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Positive Solutions for a Singular Three-Point
Boundary Value Problem of Second-Order
Dynamic Equation on Time Scales

Lili Wang

Abstract—This paper is concerned with a singular three-point
boundary value problem of second-order dynamic equation on
time scales of the following form:

{ u??(z) + ng(z)z(z, u(z)) = 0,z € (0,1)r,
u(0) = au®(0), u(1) = Bu((),

where n > 0 is a parameter, o > 0,0 < ( < 1,0 < 8¢ < 1
and (1 — B¢) + a(l — B8) > 0. Applying the fixed point index
theory, sufficient conditions for the existence of at least one
or two positive solutions of the problem are established. The
interesting point of the obtained results is that ¢(z) may be
singular at © = 0 and/or 1, z(z, u) may be singular at v = 0.

Index Terms—Positive solution; Singular boundary value
problem; Second-order dynamic equation; Time scale.

I. INTRODUCTION

N the past few decades, boundary value problems have

been widely studied by many scholars, because boundary
value problems can describe many dynamic phenomena in
nature and society; see, for example [1-12].

Consider the following second-order boundary value prob-
lem

u” (2) = g(x,u(z), v (x)) + f(z),z € (0,1),
/' (0) = 0,u(l) = 3077 a;b;.

In [5], Feng studied (1), where g is defined on [0, 1] x R x
R, and g is continuous and satisfies the nonlinear growth;
aj €R,j5=1,2,---,n—2 are constants and have the same
sign, b; € (0,1),5=1,2,--- ,n—2.

In [6], Gupta also studied (1), where a; > 0,j
1,2,---,n — 2 are positive constants, b; € (0,1),j
1,2,---m—2,and 0 < by < by < --- < b9 < 1;
|9(@, w1, uz)| < a1 (t)|1] + az(t)|uz| + as(t), and k1llasf[s +
kallaz]|1 < 1, where a;(t) € L*(0,1),i =1,2,3, k1 and ko
are constants.

From the above works, we can see that the nonlinear
term g satisfies the monotone and growth conditions, but the
conditions are more stronger. So, the first aim of this paper
is to study a boundary value problem under more general
conditions.

On the other hand, the theory of dynamic equations on
time scales has been developed rapidly in recent years. This
is because the dynamic equations on time scales can not only
accurately describe the dynamic processes of many systems
in the real world, but also obtain some new qualitative
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phenomena of the systems. So, the second aim of this paper
is to study a boundary value problem on time scales in order
to obtain more general results.

In this paper, we shall study a singular three-point bound-
ary value problem of second-order dynamic equation on time
scales of the following form:

{ uA(z) + ng(z)z(z,u(z)) = 0,2 € (0,1)r, )
u(0) = au(0), u(1) = Bu((),
where n7 > 0 is a parameter, a > 0,0 < ( < 1,0 < 8¢ < 1
and (1 — 8¢) + a(l — B) > 0; ¢ € C((0,1)r, (0, +00)),
q(z) may be singular at = 0 and/or 1; z € C([0, 1] x
(0, +00), (0, +00)), z(x,u) may be singular at u = 0.

Applying the fixed point index theory, sufficient conditions
for the existence of at least one or two positive solutions of
(2) will be established. Throughout of this paper, [x1,z2]T
and (x1,x2)7 denote [x1,22] N'T and (z1,x2) N'T, respec-
tively.

II. PRELIMINARIES

A comprehensive review on the basic theory of calculus
on time scales, see [13].
Let X = C[0, 1]t is a Banach space with the norm |ju| =

sup |u(x)|, A is a positive cone in C[0, 1], and
z€[0,1]
A={ueX:uz)>0,zel01]r}.
Let

B ={u€ A:u(x) is a concave function,
xz €10,1]r, inf w(z) > dollull},
z€[¢,1]

54T

3)

where §p = min{(, 8¢, ﬁﬁgg)}
Let r, R are two positive constants, and 0 < 7 < R <

