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Adjacent Vertex Reducible Total Labeling of
Corona Graph

Li Wang, Jingwen Li, Chen Song, Lijing Zhang

Abstract—For an undirected connected graph G(p, q), where
p is the number of vertices and q is the number of edges, there
exists a mapping f: V(6) U E(G) - {1,2,--,p + q}, and the
sum of the labels of any two adjacent vertices of the same degree
in the graph is the same, being S(u) = f(u) + Yuwers) f(uUw),
then f is called Adjacent Vertex Reducible Total Labeling
(AVRTL) of the graph G. Based on the concept of Adjacent
Vertex Reducible Total Labeling, an AVRTL algorithm is
designed, which finds Adjacent Vertex Reducible Total
Labeling of any simple connected graph within finite vertices in
an iterative, circular fashion. The labeling rules of several
corona graphs were discovered through the analysis and
summary of the experiment results, and the relevant theorems
were further summarized. Finally, a conjecture was proposed:
if the graphs G and H are AVRTL graphs, then their corona
graphs G o H or H o G are also AVRTL graphs.

Index Terms—corona graphs, reducible total
algorithm, graph labeling

labeling,

I. INTRODUCTION

SINCE many complex problems in computer science can be
converted to graph theoretical issues and then solved
using graph theoretic algorithms, graph theory has a

significant theoretical and practical research value. Rosa et al.

introduced the concept of graph labeling in 1966 to resolve
the Graceful Tree Conjecture [1]. The presentation of the
conjecture established the foundation for the ongoing
development of graph labeling, even if the Graceful Tree
Conijecture is still under study. The study of graph labeling
has been further divided into categories by academics during
the following decades, including Elegant Labeling,
Harmonious Labeling, Graceful Labeling and Magic
Labeling. The literature [2] is where Vertex Magic Complete
Labeling initially gained traction. Many scholars have
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studied special graphs and certain graphs that are more
readily inscribed in order to produce a wide range of research
findings on Vertex Magic Total Labeling. The well-known
Total Chromatic Number Conjecture was independently
formulated in 1965 by M. Behzad and V.G. Vizing [3]-[4],
respectively. On the basis of Vertex Distinguishable Proper
Edge Coloring, literature [5] proposed the concept and some
conjectures of Adjacent Strong Edge Coloring of graphs.
Both domestic and international specialists have conducted
extensive research [6]-[8] on this topic. The concepts and
corollaries connected to Reducible Coloring were thoroughly
discussed in the literature [9] in 2013.

The deployment relationships in sensor networks can be
represented visually by graphs with nodes and edges. The
weights of the edges reflect the amount of information
transported between the nodes, while the weights of the
nodes represent the energy expended by the network's
computers or servers. In special circumstances, transmission
paths between adjacent nodes of comparable importance are
required to maintain equal energy consumption, and as many
different path types as possible could be maintained. This
paper builds constraints by the definition of Adjacent Vertex
Reducible Total Labeling. Combined with the above
real-world issues, designs a novel heuristic algorithm that can
solve the problem of Adjacent Vertex Reducible Total
Labeling of special graphs and their joint graphs within finite
points. The labeling properties of several kinds of crown
graphs were discovered in accordance with the experimental
results, several theorems were summarized, and proofs were
provided.

Il. PRELIMINARY KNOWLEDGE

In this paper, G(p, q) is a simple connected graph with p
vertices and q edges. F,, is a fan graph with central node v,
and contains m fan vertices. A wheel graph W, is defined as a
graph with n + 1 vertices, and the central node w, is adjacent
to the remaining n vertices.

Definition 1: If G(V, E) is a simple undirected connected
graph, and there exists a bijection f: V(G) UE(G) —
{1,2,--,|V| + |E|}, for any two adjacent vertices uv € E(G),
if diu)=d(v), we have S(u) =S(v), where S(u) =
f@) + Xuwer) f (uw), d(u) denotes the degree of vertex
u, then f is said to be the Adjacent Vertex Reducible Total
Labeling of the graph G, or AVRTL for short, and graph G is
an AVRTL graph. If a graph does not have an AVRTL, it is
said to be a NAVRTL graph.

Definition 2: The graph L.(G) denotes the r-corona graph
of graph G, which is the graph created by attaching
r-suspended edges on each vertex of the graph G. The
1-corona graph, also known as the crown graph, is denoted as
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I(G). The set of endpoints of the r-hanging edges bonded at a
vertex v of G is referred to as the r-hanging points, denoted as
v*, two examples are shown in Figure 1.

Uz Uz Uy

Usg

Uzr Uy Uzz
(@) I3(Py)

Uy;; Uz Ujs

Ug, Uz;

Usg Uz

Uyz Uy
(b) 1,(Ce)

Fig 1. Examples of I.(G) graph

Definition 3: For any given graph G and H, duplicate H
first based on the number of vertices in graph G, then suspend
H for each vertex in graph G, where each common vertex is
denoted by v, in H. The graph created in this way is known
as the corona graph of G, noted as G - H. Two examples are
shown in Figure 2.

