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Abstract—One of the extensions of a nearring and a gamma
ring is the concept of a gamma nearring, which allows for a
more general multiplication operation. In this paper, we aim
to establish the concept of a partial order in a I'-nearring,
thereby extending the notion of partial order observed in a
nearring. We introduce several key concepts such as partial
order, positive cone, convex ideal, and others, within the context
of a I'-nearring. Additionally, we provide proofs for various
classical results pertaining to these notions. Moreover, we
investigate different types of prime ideals within a lattice-
ordered I'-nearring and examine their properties. By exploring
the characteristics and behavior of these prime ideals, we
enhance our understanding of lattice-ordered I'-nearrings and
their structural properties.

Index Terms—Nearring; Gamma nearring; Partial order;
Prime ideal.
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I. INTRODUCTION AND PRELIMINARIES

The notion of I'-ring is originated from a ring, as its
generalization, which was defined by Nobusawa [1], and
later studied by Barnes [2]. In Bhavanari [24], [15], the
notions of nearring and the ring, taken together to generalize
a new notion, namely I'-Nearring. Bhavanari [15]; Booth
[13], Booth and Groenewald [14] studied various radical
properties of I'-nearrings.

The concept of a I'-ring builds upon the foundation of a
ring, providing a generalization that was initially introduced
by Nobusawa [1] and further extended by Barnes [2]. In
Bhavanari’s work [24], [15], the notions of nearrings and
rings are combined to introduce a novel concept known as
a I'-nearring. The exploration of I'-nearrings has attracted
considerable research interest. The authors such as Bhavanari
[15], Booth [13], and Booth and Groenewald [14] have
focused on investigating various radical properties associated
with I'-nearrings.
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Let (M,+) be a group (not necessarily abelian) and T’
be a non-empty set. Then M is said to be a I'-nearring if
there exists a mapping M x I' x M — M satisfying the
following: (i) (m1 + ma)amz = miams + meams; (ii)
(myayms)asms = miag (measms), for all my, mg, m3 €
M and for all a1, a9 €T

Example I-A: Let M = Zg, I' = {71, 72} where

b a ifb=1
Qa =
n 0 otherwise
and
b a ifb=2
Qa =
n 0 otherwise

Then (M,T") is a I-nearring.

M is zero symmetric (resp. constant) if M = My = {m €
M : ma0 = 0, YVa € T} (tesp. M = M, = {m €
M : mam’ = m, Ym' € M, a € T}). A normal
subgroup (K,+) of (M +) is called a left (resp. right) ideal
if mya(ms + k) — miamg € K (resp. kam; € K), for
all my,my € M, €T, and k € K. Let M and M’ be
I-nearrings. A homomorphism ¢ : M — M’ is called a
I-homomorphism if: (i) ¢¥(m + m1) = ¥(m) + ¥(mq); (i)
Y(mams) = Y(m)ap(my), forall m,m; € M, o € T, and
1 is called I'-isomorphism if 1 is one-one and onto.
Throughout, M stands for a gamma nearring.

For necessary definitions and results in nearrings, we refer
to [3], [10]; and for I'-nearrings, we refer to [13], [14], [15],
[21], [25], [26]. For partial order and lattice order aspects
of rings, nearrings, and modules, we refer to [9], [11], [12],
[20], [29], [30].

II. PARTIAL ORDER IN A GAMMA NEARRING

We introduce the notion of partial order in gamma nearrings.

Definition II-A: A gamma nearring M is called an ordered
I'-nearring if < is a partial ordering on M satisfying the
following conditions: If ¢ < b and ¢ < d, then (i)

1) a+c<b+4+dand c+a<d+b

2) aac < bad,

3) caa < dab,
for all a,b,c,d € M, a €T.

Note 1I-B: When T = {-}, then the notion p.o. I'-nearring
becomes the notion of p.o. nearrings given by Pilz [10].

Note II-C: For a I'-nearring (M, +,T), in the following
we show some examples that indicate either (M, +,T"1) is
a p.o. I'-nearring for some I'y C T or (M,+,T) is a p.o.
I"-nearring.

Example II-D: Let G be a p.o. group. Then M(G) =
{f : G — G} with pointwise addition and composition of
mappings forms a nearring. Define < on M(G) as

f<g = gla)— ()20
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satisfying:

f+h<g+h, h+f<h+yg
foh<goh,
hof<hog,

f<gand h > 0= (right monotone)

(left monotone).