+0o00. Define

B, ={ueB:|ul| <r},
OB, ={ueB: |u||=r}
B, r={ueB:r<|ul| <R}
We first make the following assumptions:
(Hy) a>0,0<§<1,0<ﬁ<éfﬁ(§ %),andF:
(1=50) +a(l-p)>0;
(H2) q(l’) ?—é O,VSE € (07 ]-)T’ and

o</0 4@)(y + a)(1 - y)Ay < +00;
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(Hs) Let E(i) = [0, +]7 U [+, 1)1, and

lim

sup
1——+00

uE]E%JR

Lemma 1. Assume that (Hy) holds. Furthermore, if
(H4) u € C((Ov 1)'[?7 [07 +OO))’ and

0< /0 (a+y)(1 = y)u(y)Ay < +oo;

holds, then the following boundary value problem

{ uAA(z) +v(x) =0,z € [0,1], @
u(0) = au?(0),u(1) = Bu(¢),
has a unique solution
1
= /0 G(z,y)v(y)Ay Q)

where G(z,y) : [0, 1]t x [0,1]7 — [0, +00), and

Q

&

&
I

(o(y) + )((1 = z) + Bz = Q)),
o(y) <z <1,0<o(y) <(<L
+a)(1—2)+ Bz —o(y)(( +a)),
0<(¢<o(y) <z<1,
1- Q)

(z+a)(1-o(y) +Bay) -
0<z<oly) <<l
0<(<o(y) <L

(6)

= A= = A=
—~
S)
P
<
-

Proof: Integrating the equation in (4), we have

UAl'Zf 11} ’Z,LA .
(2) [;<wAy+ (0)

Since
/Oz (/Otv(y)Ay>At
_ /0 :(y)Ay - /O a(tyu(t)At
_ z/o u(y)Ay—/O o (y)v(y) Ay
= [ @ otman
then

ul(z)
- —A<x—aw»mwAy+w%mx+wm

- —Aﬂx—ow»mwAy+m+awAmy @

Take x =1 in (7), by (4), then

u®(0)
1 1
T 0=B0)+a(-B) /O (1 —o(y))o(y)Ay
I5] ¢
T ), €

/E[‘] (v +a)(1 —y)ay)z(y, uly)) Ay = 0.

and then
= —A<x—ow»mwAy
T+« 1
+(1 — BC) n 05(1 — ﬂ) /0 (1 - O‘(y))U(y)Ay
_ Bz + ) ¢ ot
T et |, €= oy,
If x < ¢,
[P ra) (-0 + B -Q)
*tA 0-B0Ta(—p) WA
C(z+a)(1-aly) + Blaly) — Q)
+l‘ (1=BC) +a(l— B)
xv(y)Ay
L (@ +a)(1 - oy))
*A =0 +all— 5) WA
- A<H%mwwAy
Ite>C,

S o)t ) (1 — ) + Az — Q)
J R SRt LY
iy CPRENIES X9 CEL PR

¢ (1-58¢0) +a(l-75)

xv(y)Ay
L (@4 a)(1—a(y)
*l (1= 50 + a(l - B)

- A<%%@M@Ay

The proof is completed.

Lemma 2. Assume that (Hy) and (Hy) hold, then G(x,y)
satisfies

v(y)Ay

(1) G(x,y) is continuous on [0, 1] x [0, 1]1;
(i) G(z,y) 20, Yo,y € [0,1]1;
(1ii) k1(2)G(y,y) < G(z,y) < ka(o(y) + ) (1 = a(y)),
( ) € [0 1]11‘ X [O ]-]T where
k1(z) = min{1,8(1 — ¢),z,1 — x},
max{1+ﬁ 51162 }
N SRR
Let

1
ln/c k1(y)G(y, y)a(y) Ay,

1
L:nhé(dw+®O*0@M@My

Remark 1. By (Hs), we have

o<m[}dw+axrﬂmmawAy<+m,
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and then
1
0 < min kl(x)/ G(z,y)q(y)A
xE[CJ]T
<  min klx/G:I:y Y)Ay < +00.
z€[¢ 1]y

Define ® : B\ {0} — B, and

@wuazn[;Guwmwn@mwna%xewﬂh.@)

Lemma 3. Assume that (Hy)-(Hg) hold, then ® : B, r — B
is completely continuous, and the positive fixed point u of ®
is a positive solution of (2).