Uz Ui Usz  yg,

Uiz Uis

I1l. AVRTL ALGORITHM

A. The basic principle of the algorithm

The adjustment principle of the algorithm is built utilizing
the definition of Adjacent Vertex Reducible Total Labeling.
The adjustment function breaks the current equilibrium, and
then the balance is gradually restored. In this way, the final
labeling matrix of the graph G(p, q) is found to satisfy the
requirement that the sums of the labels of the neighboring
vertices of the same degree are the same, and there exists a
one-to-one mapping of the merged sets of point-edge labeling
values to {1,2,---,p + q}.

(1) Pretreatment function:

The graph set file is read, and the adjacency matrix
InitAdjust of the graph G, as well as other information, are
used to figure out the number of vertices, edges, initial
labeling sequence, classification set divided according to the
adjacency of two points, and other statistics.

(2) Adjustment function:

Step 1: Set up the adjustment principle, one of which is to
choose the current maximum number of labels to adjust, and
the other is to set the adjustment span of the label value to 1.

Step 2: The current adjustment matrix is modified, and the
backward function determines whether to back off. Until the
condition that the sum of the labels is the same is satisfied,
the intermediate matrix MidAdjust; is recorded.

Step 3: Loop iteration until the label value reaches the
maximum or MidAdjust; = MidAdjust; ., record the final
matrix FinalMatrix.

(3) Backward function:

Return False if the sum of the labels between neighboring
vertices in the same degree differs by more than 2 or if the
collection of labels is not continuous.

(4) Output function:

Output the adjacency matrix that finally satisfies the
labeling requirements.

B. Pseudocode of the algorithm

Input | The adjacency matrix of the graph G(p, q)

Output | The matrix satisfying the labeling requirements

1 read the adjacency matrix initAdjust of the
graph G

2 Calculate VertexNum, EdgeNum, maxLabel,
Samelist

/* VertexNum is the number of vertices,
EdgeNum is the number of edges, maxLabel is
the maximum value in the label set, and
Samelist is the set of adjacent vertices of the
same degree */

3 get FinalMatrix, flag = true
[*FinalAdjust is the final matrix */

while(flag)

fori < 0toVertexNum

ev+ +

if (The backward function returns true)

ey — —

O|o|Noo|o| >

end if

10 if (currentAdjust satisfies the equilibrium
condition) /* currentAdjust is the matrix being
adjusted */

11 MidAdjust; < currentAdjust

Fig 2. Examples of G - H graph

12 end if
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13 if (ei ==VerNum + EdgeNum ||
equalFun(MidAdjust;, MidAdjust;,,)

14 FinalAdjust « MidAdjust

15 break
16 end if
17 end for

18 if (FinalAdjust.maxLabel == p + q)

19 Output FinalAdjust

20 end if
21 end while
22 end

C. Analysis of the algorithm operation results

According to the experimental results, the following
clustered bar chart shows the change in the percentage of
AVRTL graphs versus NAVRTL graphs in the total number
of graphs within 6-10 vertices. It can be concluded that the
percentage of AVRTL graphs in the total number of graphs
tends to decrease as the number of vertices increases but still
accounts for the majority compared to NAVRTL graphs.
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Fig 3. Variation of the percentage of AVRTL and NAVRTL in the total
number of graphs within finite vertices

Figure 4 shows two AVRTL graph examples.
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Fig 4. Labeling results of two random graphs

IV. THEOREM AND PROOF

Theorem 1: AVRTL exists for the road graph P, when n > 3.
Proof: Let the set of vertices of B, be {u,, u,, -+, u,}, and the
vertices u, and u,, lie at the two ends of B,. B, has a total of
n vertices and n — 1 edges, as shown in Figure 5(a).

At this point, any two elements of the vertex set
{u,, us, -+, u,_,} are adjacent and of the same degree, both
of degree 2 vertices, and a mapping about f can be obtained as
follows.

f(ui):{i,lsign—l;

2n-1,i=n
Zn—lz—g,izl(modZ)
f(uu,) = . 1<i<n-1
n| i ..
2n—| = |-=-=1,i=0(mod 2)
2] 2

At this time, f(V)={1,2,--,n—1}uU{2n -1} and
f(E)={n,n+1,---,2n—2} , which gives V(G))U
f(E@) - [12n—1]and F(V(&)) n F(E()) = 0.

And  S(u) = f(u) + fuugeg) + fluu_g) = 4n —
[%J —2,2 <i<n-—1, which gives the same sum of labels

of all elements in the set {u,, us, -+, u,_1}. The vertices u,
and u,, have no adjacent vertices of the same degree, so it is
not necessary to consider the sum of their labels.