Then (M (G),+,T, <) is a p.o. I'-nearring with T = {o}.
Example II-E: Let G be a p.o. group. Then (M (G),+,T)

is a T'-nearring, where T" = {*,x2} defined as follows:

a: (Fx 0)(@) = [g()),

w2 (Fx2 0)(x) = (),

forall f,g € M(G) and z € G.

Define partial order on M (G) as follows:

f<g < f(x) <g(x), forall x € G.

Then < satisfies the following: (i)
1) f<gand h>0= f+h<g+hand h+f <h+g.
2) f<gandh > 0= (f*h)(z) < (9 h)(z) and
(h*; f)(x) < (h*; g)(z), for i € {1,2}.
Hence, (M(G),+,T, <) is a p.o. I'-nearring.

Example II-F: Let N = (Z,+,-) a nearring. Write
M = nyc 2 cx,y,z€ Np, I' = {B,x}, where
B = {( g 2 ) :a,b € N ;. Ternary operation is defined

as: (4,a,C) — AaC, for all A,C € M and o € B;
and * : usual matrix multiplication. Then (M, +,T") is a
I'-nearring. We define A < B if and only if a;; < by, for

all ¢,7. Here (M,+,{x},<) is a p.o. I'-nearring, whereas

(M, +,B, <) is not a p.o. ['-nearring, for let A = < ; g >’
-1 0 10

B—< ! 2)eM,AzB,C_(O 2)20,and

-1 0 -1 0
X_< 0 1)6]B.ThenAXC'_(_2 6)and

BXC=( _ , | ButAXC ¥ BXC.
Example II-G: Let M = (Z,+); a group. Define
I'= {*17*2} by
if
a x1 b= @ 1 b ?é 0
0, ifb=0;

and %5 : usual multiplication.
Then (M, +,T") is a p.o. I'-nearring with the usual order <.

Example II-H: Let M = (Z x Z,+) and B = (0) x Z;
be groups (additive). Let I = {B, x}. We define the ternary
operation as: (a,«,b) — aab, for all a,b € M and « € B;
and « : usual multiplication. We define (a,as) < (b1,b2)
if and only if a; < b;, for all i. Then (M,+,I",<) is a
I-nearring. Here, (M, +, {x}) is a p.o. I'-nearring, whereas
(M, +,B,<) is not a p.o. I'-nearring, for let a = (—1,2),
b=(3,4) € M,c=(2,3) >0, and z = (0,-2) € B.
Then azc = (0, —12) and bzc = (0, —24). Here, a < b but
aze £ bxc.

Definition II-I: Let M be a I'-nearring. M is called fully
ordered by < if (i)

1) (M,+) is fully ordered;

2) forallm,m’ € M and « € T, m > 0, m’ > 0 implies

mam’ > 0 and m'am > 0.

Definition II-J: Let M be a p.o. I'-nearring. We define the
positive cone of M as {m € M : m > 0}, we denote it as
Por MT.

Lemma II-K: P satisfies:

1) P+P =P

2) PNn—P ={0}; where —P={me M : m <0}
3) m+ P =P+ m, for all m € M;

4) PT'P C P.

Conversely, suppose that P C M satisfying all the above
four conditions. Then the relation ‘ <p’ defined by m; <p
mg < my —my € P, is a partial order on M, for which P
is the positive cone.

Proof: The verification of (1)-(3) is straightforward.
(4) Let a,b € P. Then a > 0 and b > 0. Now by definition,
we have aab > 0, for all @ € T'. This implies aab € P, for
all « € I', and hence PI'P C P.
Conversely, to show (G, <p) is a p.o. I'-nearring. Clearly,
¢ <p’ is a p.o. relation on M.

(i) Let mqy,mo € M such that m; > 0, my > 0. Then
mqy, me € P. Now by (1), we get my+me € P+P C
P, implies m1 +mgy >p 0. Also, mo+m; € P+ P C
P implies mo +my >p 0.

(ii) Let mi,mg € M and x € M such that m; <p my
and 0 <p z. That is, my — m; € P and ¢ € P. Now
by (4), we have (my — my)ax € P, for all « € T.
This implies myax — miax € P, and hence mjax <
moax. Similarly, we get that xam; < xams.