Proof: (®u)(x) is a nonnegative concave function, by
the properties of concave function and the Ascoli-Arzela
theorem, it is easy to show that ® : B,. g — B is completely
continuous. Furthermore, one can see that if ® exists a fixed
point w* # 0, then u* # 0 is a solution of (2); by the
maximum principle, u(xz) > 0,¢ € (0,1), that is, u* is a
positive solution of (2). This completes the proof.

Let
/ny

Lemma 4. Assume that (Hy), (H2) and (Hy) hold, then
U : A — A is completely continuous and V(A) C A; the
spectral radius 7(V) # 0, and w = A\ Yw, A\ = (r(¥))7L,
w > 0 is the eigenfunction.

July)Ay,x € [0,1]r. (9

Proof: From Lemma 3, ¥ : A — A is completely
continuous, and ¥(A) C A. From (H;) — (Hz), there exists
a constant yo € (0,1)p and G(yo,¥0)q(yo) > 0. Choose
ay,as € [07 1}11‘, and yo € (al,ag) C [al,ag] C (0, 1)']1‘, and
G(z,y)q(y) > 0, Vz,y € [a1,az2]. Let g € C[0,1]r and
g(x) > 0,Vx € (a1, az), then

() () :(/ny

E/ny

and then there exists a positive constant a3 > 0 and
as(Pg)(x) > g(z),¥x € [0,1]r. By the Krein-Rutmann
theorem, Lemma 4 holds. The proof is completed.

The following lemmas, see [14,15].

Let X is a Banach space, A C X and B C X are cones,
Dy(B) C B is a bounded open set, the operator ® : Do (B) —
B is completely continuous.

Lemma 5. ([14]) If ®u # bu,Yu € dDy(B). Assume that
0, 6,0:X = X, and H(B) C B, 6(B) C A, p(A) C B, for
ug € B\ {6}, and

(’L) gf)?/)nUO Z ¢U0, n = 1, 2,3, ey

(1) PpYu = ppu,Yu € IDy(B);
(13i) ¢Du > dyu,Vu € 0Dy(B);

then i(®, Dy(B),B) = 0.

Lemma 6. ([15]) If ®u # bu,Yu € 0Dy(B),b > 1, then

)9(y)Ay

)g(y)Ay > 0,

Lemma 7. ([15]) The operator ® satisfies
(@) If ||Pul| > |lul|,Yu € dDy(B), then i(®, Dy(B),B) =
0;

(1) If 0 € Do(B) and | Pul| < ||ul, YVu € O0Dy(B);
then i(®, Dy(B),B) = 1.

Let
z2(z,u)

“ S @ <
,z" =limsup sup ,
u—=f ze€l0,1)y U

z(x,u)

z¢ = liminf inf
u—L  z€[0,1]r U

where ¢ denotes 0 or oo.

III. EXISTENCE OF SOLUTIONS
Theorem 1. Assume that (H,)-(Hs) hold, and

0< 2 <25 < +o0.

AL A
nE(l,l),
2o 2

where \1 is the first eigenvalue of W which has been defined
by (9), then (2) exists at least one positive solution.

If

(10)

Proof: By (10), there exists positive constants 7 > 0,
Ry>rand 0 <€ <1, and

A
z(x,u)z—lu,vogugr,ogxgl, (11)
n
z(z,u) < §)\1u,Vu > Rp,0<x<1. (12)
n
Let
(T1u)(z) = EA (Yu)(x), Vo € [0,1]r,u € C[0, 1],
then ¥y : A — A is completely continuous, and ¥y (A) C

A. By Lemma 4, r(¥;) # 0. Because of \; is the first
eigenvalue of ¥, and 0 < £ < 1, then 0 < 7(¥;) < 1. Take
do = (1 —7(¥1)) > 0, by the Gelfand’s formula,

Y]] < (r(¥1) +do)",Vn > Q, (13)
where () is a natural number.
Let U9 = I is the identity operator, and
Q
lully = (r(W1) + do) P WF |, u € C0,1]r, (14)
p=1
then
(r(W1) + do) | < [lulh
Q
= )+ do) PO lflull. (15
Let
1
W= sup ks [ (o) +a)(1 - o(w)
uGaPRO 0
xq(y)z(y, u(y))Ay. (16)

It is easy to show that W < +o0.