To sum up, Theorem 1 holds.

Theorem 2: AVRTL exists for the circle graph C,(n = 3)
when n = 1(mod 2).

Proof: Let the set of vertices of C,, be {u,,u,, -+, u,}, with
vertices u, adjacent to both u,, and u,. C,, has a total of n
vertices and n edges, as shown in Figure 5(b).

At this point, all vertices in the graph are adjacent and of
the same degree, all of degree 2 vertices, and a mapping about
f can be obtained as follows.

f(u)=il<i<n;

n .
f(uu,) :2n—bJ,

on-Li L o1mod2)

22
fUu) = |
Zn{

i
EJ—E,l =(0(mod 2)

1<i<n-1
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At this time, f(V)={12,---,n} and f(E)=
{n+1,n+2,-,2n}, which gives f(V(G)) U f(E(G)) -
[1,2n] and F(V(G)) n F(E(®)) = 0.

And S(uy) = flu) + fuuy) + fwu,) =4n+1—
l J S(un) = f(un) + f(ulun) + f(un—lun) =4n+1-
[ I SQu) = fw) + fwuer) + fwui—) =4n+1 -
[ J 2 < i <n — 1, which give the same sum of labels of all
e

lements in the set {u,, u,, -, u, }.
To sum up, Theorem 2 holds.

@ L o *——0
U; u; Uz Uy.g u,
(a)Pn
U; U,
u, Us
Us Uy
®Cy

Fig5. B, and C,

Theorem 3: If the graph S,,, represents a star graph with m +
1(m = 2) vertices, then AVRTL exists for S,,,.

Theorem 3 obviously holds according to the definition of
Adjacent Vertex Reducible Total Labeling.

Theorem 4: If the graph F, represents a fan graph with n +
1(n > 3) vertices, then AVRTL exists for F,.

Proof: Let the set of vertices of F, be {u,,u,, -, u,}, and the
center of the fan is u,. F, has a total of n + 1 vertices and
2n — 1 edges, as shown in Figure 6.

At this point, any two elements of the vertex set
{u,, us, -+, u,_} are adjacent and of the same degree, both
of degree 3 vertices, and a mapping about f can be obtained as
follows.

3n,i=0
fuy={"H
i-1,2<i<n-1
3n-2,i=n
3n-3,i=1
f(upy;)=yn+i-3,2<i<n-1;
3n-4,i=n

f(uu,) =3n—-i-4,1<i<n-1
At this time, f(V) = {1,2, ~,m—2}U{3n—-2,3n—
1,3n} and f(E)={n—1,n,---,3n—3} , which gives
f(V(G)) UF(E@®) - [13n] and £(V(@)) n F(EG)) =

S(u ) = fugttpea) + fuui—g) + fuue) + f(w) =
7n —11, 2 <i < n — 1, which gives the same sum of labels
of all elements in the set {u,,us,--,u,_1}. The vertices
ug, u;and u,, have no adjacent vertices of the same degree, so
it is not necessary to consider the sum of their labels.

To sum up, Theorem 4 holds.

Fig 6. F,

Theorem 5: If the graph W, represents a wheel graph with
n+ 1(n > 2) vertices, then AVRTL exists for W,.

Proof: Let the set of vertices of W, be {ug, uy, -, u,}, and
the center of the wheel is u,. The vertex u, is adjacent to
both u, and u,, W, has a total of n+ 1 vertices and 2n
edges, as shown in Figure 7(a).

Scenario 1: Whenn = 3

At this point, all vertices in the graph are adjacent vertices
of the same degree, as shown in Figure 7(b).

At this time, f(V) = {1,2,4,7} and f(E) = {3,5,6,8,9,10},
which  gives f(V(G) U f(E(G))-[1,3n+1] and
fF(V(®)n f(E(G)) = @. And the sum of the labels of all
adjacent vertices of the same degree is 24.

Therefore, AVRTL exists for W, (n = 3).

Scenario 2: Whenn > 4

At this point, any two elements of the vertex set
{u,, u,, -, u,} are adjacent and of the same degree, both of
degree 3 vertices, and a mapping about f can be obtained as

follows.
3n+1i=0
f(u)= ;
) {i,ls i<n
2n+i+11<i<n-1
f (Ugu;) = ' ;
(o) {2n+1,i=n
f(uu,) =2n;
f(uuy)=2n-i,1<i<n-1

At this time, f(V) ={1,2,---,n}u{3n+ 1} and f(E)
={n + 1,n + 2,--,3n}, which gives £ (V(G)) U f(E(G)) -
[1,3n+ 1] and f(V(G)) n f(E(G)) = ®.