Therefore, M is a p.o. ['-nearring with respect to ¢ <p’.
Now to show P = {z € M : = >p 0}, let z € P. Then
x — 0 € P implies 0 <p x. Hence x € M. Conversely, let
m € MT. Then m — 0 € P implies m € P. Therefore, P is
a positive cone of (M, <p). [ |

Proposition II-L: Let M be ordered by P.

1) <p is fully ordered if and only if PU (—P) = M.
2) <p is trivial (that is, m <p m' & m = m/) if and
only if P = {0}.

Definition II-M: Let M, M’ be I'-nearrings ordered by the
positive cones P and P’ respectively. A map f: M — M’
is order preserving if f(P) C P’ (we use =, to denote order
preserving isomorphism).

Definition II-N: A subset T' of an ordered I'-nearring M
is called convex if for any ¢1,to € T, and m € M, t; <
m < ty, thenmeT.

Lemma II-O: Let M be an ordered I'-nearring and I be

a convex ideal of M. Define a relation on the quotient I'-
nearring M /I by

r+ I <pyyry+1ifx<py+1, for some: € l.

Then (M /I, <p/r) is a p.o. I'-nearring.

Proof: Clearly, <j;/; is a p.o. relation on M /1. To show
(M/I,<pp1) is a p.o. I'-nearring, we show the monotonic-
ity.

() Let my +1,mo+1 € M/I such that 0+1 <p;/p mq+1
and 0 + 1 <prr me + I. Then 0 <py my + 4 and
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0 <ar mg + 41, for some 4,41 € I, implies

0 <apr (my+1)a(mg +1y), forall « €T
= mya(msa + i1) + ia(me + 1)
= myia(ms +i1) — miams + miams + ia(ms + 1)
= 49 + miamy + i3, for some ig,i3 € I

= myjams + (ig + i3), for some i4 € I.

This implies 0 + I <p;/r miamsa + I, and so 0+ I <pz/r
(m1 + Da(me + I).
|
Theorem II-P: A subset I of an ordered I'-nearring M is
the kernel of an order-preserving I"-homomorphism from M
to some ordered I'-nearring M’ if and only if I is a convex
ideal.

Proof: Let f : M — M’ be an order preserving I'-
homomorphism. Let I be the kernel of f. Let I be the kernel
of f. To show I is a convex ideal, let i1,io € [ and m € M
such that 17 < m < i5. Since 71 < m, we have m —i; € P.
Now f is order preserving implies f(m —i1) € f(P) C P’.
Hence, f(m) — f(i) € P’ so that f(m) — f(i) > 0 and
since I is the kernel of f, we have f(i) = 0. Therefore,
f(lm) > 0. Similarly, when m < i, we get f(m) < 0.
Hence, f(m) = 0 implies that m € I. This proves that [
is a convex ideal. Conversely, suppose that I be a convex
ideal of M. Then, by Lemma II-O, M/I is partial order
nearring. Define ¢ : M — M/I by ¢(m) = m + I. Clearly
M is a I'-homomorphism and ker ¢ = I. To show ¢ is
order preserving, let t € ¢(P). Then there exists u € P
such that ¢t = ¢(u) = u+ I. Now, u € P implies v > 0.
Then, by monotonicity, u+m > o+m for every m € M. In
particular, u+14 > ¢, for every ¢ € I, and so u+1 > I, where
I =041 € M/I. This shows that u + I € P’. Therefore
f(P)C P. |

Theorem II-Q: Let M and M’ be I'-nearrings, ordered
by P and P’. Let h : M — M’ be an order-preserving
epimorphism (i.e. h(M) = M’ and h(P) = P'). If I is a
convex ideal of M’ then h=1(I’) := I is a convex ideal of
M and M/T 2=y M'/I'.