Take Ry > max{Ry,2||W||1dy*}. From (15), there exists
a positive constant R, R > Ry > 0, and ||u||; > Ry,V||ul >
R. Extend &, that is, ® : BR — B, then ® is completely
continuous. If & exists a fixed point on 0B,., Theorem 1
holds. Suppose that there is no fixed point on 0B,. Let uy

Volume 31, Issue 3: September 2023



Engineering Letters, 31:3, EL._31 3 09

is a positive eigenfunction of ¥ corresponding to the first
eigenvalue A1,

(1) = M (BT (2) = Ay / G, y)a(y)us (1) Ay,

then
el < Ak / (o) + a)(1 — o(y))a(y)ur (v) Ay,

Because of u£2\1q(z)uy(x) < 0,2 € (0,1)r, then uy
is a nonnegative continuous concave function. Let |ju1| =
ul(Io), xo € (0, 1)']1‘.

Suppose that 0 < 8 < 1, then min wu;(x) = uy(1). Since

(<w<i

u1 is concavity, then

u1 () —ui(1)

lur]l = wi(zo) <wui(l)+ s (20 — 1)
= ﬁl(f_ﬂg)ul(l)avoﬁlﬂo <<
lui] = wi(wo) < ui(0)+ “1(4)2“1(0)%
< u1<(C) ﬁlc ALVC <2 < 1.
Suppose that 1 < 8 < éi—‘;(g %), then Cr<nir<11u1(x) —
u1(¢), and RS
[ua[| = wr (o) < uléoxo < UIC(C).

From the above analysis, we have

min () > min{ﬂ ¢, 20 5? }||u1|| = sollull,

that is u; € B\ {6}.

Let (Uyu)(z) = A (Wu)(z c),u € A, then Uyt A — As
completely continuous, and ¥ 1(A) C B, Uyuy = A\ Puy =
Uuq.

By (11), if u € JB,., then

1
77/ G(x,y)q(y)z(y,u(y)) Ay

77*/ G(z,y)a(y)u(y)Ay
= (T1u)(z), 2 € [0, 1.

(u)() =

Y

Let Dy(v) = Byt = ¢ = Uy, = I and n = 1. By
Lemma 5,

i(®,B,,B) =0. a7
Next, we show that
Ddu # bu,b > 1,Yu € 0Bp. (18)
If not, there exist ug € 0Bg and by > 1, and
Dugy = byug. (19)

Let ug(x) = min{ug(z), Ro}, then Jo € OBR,. By (12),

@UO )
= /ny

- / G(z,y)q(y)z(y, uo(y)) Ay
Eluo>Ro]

2(y,uo(y))Ay

+n/ G(z,y)q(y)2(y, uo(y)) Ay
0,1]7\ E[uo>Ro)

< n= /\1/ G(z,9)a(y)2(y, uo(y))Ay
E[u0>Ro
1 / G, 9)a(y)2(3, o)Ay
0 1]T\E[u0>R(}]
< é‘h/ G(z,y)q(y)z(y, uo(y)) Ay

ks / (o) +a)(1 — o (u))a(w) (. To(v)) Ay
< (Vrug)(z) + W,

where Efug > Ro] = {x : uo(z) > Ro,z € [0,1]r} and W
is defined by (16), then

0 < bouo(z) = (Pug)(x)
< (Prug)(z) + W,z € [0, 1.

