+1 +oa;+ A1 + fi Hdi — di1 — i
+aihi) — 7ibi0;.
Similarly step 1, the following holds
2p2 42
id; < = 4 L, 39
€ild; >~ 2a22 + 9 (39)

Substitute the above formula into (38) and the following
inequality is ture

i—1 i—1
‘./; < - ZC]E?B + Z kﬂjejej + hi—1
j=1 j=1
+ez(ez+1 + (673 + fz 2 2 + qz)\z difl + ei71>
a? Y
= - 20191
+ 5 Y
(40)
Defined F;(X;) = fi + elD2/2a + qidi — Qi1 +
e;—1, where X; = [:fz,yﬁl b )\2,92 1T with ¢ ‘(l R
[y'r'vy7(‘1)7 o Aay’g'lil)] 5 5\1, = [)\17A27" 7Az] and 97;,1 =
[91, 92, -+ ,0;_1]T. From Lemma 1, F;(X;) can be approxi-

mated by FLS W ¢, (X
and an approximate error d;(
follows

;). By giving a scalar quantity £; > 0
X;), the F;(X;) is written as

Fi(Xi) = W ¢i(X0) + 6i(X5), 16:(X5)] < e

Using Young’s inequality, we can get

eiFi(X) =eiW; i(Xi) + 6:(Xi)]
_GIWilPei(X) oi(Xi) | o7 el e
< 2m +otg sy
e20:0i(X:) ¢i(Xs)  p} € &
< ¥ +5 sty
(41)
where 0; = |W;||* and there are positive constants p;. Then,
combine (41) with (40), we have
i—1
V; < — ch —i—Zk‘]'yﬂ@ + h;
=1 (42)
eilidl di | e 5 A
+eieit1 + a; + 72%2’ + 5) — 7:0:s,

2 2 2
where h; = h;_q + “F2FE

Similar to the previous steps, a; and 6, are composed as
follows

€ 21 €ibiol o
ai:_i_cz’iﬁ T2 (43)
: 26T, n
b, =" o fl — kibs, (44)
27ip;

where ¢; and k; are positive design parameters. Consequent-
ly, V; is written as

7 )
V, < - che?ﬁ + Z kj’}/jajoj + h; + ee;11.

j=1 j=1

(45)

Step n: The following Lyapunov functions will be con-
sidered
1 Tn 52
‘/n - Vn 1+ 5671 + 97” (46)
where én =40, — én, @n is an estimate of 6,,, and y,, > 0 is
the design parameter.

By (6), (7) and (14), we get the derivative of e,, as follows
€n =Ty — Qp_1 + 7Xn
n

:fn + A —u+dy — b

1 47
+ 5(_77/\” + 2nu)

:f’n +u+dn — Q1.

Then, get the derivative of V,,

n—1 n—1
Vo <= e’ + D kyifs0;
j=1 j=1

(48)
+ hn—l + en(en—l + fn

+u+ dn - O.‘n—l) - "Ynénéna

where
2 12
exD: a

2
i < n.
Cnlin = 73 5

(49)
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Substituting the above formula into (48), we get

n—1
Zc] T+ k0,05 + hnoa
Jj=1
D2
+en(en—1+ fn +u+ 202 — 1) (50)
a? ~ i
= — nenen
+ 9 o’

Similar to step 4, defined F,,(X,,) = ep—1+ fn + zaDj‘ -
Gp—1, Where X,, = [;fn,gﬁ” b . An,0n_1]. From Lemma 1,
we can get

Fo(X0) = W on(Xy) + 6,(X0), 60(X0)| < e,

where ¢, > 0 is a scalar quantity, and 0,(X,) is an
approximate error.
By Young’s inequality, the following inequality is true

enFn(Xn) =en W, én(Xn) + 60 (X))
nHWn” Pn (X )T¢W(Xn) +ﬁ e
2p2 2

2) 0u(X)  ph €
202 2 2

< G%Qnd)n (

(S

where 6,, = ||[W,||” and there is a positive constant p,,. Then
(50) can be rewritten as

V, < — ch

+ka99 + hy,

J ! (52)
en n n €En A

a2 p2 62
where hy, = h, 1+ 3 + 3+ 3.
To ensure the system’s stability, the input » and adaptive
law are selected as follows

u = _&n cnefffl — M’ (33)
2 2p}

A 2 T A~

= DOy G (54)
29np;

where ¢, and k,, are positive design parameter. Consequent-
ly, V,, is rewritten as follows:

Vn S - ZCj@?'B + ijp)/jéjéj + hn

j=1 j=1

(55)

B. Stability Analysis

Theorem 1: 1Tt is considered that the nonlinear system (1),
(6), adaptive law (24), (34), (44), (54), controller (53), and all
system signals are SGPFS. The output signal can effectively
track the preset signal within finite time under the condition
that the Assumption 1 and the Assumption 2 holds.