Proof: Let h : M — M’ be an order preserving I'-
epimorphism. Suppose I’ be a convex ideal of M'. To show,
h=Y(I") = I is a convex ideal of M. Clearly, I is an ideal
of M. Now let z,y € I and m € M such that z < m <
y. Then there exists s,t € I’ such that z = h=1(s), y =
h=1(t) and h=1(s) < m < h~Y(t). Since h is order I'-
epimorphism, we get h(h~1(s)) < h(m) < h(h~1(t)). This
implies s < h(m) < t, and I’ is convex ideal implies h(m) €
I'. Thus m € h=Y(I") = I, shows that I is convex. Since
h: M — M’ is an order preserving I'-epimorphism, by 2nd
Isomorphism theorem, we get M /I = h(M)/h(I), where
ker h C I. Also, since h is I'-epimorphism and h =1 (I") = I,
we get h(I) = I' and h(M) = M’. Therefore M/I =
M'/I'. Define ¢ : M/I — M'/I' by ¢(m~+1I) = h(m)+1I'.
To show ¢ is order preserving, let u € ¢(P). Then there
exists v + I € P such that u = ¢(v + I). This implies
v+1>0+1. Thatis, 0 <wv+1, for some ¢ € I. Since h is
order epimorphism, we get h(0) < h(v+i) = h(v)+h(i) =
h(v) + 4/, for some i’ € I’ = h(I). This implies 0 + I’ <
h(v) + I', and so h(v) +I' € P'. Hence ¢(v + I) € P'.
Therefore, v € P'. [ ]

Remark II-R: For a I'-nearring M, there corresponds a
group G such that M — M (G).
Proof: Let (G,+) be a group properly containing
(N,4). Let m € M. Define f, : G — G by

nlg) = mag, ifgeM
"IN m, ifg e M,

for all a € T
To show f,, is I'-homomorphism.

1) Case-(i): Let g € M. Then, (fm, + fim/)(9)
fm’ (g)
Case-(ii): Let ¢ ¢ M. Then,
fm(9) + fmr (9)

= fm(g)+
=mag +m'ag = (m+m')ag = fmim (9)-
(fm + fm)(g) =
=m+m' = frim (9)-

2) Case-(i): Let ¢ € M. Then, (fm o f)(9)

fm(fw(9)) = fm(m'ag) = ma(mag) =
(mam/)ag = fmam (9)-

Case-(ii): Let ¢ ¢ M. Then, (fm © fm)(g) =
fm(fm’(g)) = fm(m/) = mam/ = fmam/(g)-

Thus, b : M — M(G) defined by h(m) = f,, is a
I'-homomorphism. If h(m) = h(m’), then f,, = f.
In particular, for all g € G\ M

m = fm(g)
= fm’(g)

/
=m.

Therefore, h is a I'-monomorphism and an embedding
map.
|
Proposition II-S: To every abelian ordered I'-nearring M
there exists an (abelian) ordered I'-nearring M with identity
such that M < M.
Proof: By Theorem 1.86 of [10], we have for every
M, there exists a group G such that M < M (G). That is,
h: M — M(G) is monomorphism. If M is ordered by P,
take P = h(P). Now we show that P is a positive cone in
M. In view of ([10], Theorem 9.125), it is enough to show
the condition (4).
Let « € I" and 2,y € P. Then there exists a,b € P such
that x = h(a) and y = h(b). Now, zay = h( )Jah(b) =
h(aad) € hW(PTP) C h(P) = P. Therefore, PTP C P.
This shows that P is a positive cone in M. Hence, h is an
order-preserving monomorphism. ]
Theorem II-T: [5] (i)
1) If e is an idempotent in M, then we get a ‘Peirce
decomposition’:

Ym € M and Vzg € {x € M : zae =0}, Jz1 € Mae

such that m = zg + ;.

2) Taking e = 0, we get Vm € M, Img € My, Im, €
M. such that m = mg + me.

3) Hence (M,+) = (My,+) + (M., +) and MoN M, =
{0}.

Theorem II-U: Let M be f.o. (by P) and M. # {0}. Then
VYm € M, for all c € P. = PN M.: mac = ma0, for all
acl.

Proof: Suppose there are some m € M, ¢ € P. and
a € I' such that mac # ma0. Without loss of generality,
assume that ma0 > 0.
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Now, moac = (m —ma0)ac = mac — ma(0ac) = mac —
ma0 # 0. Therefore, mg # 0. If mg > 0, then 0 < mgac #
0, we have mgac > 0.

Write | = m — mac + my.

Then,

lac = (m — mac + mg)ac
= mac — (mac)ac + moac
= mac — mac + MmoQc

= mogac >0

Since ¢ € P, we get [ > 0.
On the other hand,

la0 = (m — mac + mg)a0
= ma0 — (mac)ad + meal
= ma0 — ma(cal) + moal
= mal — mac + moal
= mal — mac

= —mgoac < 0.