1(Qu))(z) <

(20)

Since ¥4 (B) C B, then 0 < (¥
W))(x), Yz € [0, 1]1. Hence,

Q
D (W) +do) P T (Dup) |
p=1
Q
< D (r(0) +do) T (Paug + W)
p=1
= H\I/1U() + WHI

(\I/I{(\I/llto +

[Puolly =

2n

Since ||ug|| > R, then |jug|ly > R;. It follows from (13),
(14) and (21) that

bolluolli = [|Puolls < [[Wruollr + [[W]1
Q
= > (1) +do)? P W || + [W )y
p=1

== +d0 Z

1) +do) 9Pt

x| W Fuol| + ( 1) +do)Muoll + [IW ]y

(W
= (r(¥1) + do) Z(
O o + W

(r(¥1) + do)lluolls + [[W]l1
d
(r(@1) + do) [uolls + 5 R

(01) +do)?~

IN

d
(r(¥1) + do)lluol + = [[uol]

IN

IN

(r(02) + 2do) ]

1
= 1(1+3T(\I’1))||U0||1' (22)
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Since by > 1, by (22), then r(¥;) > 1, which is a

contradiction to (%) < 1. So (18) holds. By Lemma 6,
i(®,Br,B) = 1. (23)
It follows from (17) and (23) that
i(®,Br,,B) =i(®,Br,B) — i(2,B,,B) =1,

that is, (2) exists at least one positive solution. This completes
the proof.

Theorem 2. Assume that (H1)-(Hs) hold, and

0§20<zoo§+oo.

AL A
€ o |
(Zoo ZO)

where \ is the first eigenvalue of ¥ which has been defined
by (9), then (2) exists at least one positive solution.

If

(24)

Proof: By (24), there exists a positive constant r > 0,
and

z(x,u)g%u,vogugr,ogxgl. (25)
Let
Poy = MUy, u € C[0, 1],
then ¥, : B — B and
Uy(B) C Pr(Ws) = 1 (26)

By (25), if u € 0B,., then

)\m/ny

= (Yqu)(z),z € [0,1]r,

(Pu)(z) < July)Ay

that is, ®u < Woy, Vu € OB,

If there exists a fixed point on JB,, Theorem 2 holds.
Suppose that there is no fixed point on 0B,. Next we show
that

Ddu # bu,Vu € 0B, b > 1. 27
If not, there exist u € B,. and by > 1, and
Tug = bouo.

Since bp > 1 and boug = Tup < WPy, then byug <
Ulup(n=1,2,---), and
bguo(z) < Wiug(z) < [[P3[[[uoll, = € [0,1]r.  (28)

Considering the supremum of (28) on [0,1]r, there is
by < ||¥%|. By the Gelfand’s formula, then r(¥5) =
lim, 100 ¥/]|P%]| > bo > 1, which is a contradiction to
r(¥s) = 1. By Lemma 6,
i(®,B,,B) = 1. (29)

From (24), there exists R > r > 0, and
A
z(x,u) > —1u,Vu >R 0<z<l1.
n

Extend ®, that is, ® : Br — B, then ® is completely
continuous. If ¢ exists a fixed point on JB,, Theorem 2

holds. Suppose that ® has no fixed point on OBg. Similarly
to the proof in Theorem 1, then
i(®,Bgr,B) =0. (30)
By (29) and (30),
i(®,Br,,B) =i(P,Bgr,B) —i(®,B,,B) = —

that is, (2) exists at least one positive solution. This completes

the proof.
/ G(z,y)q

Define
Lemma 8. Assume that (H.), (Hz), (H4) hold, then ¥, :
A — A is completely continuous and ¥ (A) C A; the spec-
tral radius (V) # 0, and hy = \eWchy, Ae = (r(¥¢)) 7,
hy > 0 is the eigenfunction.

(Weu)(x Ju(y)Ay.z € 0,1z (B1)

Theorem 3. Assume that (Hy)-(Hs) hold. Furthermore,

A A
N>t > 2L (32)
20 Zoo
and
1 A
o)< ool (33)
where 7* > /L1 is a constant, L1 = =775, A\1 and X\ are

the first eigenvalues of ¥ and V¢, which have been defined
by (9) and (31), respectively. Then (2) exists at least two
positive solutions uy,us € B.