Proof 1: Let V=V, , the inequality from (55) is the
following

n
. s
V=) e
=1

+ Z kij’}/jéjéj + hn (55)

j=1

According to the interpretation of 6, and Yang’s inequality,
the following formula holds

(55)

Then, (1) becomes
. n 1 n
2
V< —Z:lcjej _iz:lkm
J= J=

where define ¢ = min{c;, k;,j =1,
2 then (1) is written as follows

n "Y'~
) e 50
j=1
i 52\ Y o
15 i) —c;ﬁj

k‘j’}/jejg- + hn

ka92+hn, (55)

2,---n}. Apply Lemma

=
I

V< —28¢(
j

3
Il
-

+ ¢

J

+

N~
[

J

Il
—

n

Apply Lemma 3 to the formula ¢( Y. 262)% with § = 1,

277
j=1
S = Z%é?,andp:l—ﬁ’a:ﬁandM:5% toget
j=1
that
Z%02ﬂ<cl— ,u+cZ%02. (55)
Then, (1) becomes
Be( - e? — 7
Vv < -—-2%¢c - 13
Q) -5
Jj=1 j=1
+e(l=Bu+= kaeﬂm .
Using Lemma 2, there are
V<-evit o, (55)

where

¢ = min{2%¢, c},

H=cl-8)u+= Zkﬂ]92+h

j 1

According to lemma 4(refer to lemma3 of Wu), we
let T*= =55 (V' 7(e(0),0(0)) — (r255) " ~7/7] with
0 < o < 1, e(0) = [61(0),62(0), o ,en(0)]T and
0(0) = [91(0) 92(0) -+ ,0,(0)]F. Thus, for any t > T*,
VAB(e,0) < {i=5)z- That means V), is SGPFS. Therefore, it
can be seen that e; and 0 are bounded. From (53), we can
know that u is bounded. Thus, define a constant b; > 0 , it
makes |u| < by.

Now, we need to prove whether ); is bounded. Consider
the following Lyapunov function

1 n
=324
j=1

(55)
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then, by deriving, one has

n—2 T T T
) 1 —y(®
Va=> Aihit1 —@idi) 4+ Ac1(—==An — Gn1An_ y
" ; S m o) A et 15f o A

+ A (—=1An + 2nu)
< =D @A b < —ea ) AT+l
j=1 =1

where 7 :ql_%’ Qi:qi_17i:2537"'n_2’ qn—-1 =

Q-1+ % — %, Gn = ﬁ and ¢y = min{g},(i=1,---,n).
By Lemma 3, we get
n ﬁ n
| <Y xra-perr 6 , . . .
=1 =1 0 5 10 15 20 25
Substituting (1) into (1), one has time/sec

B
o 8 n /\? 2 . 5 Fig. 1. Reference signal y,(t) and system actual out y(t) .
— —L — 1-5
A< —on Z 5 | T+ (1-5)8
Jj=1
< —aVi+ Hy,
8
where ¢\ = 327 and Hy = nb? + (1 — §)B7-7.According 10 T T T T
to Lemma 4, it can be proved that \; is SGPFS. By (14), it
can be deduced that z; is SGPFS. 0
Besides this, from the definition of V/, it can be seen that
for Vt > T*, the following inequality holds
-10 .
— | < 2(—) 78, 55
=l < 2= g52) R
Therefore, the Theorem1 can be proved. 201 1
IV. SIMULATION EXAMPLES 30t _
The efficacy of the developed controller is verified in
this section using a simulated example. First, consider the
following nonlinear system with input delay and outside -40 : l l l
. 0 5 10 15 20 25
disturbance time/sec
iy = x2 + fi(z1) + di(21,1),
By = u(t N 7_) + fo ($1, :EQ) +dy (xh T2, t), (56) Fig. 2. The system actual control signal .
Yy=12=a,
where z1 and zo are the system state vectors, y indicates
the system output. 7 = 0.01 represents the input delay; 05
the external perturbations are d; (x1,t) = 0.01 cos(¢) sin(x1) ' ' ' ' - F
and do(z1,22,t) = 0.01cos(t)sin(xixe); the nonlin- . _él
ear functions fi(x1) = 0.1sin(z1), fo(z1,22) = 0.4} 2
0.1sin(x1) cos(z2). The target function selected for tracing 0.08 v
is y, = sin(t). = 0.06 X
The compensation system introduced is as follows: o 03 B
=
AL = *%Az — Q1)1 § 004 I'
- 202 0.02}, |
Ay = *77)\2 + 2nu. < \\
The parameters in the simulation are designed as ; = 4, 01l O0 ~ N . |
Y2=05 k1 =5 ka=10,c1=3,c2 =5, q1 =11, p1 =4, ' !
p2 = 4, B = 99/100. The selected initial system condi- 1
tions are [z1(0),z2(0)]T = [1.5,-0.3]T, [61(0),02(0)]T = ok : : : :
[0.5,0.5]T and [A1(0), A2(0)]T = [0, 0]T. Figs. 1-4 shows the 0 5 10 15 20 25
simulation results. Fig. 1 represents system output (¢) and time/sec

reference signals y,-(t). Fig. 2 represents the actual controller
u of the system and Fig. 3 is adaptive laws 6, and 65. Fig.
4 is tracking error.

Fig. 3. Adaptive law él and ég.
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Tracking error

1.5
1 -
0.5 1
O -V\/\/\/\.}
05 \ \ \ \
0 5 10 15 20 25
time/sec

Fig. 4. The tracking error e;.

V. CONCLUSION

In the research, the finite time control method is applied
to the nonlinear system with input delay. Introducing Pade
approximate technology to reduce the effect of time delay. In
addition, fuzzy systems are used to eliminate the influence of
uncertain functions. The controller is designed by Lyapunov
functions to ensure the stability of the system.
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