Since 0 € P, we get [ = la0 > 0, a contradiction.
Similarly, if my < 0, we get a contradiction. Therefore,
mac = ma0, forallme M, ce P.and o € T. [ |

Definition II-V: A p.o. I'-nearring M is called a weak p.o.
I'-nearring if (i)

1) (M,+) is a p.o. group;

2) a >0, b> 0 implies aab > 0;

3) a >0, b<0 implies aad < 0;
for all a,b € M, a €T
A weak p.o. I'-nearring is called weak f.o. I'-nearring if <
is f.o.

Remark II-W: In a weak f.o. '-nearring M with identity
e, ma0 =0 forall me€ M and o € T'.

Proof: Let a > 0. Then aa0 > 0a0 = 0. Since M
is f.o., either a0 > e or aa0 < e. If aa0 > e, then for
any z > 0, aa0 = aa(0az) = (aal)axr > eaxr = .
In particular, by taking x = aal + aa0, we get a0 >
z = aal + aal > aal. So, aal > aal 4+ acl > aal
implies aa0+aa0 = aa0. Therefore, aa0 = 0. Also, aaQ >
x > aal implies z = aa0 = 0. Therefore, M = (0). If
e > aa0, then 0 = eal > (aa0)al = aa(0a0) = acl > 0.
Therefore, aa0 = 0.

|
Proposition II-X: If M is a I'-nearring, then (—z)ay =
—(xay), for all z,y € M and « € T.
Proof: Proof is straightforward. [ |
Lemma II-Y: If M is a weak f.o. I'-nearring with identity
e, then aa(—e) = —a, for all a € M and a € T".

Proof: Consider (—e)aa = —a and aa(—e). Since
—(—e) = e = eae, we have ¢ > 0. If
(0). So let e > 0. As M is f.o., either
ac(—e) or ac(—e) > —a. Suppose aa(—e) > —a.

e =

=0, M =

>
ac(—e) + a > 0. Now, (a + aa(—e))a(—e)
ac(—e) + aa(—e)a(—e) = aa(—e) + ace = aa(—e) +
> 0. Whereas, a + aa(—e) > 0 and —e < 0, implies
a + aa(—e))a(—e) < 0. So (a + aa(—e))a(—e) =
ac(—e) + aa(—e)a(—e) = aa(—e) + ace = aa(—e) +a <
0. Therefore, ac(—e) + a = 0. In the same way, we get
—a > aa(—e) implies aa(—e) = —a. |

Theorem II-Z: 1f M is a weak f.o. '-nearring with identity
e, then (M, +) is abelian, and za(—y) = —(zay), for all
z,y € M, and a € T.

Proof: By Lemma II-Y, we have aa(—e) = —a, for
all a € M and a € T. Now, for any z,y € M, 0 = (z +
y)a(—e) + (z +y) = a(—€) +ya(—€) + 7 +y = —v —
y + « + y. This implies = + y = y + z. Also, za(—y) =
za(ya(—e)) = (zay)a(—¢) = —(zay). .

III. L-IDEALS OF I'-NEARRING

Definition I1I-A: A p.o. I'-nearring is called l.o. I'-
nearring if < is Lo.

Definition III-B: A subset I of a l.o. I"-nearring is said to
be LI'-ideal if (i)

1) I is an I'-ideal of M;

2) I is a convex sublattice of M.

Definition III-C: Let I and K be LI'-ideals of a l.o.
nearring M. Then

ITK={zeM:|z|<aab,0<acl,0<be K,aeT}.
ITT={zeM:|z|<aab,0<acl,0<bel,acl}

Definition III-D: An LI'-ideal P of a l.o. I'-nearring M
is said to be LI'-prime if (i)

1) I and K are LI'-ideals of M;

2) ITK C P implies I C P or K C P.
A lo. I'-nearring is said to be LT'-prime if the LI-ideal (0)
is LT'-prime.

Definition III-E: Let m € M. The LI'-ideal (m) is
defined as

(m) ={a€M:|a| < Z(—ﬂfz +yi + i), v € M,
i=1

y; = +tm or myz;,y €,z € M}.