And S(uy) = f(ug) + fuuy) + fuuy) + fuguy) =
6n +2; S(un) = fuguy) + f(Un-1un) + f(unuo) +
fun) = 6n+2; S(u;) = f(wniyg) + f(wiue) + f(w) +
fuu;_) =6n+2,2<i<n-1, which give the same
sum of labels of all elements in the set {u,, u,, -+, u,}. The
vertex u, has no adjacent vertices of the same degree, so it is
not necessary to consider the sum of its labels.

Therefore, AVRTL exists for W, (n = 4).
To sum up, Theorem 5 holds.

U;

uy
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6 /l{ 3
5 10
4 9 2
(b) a labeling result of W,
Fig 7. W, and a labeling result of W,

Theorem 6: AVRTL exists for the graph I.(F,) whenn >
3,r=2.
Proof: Let the set of vertices of I.(F,) be {uij|1 <is<n+
1,0 <j <7}, andu;(1 < i <n)is the common vertex of
the graph FE, and r hanging edges. I.(F,) hasnr + r+n+1
vertices and nr + 2n + r — 1 edges, as shown in Figure 8.
Scenario 1: Whenn = 3,r > 2

At this point, the vertices u,, and v, are adjacent and of
the same degree, both being vertices of degree r + 3, and the
labeling situation can be divided into two kinds.
(1) Whenn = 3,r = 2,r = 1(mod 2), a mapping about f

can be obtained as follows.

8i=1
2i=2

f(u)=1]9i=3"
5i=4

2+ jn+i+j-L1<i<n+ll<j<r

3,i=1
f(VoUip) =1L =2;

6,i=3
4i=1
f (ujoUg =4 ;
(U|OU(|+1)O) {7yi:2‘
B+r+j)n+r+i+j, j=1(mod?2) <r-1
@+r+jpn+r—i+j+2,j=0mod2) ~
1<i<4

fUpU) =9 [B+r)n+r+4,i=1
@B+rn+r+i,i=23 j=r
B+rn+r+li=4
At this time, f(V) = {2,5,8,9} u {10,11,---,3n + nr + r}
and f(E)={1,34673u{3n+nr+r+13n+nr+r+
2,-++,2nr + 3n + 2r}, which gives f(V(G)) U f(E(G)) -
[1,2nr + 3n+2r] and fF(V(®)) n F(E(G)) = 0.
And  S(uyo) = Xj=1 f(u20u2j) + f(uoUz0) + f(uz) +
[ (ugouzp) = %rz(n +1D)+@Bn+ %)r - % +15; S(uyp) =

f(ugo) + f(ugottro) + f(Ugouso) + Z;=1 f(u4ou4j) =
%rz(n +1)+@Bn+ %)r — 2+ 15, we can get the sum of the

labels of vertices u,, and v, is the same. The rest of the
vertices have no adjacent vertices of the same degree, so it is
not necessary to consider the sum of their labels.
Therefore, AVRTL exists for I.(E,)(n=3,r=>2,r =
1(mod 2)).
(2) Whenn = 3,r = 2,r = 0(mod 2), a mapping about f
can be obtained as follows.

8i=1
2i=2

fu)=1]oi=3 '~ :
Li=4

@+ j)n+i+j-L1<i<n+L1<j<r

5i=1
f(VoUyp) =44,1=2;
6,i=3
3i=1
f (UigU12y0) = {7,i _ 2}

f(Ujou;) =
{(2+r+ n+r+i+j-1j El(modZ)1<
B+r+jn+r—i+j+1, j=0(mod?2)

At this time, f(V) = {1,2,8,9} U {10,11,---,3n + nr + r}
and f(E) ={34567}u{B3n+nr+r+13n+nr+r+
2,+,2nr + 3n + 2r}, which gives f(V(6)) U f(E(G)) -
[1,2nr + 3n + 2r] and F(V(6)) n F(E(G)) = 0.

And  S(uzp) = Xj—q f(uzouzj) + f(ugouz0) + f(uz0) +
f(uyousg) = %rz(n +1)+ (3n + %)r + 16; S(uyg) =

f(ao) + f(Uaottro) + f(Usolso) + Yoy f(u40u4j) =
%rz(n +1D)+@Bn+ %)r + 16, we can get the sum of the

labels of vertices u,, and v, is the same. The rest of the
vertices have no adjacent vertices of the same degree, so it is
not necessary to consider the sum of their labels.