Proof: From (32), there exist positive constants r; > 0,

rg >r*, and 0 < ry <+/Lq, then
A
2z u) < 2w, 0<u<r,0< s <1, (34)
n
and
A¢
z(z,u) < ?u,u > or3, 0 <z < 1.
Hence, for u € 0B,
A¢
Z(x7u) S ;U(Z‘),’U]($) Z 607‘3,1‘ € [Ca 1]T (35)

Extend &, that is, @ : I@m — B, then ® is completely
continuous. Suppose that ¢ has no fixed point on 0B, and
0B,.,. Similarly to the proof of Theorem 1,

i(®,B,,,B) =0. (36)

Take +/L; < r2r*. Since u(z) on (0,1)r is concavity, if
u € OB,.,, then u(z) > |Jul| min{t,1—¢t,{,1—C}. So u(z) >

[lult(l —2)¢(1 =), Vz € (0,1)r and 0 < u(z) < ro < r*,
Vz € (0,1)7. From (33), if u € 0B,,, then
z(1— ) z(1—x)
AU = TGy S k(-1 -0)
1
= m,x S (O, 1)’]1‘
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Thus, if v € 0B,,, then

@l
1
< ke [ (o) + )1~ o))l utw) Ay
1 1
ks [ (o) + )1~ o))y
L Lo_ .
m:E<T2*H - 37
By Lemma 7,
i(?,B,,,B) =1. (38)

Suppose that u; is a positive eigenvalue function of W
corresponding to the first eigenvalue )¢, and

1
ur () = Ae(Weun) (1) = Ac / G, y)aly)ur () Ay,
¢
that is, u; € B\ {6}.
Define
(su)(x) = Ac(Vcu)(x),u € C[0, 7.

By Lemma 8, U3 : A — A is a linear operator and com-
pletely continuous and U3(A) C A, Uzuy = A\ Peur = us.
From (35), u € 0B,,, then

(@u)(z) = 7 / Gz, 9)a(y)=(y, u(y)) Ay

> A /< G, y)aly)uly) Ay
= (T3u)(x),z € [0,1]r.

Let Dy(B) = B,,,% = ¢ = U3, = I, n = 1. From Lemma
57

i(®,B,,,B) =0.
By (36), (38) and (39),

i(®, B,y ,B) =i(P,B,,,B) —i(P,B,,,B) =1,
i(®, By, B) = i(P,B,,,B) —i(2,B,,,B) = -1,

(39)

that is, (2) exists at least two positive solutions. This com-
pletes the proof.

Theorem 4. Assume that (Hy)-(H3) hold. Furthermore,

A
z z
and
z(x,u)2%,0<u§f*70§x§1, (41)

where 7 > 0, and Ay is the first eigenvalue of ¥ which
has been defined by (9). Then (2) exists at least two positive
solutions.

Proof: By (40), there exist positive constants i > 0
and 0 < r| < 7*, 1y >0 and ry > 7*, choose 0 < ¢ < 1,
then

A
z(:r:,u)g—lm()gugrlhogxgl, (42)
n
and

A
2(z,u) < ey u> rh,0 <z < 1. (43)
n

Suppose that @ has no fixed point on 9B,; and 9B,,. It
follows from (42), (43) and the permanence property of fixed
point index that

Z((I)7]BT17B) =1, (44)

and

i(®,B,,,B) = —1. (45)
Since u(x) is concavity on [0, 1]y, u € OB,/, then 0 <
dollull < u(z) < |lull = 7,2 € [(,1r. By (41), u € OB;-,
then

(@u)() =

> 5 i k1(y)G(y,y)a(y) Ay = 7,

that is, ||®u|| > ||u||. By Lemma 7,

i(®, By, B) = 0. (46)

It follows from (44)-(46) that

i(@va*,riaB) = i(@,B;*,E) - Z((I)aﬁriaﬁ) =-1,
i(q)vBréf*aB) = Z((I)aBTéaB) - Z((I)lef*aB) = ]-7

that is, (2) exists at least two positive solutions. This com-
pletes the proof.

IV. CONCLUSION

A singular boundary value problem on time scales is
studied in this paper under weaker conditions via the fixed
point index theory. The nonlinear term is not required to
be monotone or growth, this new approach is different from
the works in [4,5,6,8,9,11,12], and the existing results are
developed even if T = R. Furthermore, we may bring many
other boundary value problems under investigation on time
scales to obtain more general results; see [16-18].
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