Lemma III-F: (my)y(m2) C (my1yms), for all my, ma €
M and y €T
Proof: Clearly (m1) C (myyms). For let a € (my).
n

Then |a| < Z(_sz + y; + x;) or myyz;. Put y; = my.
i=1
Then, ’

n

lal <> (=@ +yi + 2)
=1

= Z(—% +my + ;)

=1

< Z(fxl + miymag + ;).
i=1
Also, if |a| < my7vyz;, then, |a] < myyz; < miymayz;.
Therefore, a € (miyma). Similarly, (ma2) C (myyma).
Therefore, (mq)y{mz) C (myyms). [ ]
Lemma III-G: Let P be an LI'-ideal of I'-nearring M.
The following are equivalent. (i)
1) P isis LT'-prime;
2) For every two LI-ideals I,J of M, we have I ¢ P
and J ¢ P implies IT'J ¢ P;
3) For every two elements ¢,j of M, i ¢ P and j ¢ P
implies (i)T'(j) € P;
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4) For every two I'-ideals I, J of M we have P C I and
P C J implies IT'J ¢ P.
Proof: ()= (ii): Follows by the contraposition of (i).

(ii)= (i): Follows by the contraposition of (ii).
(i)= (iii): We suppose that (ii) is true. Let ¢,j € M such
that i ¢ P and j ¢ P. Then (i) ¢ P and (j) ¢ P. Hence
by (ii), we get (i)I'(j) € P.
(iii)= (iv): Let P C I and P C J. Then there exists : € T\ P
and j € J\ P.So i ¢ P and j ¢ P. Then by (iii), we have
(1)T'(j) € P. Therefore, IT.J ¢ P.
(iv)=> (ii): Let (iv) is true. If I ¢ P and J ¢ P, then there
exists i € I\ P and j € J\ P. Therefore, P C (i) + P and
P C (j) + P. Then by (iv), we have

((0) + P)L((G) + P) & P.

So there exists ¢’ € (i) and j' € (j), p,p’ € Pand vy € T
such that (¢’ + p)y(j’ +p') ¢ P. This implies ¢'v(j' +p') +
(" +p)=dvG ) — v v oy () € P,
whereas, i'y(j" +p') +py(j’ +p') € P and py(j' +p') € P,
and hence i'yj" ¢ P. Therefore, IT'J ;(_ P. [ |

Definition III-H: A LI'-ideal I of a l.o. I'-nearring M is
called

1) c-prime if for any a,b of M,
aybe I impliesa €l orbe I
2) 3-prime if for any a,b of M,
aTMTThC T implies a € I or b € I;
3) e-prime if for any a € M\ I and 2,y € M,

b+ d)a(a + ¢) = ba(a+ ¢) + da(a+ ¢) = (a + c)ab +
(a+ c)ad = aab + cab+ aad + cad = baa + bac + daa +
dac. Since (a 4+ b) - (c+d) = (c+d) - (a + b), we have
baa + daa + bac + dac = baa + bac + daa + dace, implies
daa + bac = bac + daa shows that m+m' =m’ +m. R
Lemma III-L: If P is an LI'-ideal of a l.o. I'-nearring M
such that M+ \ P is closed under multiplication, then P is
LT'-prime. Converse hold if (M, I") is commutative.

Proof: Let P is an LI'-ideal of a l.o. I'-nearring M and
M\ P is closed under multiplication. To show P is LI-
prime, let x ¢ P and y ¢ P. Then x,y € M™* \ P. Since
M™ \ P is multiplicative closed, we have zay € M T \ P,
for every a € T'. Hence (z)I'(y) C M\ P. This shows that
()T(y) € P, and so P is LT-prime. Conversely, let P be a
LT-prime ideal of M. Let z,y € M+ \ P. That is, z,y ¢ P.
Now by Lemma III-G (iii), we have (x)I'(y) ¢ P. Clearly,
(x)I'{y) C (zay) € M™T for all @ € T, and so (z)I'(y) C
M\ P. This shows that zay € (z)T'(y) C M\ P.

|
Definition III-M: A subset T of M* of a l.o. I'-nearring
M is called an m~y-system, if for each pair x,y € T, there
exists 0 < z1 € (), 0 < y; € (y) and v € T" such that
z1yy1 € T.
Theorem III-N: An LI'-ideal P of a l.o. I'-nearring M is
LT -prime if and only if M+ \ P is an m~y-system.
Proof: Follows by Lemma III-L. ]
Proposition III-O: Let T' be an m-y-system of a l.o. I'-
nearring N and J be an LI-ideal with J N'T = (). Then
there exists a LT'-prime ideal P, J C P and PNT = ).
Proof: Let T be an m~y-system of M and J be a LI'-

ayinyex—ayinyy € I implies x—y € I for all n € Mdeal of M such that J NT = (. Consider S = {k :

Proposition III-1: Let I be an LI'-ideal of M. Then I is
1) c-prime implies 3-prime;

2) 3-prime implies prime;

3) e-prime implies 3-prime.