Therefore, AVRTL exists for I.(F)(n=3,r=2,r =
0(mod 2)).
Scenario 2: Whenn = 4,r = 2

At this point, any two elements of the vertex set
{20, uz0, *+*, Un-1y0} are adjacent and of the same degree,
both of degree r+3 vertices, and the labeling situation can be
divided into two kinds.
(1) Whenn = 4,r = 2,r = 1(mod 2), a mapping about f

can be obtained as follows.

i<n+l1<j<r

i,1<i<n-1
2n-li=n j=0 )
Fuy) = 2n,i=n+1 '

@+ jn+i+j-1i<i<n+1l<j<r

f (VoUip) = @+ P)N+r+i,1<i<n;

2n—%—g,izl(mod2)
f (UigUgiiay0) = 0l 1<i<n-1
Zn{—J———l,isO(modZ)
2] 2
f(Ujouy) =
3 . L
Errepnereivj=lmds) o ;o
(A4+r+ j)n+r—i+j+2, j=0(mod2) 1<i<n+1

@+rn+r—-i+2,j=r

At this time, f(V)={12,---,n—-1}U{2n—1.2n,
- 2n+nr+r} and  f(E)={nn+1,-2n-2}U
2n+nr+r+12n+nr+r+2,---,2nr + 3n + 2r},
which gives f(V(6)) U f(E(G)) - [1,2nr + 3n + 2r] and
fV@®)nfE@) = 0.

And S(us0) = f (wiottgirnyo) + f (wio) + f (WioUgi-1y0) +
i f (iotty) + £ (iove) = 2r2(n+ 1) + 2n — 5] +
(4n + g)r — 1,2 <i <n— 1, which gives the same sum of
labels of all elements in the set {u,,usg, ***, Un-1)0}- The
rest of the vertices have no adjacent vertices of the same
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degree, so it is not necessary to consider the sum of their
labels.
Therefore, AVRTL exists for L.(F,)(n = 4,r =2 2,r =
1(mod 2)).
(2) Whenn = 4,r = 2,7 = 0(mod 2), a mapping about f
can be obtained as follows.

3n-1i=1
i-1,2<i<n-1.
. j=0
f(u;)=1|3n-2i=n :
3n,i=n+1
@+r+jn+r+i+j-L1<i<n+l1<j<r
3n-3,i=1
f(VoUip) =4n+i-3,2<i<n-1;
3n-4,i=n
f(uiou(i+1)o)=3n—i—4,lﬁiSn—l;
f (UjoUy) =

2+ n+i+j-1 j=1(mod2 . :
{(H) +it+ -1 j =X )1<|sn+1,151£r

B+ jn—i+j+1, j=0(mod2)

At this time, f(V) ={1,2,--,n—-2}u{Bn+nr+r+
1,3n+nr+r+2,-, 2nr+3n+2r}u{3n—23n—
1,3n} and f(E)={n—-1,n-,3n-3}u{3n+13n+
2,--,3n+nr+r}, which gives fF(V(G) VU f(E(®)) -
[1,2nr + 3n + 2r] and F(V(6)) n F(E(G)) = 0.

And S(us0) = f (uig) + f (WioUg+1y0) + f (WioUg-1y0) +
¥ f(wiow;) = nTHrz + (3n +%)r +7n—-11 , 2<i<
n — 1, which gives the same sum of labels of all elements in
the set {uz0, Usg, =+, Un_1)0}- The rest of the vertices have
no adjacent vertices of the same degree, so it is not necessary
to consider the sum of their labels.

Therefore, AVRTL exists for I.(E,)(n=4,r =2, r =
0(mod 2)).

To sum up, Theorem 6 holds.

Proof: Let the set of vertices of S, o C,, be {uij|1 <i<
m+11<j<n- 1}U {(vo, v, v}, and 1y (0<i <
m) is the common vertex of C,, Sp,. Si © C, has a total of
mn + n vertices and mn + n + m edges, as shown in Figure
9.

At this point, in the vertex sets {ull,ulz, ---,ul(n_l)},
{u21’ U2, u2(n—1)}! T {u(m+1)1‘ Uim+1)2, """ u(m+1)(n—1)}
, any two elements in each set are adjacent and of the same

degree, and all are points of degree 2, and a mapping about f
can be obtained as follows.

2nr,i=0
f(u,;)= '
() {2nr—2n+i,1sisn—1

1<r<m+1
f(vov;) =2mn+2n+il<i<m;
2nr—n,i =0(mod 2)

f(UroUr(ngy) = <r<m+i;

1
2nr—n +E—I—l,i =1(mod 2)

2nr—l—1,izl(mod2)
2 2

f(UUyg) = n
2nr—{

. 1<i<nl<r<m+1
Nt i omod2)
2| 2

At this time, f(V)={12,--,n—1}u{2n+1,2n+
2,-3n—1}u---u{2mn+12mn+2,---,2mn+n —
1}u {2n,4n,---,2mn+2n} and f(E) ={n,n+1,:--,2n —
13u{3n,3n+1,--,4n—-1}Uu---U{2mn+n2mn+n+
1,--2mn+2n—1}u{2mn+ 2n+ 1,2mn + 2n + 2,
,2mn + 2n+m}, which gives f(V(G)) U f(E(G)) -
[1,2mn + 2n+m]and f(V(G)) n f(E(G)) = 0.