Proof: 1. Let a,b € M such that al’' M+Th C I. On a
contrary, a ¢ I and b ¢ I. Since I is c-prime, we have ayb ¢
I, whereas, |ayb| < aynyb, since n € M. Therefore, ayb €
al'M*Tb, and hence al’' M+Tb € I, a contradiction.

2. Let A and B be two LT-ideals of M such that A ¢ I
and B ¢ I. Then there exists a € A\ I and b € B\ I.
Since I is 3-prime, we have aI'M*Tb ¢ I. Now to show
alM™*Th C ATB, let x € a™b. Then |z| < aynyb, for
all n € M™. Now, |z| < aynyb = a/vb, where 0 < o' =
ayn € A, being a right LT'-ideal. Therefore x € AT'B, which
implies aI’'M TT'b C AT'B. Now since al’ M T'b ¢ I, we get
AT'B ¢ I. Hence I is prime.
3. Suppose I is e-prime, and let «I’'MTTh C . If a ¢ I,
then a € M+ \ I, and aynyb € al M*Tb C I and ayny0 =
0 € I, as M = M. Therefore, aynyb—ayn~y0 € I. Since [
is e-prime, we have b = b — 0 € I. Therefore, I is 3-prime.
|
Definition III-J: (M,T") is commutative if aab = baa, for
all €T and a,b € M.
Proposition III-K: If
(M?,+) is abelian.

Proof: Let m,m’ € M?. Then there exist a,b,c,d € M
such that m = daa and m’ = bac, for all o € I'. To show
(M?,+) is abelian, (a+c)a(b+d) = aa(b+d)+ca(b+d) =
(b + d)aa + (b + d)ac = baa + daa + bac + dac and

(M,T) is commutative, then

K is a LT-ideal of M,J C K, KNT = Q}. Clearly, J € S,
and so S # ). Let { K };¢ be a chain of LT-ideals of S. This
chain has an upper bound, say | J, I C K;, andso |JK; € S.
Therefore, by Zorn’s lemma, there exists a maximal element,
say P. Since Pis maximal, P # M. By Theorem III-N,
it is enough to show that M+ \ P is an m~y-system. Let
x,y € MT\P. Then ({(z)+P)NT # 0 and ({(y)+P)NT # 0.
Lett e ((z) + P)NT and s € ((y) + P)NT. Since T is
an m-y-system, there exists 0 < t; € (¢) and 0 < t3 € (s)
such that tyas; € T for all a € T'. Suppose (z)I'(y) C P
and a = p; + 21, b = pa + y1, where p1,p2 € P, 21 € (x)
and 41 € (y).

Then

aab = (p1 + z1)a(p2 + 1)
=pia(p2 + 1) + vra(pe +y1) — zrays + 2oy
€ P+ (z)T'(y)

CP.
This implies aab € P. Hence (P + (x))I'(P + (y)) C P.
So 0 < tiasy € (H)I'(s) C (P + (z))['(P+ (y)) C P, a

contradiction to PNT" = (). So there exists 2’ € (z) and y’ €
(y) and v € T such that z'yy ¢ P and hence |z'|v|y'| €
M\ P. Thus M* \ P is an m~y-system. Therefore, P is
prime. [ |

Definition III-P: the intersection of all LI'-prime ideals of
a l.o. I'-nearring M is called the prime radical of M and is
denoted by P(M).

The following proposition is a characterization of prime
radicals in terms of m~y-system.
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Proposition III-Q: Let M be a l.o. I'-nearring. Then

P = {q € M : Every m~-system containing |q| contains 0}.

Proof: Let ¢ € M and T be an m~y-system containing
lg| and not containing 0. Then by Proposition III-O, taking
J = (0), there exists a prime LI'-ideal disjoint with T". So
q ¢ P(M). Conversely, let ¢ ¢ P(M). Then there exists a
LT'-prime ideal P such that ¢, and so |g| ¢ P. This implies
lg| ¢ M\ P. Thus M ™\ P is an m~-system not containing
0, but containing |g|. [

IV. Fuzzy IDEALS OF PARTIALLY ORDERED
I'-NEARRINGS

Definition IV-A: Let M be a p.o. I'-nearring. A fuzzy
subset v of M is said to be a fuzzy sub nearring of M
if

D v(p - q) > min{v(p),v(q)}

2) v(pyq) = min{v(p),v(q)}

3) p<q = v(p) >v(q) forall pg € M and v € T.