And we have S(urn) = f(ur(n—l)ur(n—z)) + f(urn) +
f(umur(n_l)) =6nr —2n — E] -11<r<m+1;

S(uri) = f(uriur(i+1)) + f(uriur(i—l)) + f(uri) =6nr —

2n—[§]—1,1SiSn—landlSrSm+1, we can
get that in the vertex sets {uy,usz, -, Uyno1y ) {Ua1, Usz,
Yy u2(‘n—1)}l Tty {umly Uma, ) um(n—l)} y the sum of the
labels of all elements in each set is the same. The rest of the
vertices have no adjacent vertices of the same degree, so it is

not necessary to consider the sum of their labels.
To sum up, Theorem 7 holds.

Fig 8. I, (F)

Theorem 7: AVRTL exists for corona graph S,,, o C, when
m2=2,n2=3.

u(m+1)3

Fig9. Sy o Cy
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Theorem 8: AVRTL exists for corona graph C, o B, when
n=3mz=2.
Proof: Let the set of vertices of C,, o B, be {uijll <i<
nl1<j< m}, and u;; (1 < i < n) is the common vertex of
C, and B,,. C, o B, hasatotal of mn vertices and mn edges,
as shown in Figure 10.
Scenario 1: Whenn = 3,2 <m < 3

At this point, any two elements of the vertex set
{uq1, Uyq, -, Uy + are adjacent and of the same degree, both
of degree 3 vertices, and a mapping about f can be obtained as
follows.

ni=1 .
. . j=1
f(uj)=qli-L2<i<n ;
(m+j-Dn+i,2< j<m,1<i<n
f(Uyly) =n+1

At this time, f(V) ={12,--,nju{mn+n+1,mn+
n+2,--2mn} and f(E)={n+1,n+2,---,mn+n} ,
which  gives  f(V(G) U f(E(G)) - [1,2mn]  and
fV@)nfFEG) =0.

And  S(uyq) = fugiuzr) + f(Ugitng) + f(ugqugz) +
fugy) = 6n+ 2;S(ws) = f(uptgenn) + fuatp) +
f(ui1u(i—1)1) +fuy) =6n+22<i<n—1;5w,,) =
fQunt) + fupiugg) + f(Upiun,) + f(unlu(n—l)l) =
6n + 2, which give the same sum of labels of all elements in
the set {u,4, Uy, *+, Uy +- The rest of the vertices have no
adjacent vertices of the same degree, so it is not necessary to
consider the sum of their labels.

Therefore, AVRTL exists for C,o B,(n >32<m<
3).

Scenario 2: Whenn = 3,m = 4

At this point, in the vertex sets {u;yuys, -,
ul(m—l)}' {Uzz’uzs’ ’uz(m—1)}' Ty {unz:un3: 'un(m—l)}!
any two elements in each set are adjacent and of the same
degree, and all are points of degree 2; any two elements of the
vertex set {u;q, U1, +, Ung + are adjacent and of the same

degree, both of degree 3 vertices, and a mapping about f can
be obtained as follows.

ni=1 .

. . j=1
{I—l,ZSISn

2mn—-2n+i, j=2 ;

jn+i,3<j<m-1 1<i<n
2mn—n+i, j=m

f(uy) =

fupgun) =n+L

f(UgUgay) =2n—i+11<i<n-1,
f(UUi(j50)) =

2n+i, j=1

(2m—2—EJ)n+i, j =1(mod2)

. 1<i<n
1<j<m

(2m—%-1—gJ)n+i, j =0(mod2)

At this time, f(V) ={12,---,n}u{3n+13n+2,--,
mn}U{2mn — 2n+ 1,2mn —2n + 2,---,2mn} and f(E) =
n+1,n+2,---,3n}uf{mn+1,mn+2, ---, 2mn— 2n} ,
which gives f(V(6)) U f(E(G)) - [1,2mn] and £(V(G)) n
f(E(@®)) = 0.

And S(u;;) = f(wjuig-n) + f(wjigen) + f(wy) =
4mn—2n—l%]n+3i,1 <i<n2<j<m-1,we can
get that in the vertex sets {uy,, Uz, Usemo1) b {22, Uzs,
.“)uz(m—l)};“.;{unZJun3;"';un(m_l)} y the sum of the
labels of all elements in each set is the same. S(u;;) =
fQu) + f(uilu(i+1)1) + f(uilu(i—l)l) + f(upup) =
6n+22<i<n—1;Swq) = fWiuz) + fuuyg) +
fuygung) + f(ug1) = 60+ 2, S(Un1) = f (Unatn-1)1) +
f(unlull) + f(unlunz) + f(unl) = 67’1 + 2, WhICh giVE the
same sum of labels of all elements in the set {u;q,uyq,
-+, U, ;- The rest of the vertices have no adjacent vertices of
the same degree, so it is not necessary to consider the sum of
their labels.

Therefore, AVRTL exists for C,, o B,(n = 3,m = 4).

To sum up, Theorem 8 holds.

u
un(m-l)/ "

Un-1)m
I Ugn-1)(m-1)

“ Umn-1)3

Uym

.\‘

Ugin-1) " Uy Uss

u
3V. U3(m-1)

Fig 10. C, » P,

Theorem 9: AVRTL exists for corona graph W, o C,, when
n=4,mz=>3,m= 1(mod 2).

Proof: Let the set of vertices of W, o C,, be {uij|1 <i<
n+11<j< m}, and v;(0 < i < n) is the common vertex
of W, and C,,,. W, o C,, has a total of mn 4+ m vertices and
mn + m + 2n edges, as shown in Figure 11.

At this point, in the wvertex sets {uq; 3,
Ui (U2, Uz, =+ Ugm ) o, {u(n+1)2' Un+1)3, """ u(n+1)m} )
any two elements in each set are adjacent and of the same
degree, and all are points of degree 2; any two elements of the
vertex set {u;q,Uzq,*+, Uy} are adjacent and of the same
degree, both of degree 5 vertices, and a mapping about f can
be obtained as follows.

f(Ujlija)) =

dn+i+2,j=1

(m+3=jn+m+i-j+1 j=1(mod2)

(2m+3—-j)n+2m+i- j+1, j=0(mod2)

1<i<n+L
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@+m)n+m+i, j=2
fu;) = . S
2n+)j+i-2,3<j<m

3n+1i=0
f(vy)=49n,i=1 :
i-1,2<i<n

f(vv,)=n+1
f(vv,)=2n-i+11<i<n-1

f(Vov;) =3n—-i+L1<i<n;

fUUiy) =3n+i+L1<i<n+1

At this time, f(V)={12,-:-,nju{6n+56n+6,--,
n+5lu{Bn+78n+8,--9n+7}U--U{2mn+2m+
1,2mn+2m+2,--2mn+2m+n—-1}u{3n+1} and
fE)=n+1,n+2,---3n}u{3n+2,3n+3,-,6n+
3u{7n+6,7n+7,---,8n+6}U--U{2mn+ 2m+ n,
2mn+2m+n+1,---,2mn+ 2m+ 2n} | which gives
fFWVG) U F(EG)) - [1L,2mn + 2m + 2n] and £(V(G)) n
f(E(®) = 0.

And S(uy) = f(ujtig-n) + f(wjtigen) + f(uy) =
3mn+3m+7n+3i+1,1<i<n+1,2<j<m, we
can get that in the wvertex sets {u;y, Uiz, ", Uim)
{uz2, w3, -+ ugm}, - {u(n+1)2'u(n+1)3' ""u(n+1)m}v the
sum of the labels of all elements in each set is the same.
S(uq1) = fuquzq) + f(UiaUng) + f(u1v0) + f(ugq) +
fUigugm) + fugiusz) = 14n + 6; S(Uuyq) = f(Up1vp) +
f(ullunl) + f(unlu(n—l)l) + f(unlunm) + f(unlunz) +
f(up) = 14n+6,5(uy) = f(uilu(i+1)1) + f(upum) +
f(uivo) + f(uilu(i—l)l) + f(uiuz) + f(uy) = 14n +
6,2 < i <n—1,which give the same sum of labels of all
elements in the set {u;4, u,4, ***, Un1 }- The rest of the vertices
have no adjacent vertices of the same degree, so it is not
necessary to consider the sum of their labels.

To sum up, Theorem 9 holds.

Fig 11. W, » C,,

Theorem 10: AVRTL exists for corona graph E, o B,, when
n=3mz=4.

Proof: Let the set of vertices of F, o B, be {ui}-|1 <is<n+
1,1 <j <m},and v;,(0 < i <n)is the common vertex of

P, and F,, . F, o B, has a total of mn+ m vertices and
mn + m + n — 2 edges, as shown in Figure 12.
Scenario 1: Whenn = 3,m = 4
At this point, the vertices v, and v, are adjacent and of the
same degree, both being vertices of degree 4; any two
elements of the vertex set {uiz;ui3, ---,ui(m_l)}(l <i<4)
are adjacent and of the same degree, both of degree 2 vertices,
and a mapping about f can be obtained as follows.
f(v,)=1,1<i<4
8m+i-7,j=2
f(uj)=44j+i+13<j<m-1 1<i<4;
8m+i-3,j=m

6,i=1
f(Vpv;) =45,1=2;
7,i=3

f(VVv,)=1+71<i<2;
f(UjUigj40)) =
3n+i, j=1
gm+i—4/d -7, j=1mod?2) ,
2 . 1<i<4
1< j<m
8m+i—4EJ—2j—3,j50(mod2)

At this time, f(V) = {1,2,3,4} U {14,15,--- ,4m + 1} U
(8m—68m—>5,--,8m+1} and f(E) = {56,,13} U
{4m+2,4m+3,---,8m — 7}, which gives f(V(G)) U
f(E(®) - [12mn+2m+n-2] and f(V(G))n
fFE@®) =0.