Definition IV-B: Let v be a non-empty fuzzy subset of a
p.o. I'-nearring M. Then v is called a fuzzy ideal of M if

1) v(p = q) = min{v(p),v(q)}

2) v(pyq) > v(p) [Left ideal]

3) v(py(g+r) —pyq) = v(r) [Right ideal]

4 p<q = wv(p) > v(g) for all p,q,r € M and

vyel.

Definition IV-C: A fuzzy subset v of p.o. I'-nearring M
is called T'-fuzzy left (resp. right) ideal if

) v(p—q) = T(v(p),v(q))
2) v(py(g+r)—pya) =2 v(r) W(pye) = v(p)
3) p<q = v(p) > v(g) for all p,q,r € M and
vyel.
Theorem IV-D: If {v;, : k € K} is a family of T-fuzzy
ideal of p.o. I'-nearring M, then ( \/ vi) (p) = sup{vi(p) :

kEK
k € K} for all p € M is also a T-fuzzy ideal of M.

Proof: Let {vy, : k € K} be a family of T-fuzzy ideal
of p.o. I'-nearring M. For any p,q,r € M,

1) We have,

( \/ Vk)(p*Q)

keK

= sup{vp(p —q) : k € K}

> sup{T(va(p), ve(a) : b € K}

=T{sup vk(p) : k € K,sup vi(q) : k € K}

=7((\V ). (V w)@)

kEK keK
2) We have,
(V v)ra)
keK

= sup{vi(pyq) 1 k € K}
> sup{T (vr(p)) : k € K}

= ( \/ Vk)(p)

keK

and one can observe that,
(V w)@r(a+7)—pra)
kEK
= sup{vk(py(q+7) —pyq) + k € K}
> sup{T(vi(r)) : k € K}

= ( \/ l/k)(’/‘)
keEK
3) We have,

p<qg=(\ O
kEK
= sup{vi(p) : k € K}
> sup{ui(q) : k € K}
=\ ula)

keEK
Hence \/ vy is a T-fuzzy ideal of M. |

Theo?’gnli IV-E: An epimorphic pre-image of a T-fuzzy
ideal of a p.o. I'-nearring M is a T-fuzzy ideal.

Proof: Let P and @) be T-fuzzy ideals of a p.o. I'-
nearring M. Let 0 : P — @ be an epimorphism. Let u be
a T-fuzzy ideals of @ and v T-fuzzy ideals of P under 6.
Then for any p, q,r € P, we have

1)
vip—q) =

2) We have,

and one can observe that,

v(pyq) = (po0)(py(g+r) — pyq)
= u(@(@Py(g+7)—p79)
w(@(py(g+1)) —0(pya))
1(0(p)v0(q + 1)) — 0(p)v0(q))
(0(r))
= (nod)(r)
v(r).

Y

3) We have,
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Hence v is a T-fuzzy ideal of a p.o. I'-nearring M. ]

V. CONCLUSION

In our research, we have extended the notion of partial
order to I'-nearrings. One of the key properties we have
explored is convexity, which plays a crucial role in partially
ordered nearrings. We have defined the concept of a convex
ideal in a I'-nearring, providing a framework to study and
analyze this property within the context of I'-nearrings. Ad-
ditionally, we have investigated different types of prime ide-
als in lattice-ordered I'-nearrings and established important
properties associated with them. These findings contribute to
our understanding of lattice-ordered I'-nearrings and their
structural properties. Furthermore, an avenue for further
research involves extending the study of radical properties in
partially ordered I'-nearrings. Exploring the characteristics of
radicals within this context can yield valuable insights into
the nature of these algebraic structures. Moreover, for those
interested in exploring fuzzy concepts within the framework
of lattice-ordered I'-nearrings, we suggest referring to the
works cited as [27], [28]. These references delve into the
application of fuzzy logic and fuzzy concepts to lattice order
I"-nearrings, offering potential avenues for future investiga-
tions.
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