And  S(vo) = f(vo) + f(wovy) + f(vov3) + f(vev2) +
f(Wousz) = 35;5(v,) = f(vp) + f(v,v1) + f(vv3) +
f(vovy) + f(vyuy,) = 35, we can get the sum of the labels
of vertices v, and v, is the same. S(u;) = f(u;)+

f(uijul-(jﬂ)) + f(uijui(j_l)) =1l6m—4 l%J +3i-51<
i<n+12<j<m-—1,which give the same sum of labels
of all elements in the set {u;;|1 <i<42<j<m-1}.
The rest of the vertices have no adjacent vertices of the same
degree, so it is not necessary to consider the sum of their
labels.

Therefore, AVRTL exists for F, o B,(n =3,m = 4).
Scenario 2: Whenn = 4,m = 4

At this point, in the
T u1(m—1)}' {uzz' Uz3z, ) uz(m—1)}' T {u(n+1)2' Un+1)3, """ »
u(n+1)(m_1)}, any two elements in each set are adjacent and
of the same degree, and all are points of degree 2; any two
elements of the vertex set {u,y, uzy, =+, Un-1)1 } are adjacent
and of the same degree, both of degree 4 vertices, and a
mapping about f can be obtained as follows.
f (UjUij40)) =

3n+i, j=1

vertex  sets  {uyp uys,

- ] L
2(n+1)m+|—n—(n+1)bJ—4,J=1(mod2)  lci<nst
) 1<j<m
2(n+Dm+i-(n +1)(%+EJ)—3, j=0(mod2)
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i,1<i<n-1
f(vy)=42n-Li=n ;
3n,i=n+1

2(n+Ym—-n+i—-4,j=2
fu;)=1(+Dn+i+j-23<j<m-1 1<i<n+]
2n+m+i-3,j=m
f(Vpv;) =3n—-i,1<i<n;

2n—|§—g,izl(mod2)
0 1<i<n-1

fvivig) = i
2n —L—J ——-1i=0(mod2)
2] 2

At this time, f(V) ={1,2,--,n—1}u{2n—1,3n} U
{dn+24n+3,--,nm+m+n—-2}u{2nm+ 2m— 2,
2nm+2m—1,---2nm+2m+n—-2} and f(E) =
fnn+1,,2n-2}u{Bn+1,3n+2,-,4n+ 1} U
{2n,2n+1,--3n—-1}u{fmm+m+n—1L,nm+m+
n,-+,2mn + 2m — 3}, which gives f(V(G)) U f(E(G)) -
[1,2mn + 2m +n— 2] and £(V(6)) n f(E(®)) = 9.

And S(u;;) = f(uijtig-n) + f (wjttigen) + f(wy) =
4mn+4m+n—(n+1)l%]+3i—8,1SiSn+1,2 <
j<m-—1,we can get that in the vertex sets {u;,, w3,
"':ul(m—l)}' {uzz’uzs’ ""uz(m—l)}: "'r{u(n+1)2:u(n+1)3: Ty
u(n+1)(m_1)}, the sum of the labels of all elements in each
set is the same. S(uy) = f(winuqsn1) + fF(winug-n1) +
f Q) + foov) + fluy) = 10n— || 22 < i <
n — 1, which gives the same sum of labels of all elements in
the set {u,, Uz, **, Un-1)1}- The rest of the vertices have
no adjacent vertices of the same degree, so it is not necessary
to consider the sum of their labels.

Therefore, AVRTL exists for F, o B,(n = 4,m = 4).
To sum up, Theorem 10 holds.

u(n+1)m

V1/u 1

Uiz

. Uminm-1)

u(n+1)3
Uz

e, Uz
2 ‘\l.lzm
Uss
oo U3m-1)

.\li3m
Upn-1)3
oo, Un-yim-1)
\%_m

.. un(m-l)

.\linm

Fig12. F, o Py,

Conjecture 1: If graphs G and H are AVRTL graphs, then
their corona graphs G o H or H o G are also AVRTL graphs.

V. CONCLUSION

This paper designs a novel AVRTL algorithm based on the
ideas of traditional intelligent algorithms to address the
practical problem that special scenarios exist in sensor
networks that the Adjacent Vertex Reducible Total Labeling
model can describe. The algorithm labels the points and
edges in the graph with the help of preprocessing, adjustment
and backward functions in a circular, iterative merit-seeking
manner. By analyzing the results of labeling from the result
set, the labeling rules of several corona graphs were found,
and several theorems were summarized to enrich the research
results of the reducible series. Finally, a conjecture was given
based on the experimental results and the summarized
theorems: if graphs G and H are AVRTL graphs, then their
corona graphs G o H or H o G are also AVRTL graphs.
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