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Pairwise Neutrosophic Supra Pre-Open Set 1n
Neutrosophic Supra Bi-topological Spaces

Suman Das, Rakhal Das, Prasanna Poojary, Vadiraja Bhatta G. R.”, and Varsha Jarali.

Abstract— This paper presents the innovative notion of a
""neutrosophic supra bi-topological space,” which serves as an
expansion of both neutrosophic supra topological space and bi-
topological space. Furthermore, we delve into various
categories of open and closed sets within this framework,
including concepts like pairwise neutrosophic supra open sets,
pairwise neutrosophic supra semi-open sets, and pairwise
neutrosophic supra pre-open sets. Additionally, we formulate a
few outcomes in the form of theorems, propositions, and
lemmas.

Index Terms— Neutrosophic Supra Topology; Neutrosophic
Supra Bi-topology; Pairwise Neutrosophic Supra Open Set.

I. INTRODUCTION

Set theory is a tool for representing the various objects
of the real world in mathematical expressions. G.
Cantor (1845-1918) formally named the concept of set
theory. Cantors set theory was insufficient for dealing with
and working with a variety of real-world situations,
including uncertainty. In 1965, the late Prof. L.A. Zadeh
proposed fuzzy set theory, in which each element has a
membership value. Later on, K. Atanassov believed that the
non-membership of a mathematical expression played a part
in mathematically solving problems. This inspired him to
develop the notion of an intuitionistic fuzzy set (IFS). Many
uncertainty events will include an indeterminacy component
that cannot be represented using the concepts of crisp set,
fuzzy set, or intuitionistic fuzzy set. Keeping indeterminacy
in mind, Smarandache [36] proposed the neutrosophic set as
an extension of IFS, with each element having the degree of
truth-membership, indeterminacy-membership, and false
membership. The notion of a neutrosophic set and its
extensions has been employed in many theoretical ([3], [9],
[10], [13], [24], [17], [34]) and practical research ([5], [11],
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[12], [25], [31]).

In 2012, Salama and Alblowi [32] introduced the concept
of neutrosophic topological space, which is a natural
generalization of intuitionistic fuzzy topological space. The
concepts of generalised neutrosophic set and generalised
neutrosophic topological space were then investigated
further by Salama and Alblowi [33]. Following them,
several researchers contributed to this field of study and
developed applications. Arokiarani et al. [1] later procured
the concept of neutrosophic semi-open functions and
established a relation between them. Iswaraya and
Bageerathi [21] proposed the notion of neutrosophic semi-
closed set and neutrosophic semi-open set in the context of
neutrosophic topological spaces. Afterwards, Rao and
Srinivasa [30] further investigated the concept of
neutrosophic pre-open set through neutrosophic topological
space. Later on, the idea of neutrosophic generalized semi-
closed set through neutrosophic topological space was
presented by Shanthi et al. [35]. Thereafter, Ebenanjar et al.
[20] introduced the notion of neutrosophic b-open set in
neutrosophic topological spaces. In neutrosophic topological
space, Maheswari et al. [24] developed the concept of
neutrosophic generalized b-closed sets. Mohammed Ali
Jaffer and Ramesh [26] established the notion of
neutrosophic generalized pre-regular closed set through
neutrosophic topological space in 2019. Pushpalatha and
Nandhini [28] further investigated the concept of
generalized neutrosophic closed set through neutrosophic
topological space. Afterward, Das and Pramanik [7]
presented the notion of generalized neutrosophic b-open sets
in the context of neutrosophic topological spaces in 2020. In
addition, Das and Pramanik [8] investigated neutrosophic ¢-
open sets and neutrosophic ¢-continuous functions. Ramesh
[29] then established the concept of Ngpr-homomorphism
using neutrosophic topological space. Suresh and
Palaniammal [37] further introduced the concept of
neutrosophic weakly generalized open set and neutrosophic
weakly generalized closed set via neutrosophic topological
space. Das and Tripathy [16] developed the notion of
neutrosophic simply b-open set through neutrosophic
topological space in 2021. Das et al. [4] recently established
neutrosophic separation axioms via neutrosophic topological
space.

Jayaparthasarathy et al. [22] grounded the notion of
neutrosophic supra topological space and demonstrated its
use in data mining. Dhavanseelan et al. [19] used
neutrosophic supra topological spaces to establish the
concept of neutrosophic semi-supra open set and
neutrosophic semi-supra continuous functions. Moreover,
Dhavaseelan et al. [18] investigated the notion of
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neutrosophic a-supra open set. In 2021, Das [2] introduced
the concept of neutrosophic supra simply open set via
neutrosophic supra topological space.

In 1963, Kelly [23] presented the notion of bi-topological
space. Later on, Ozturk and Ozkan [27] grounded the idea of
neutrosophic bi-topologoical space. In the recent past, Das
and Tripathy [15] introduced pairwise neutrosophic b-open
sets in neutrosophic bi-topological spaces. Thereafter,
Tripathy and Das [38] studied the notion of pairwise
neutrosophic b-continuous functions in neutrosophic bi-
topological spaces. Recently, the notion of a neutrosophic
pre-1-open set via neutrosophic ideal bi-topological space
was studied by Das et al. [6].

The primary goal of this paper is to develop the concept
of neutrosophic supra bi-topological spaces by extending the
notions of bi-topological space and neutrosophic supra
topological space. We also present different types of open
set and closed set, such as pairwise neutrosophic supra open
set, pairwise neutrosophic supra semi-open set, and so on
via neutrosophic supra bi-topological spaces.

The following parts comprise the rest of this article:

Preliminaries and definitions are covered in Section 2. In
this part, we provide several definitions and theorems that
will be quite helpful in preparing the major findings of this
article. Section 3 introduces the concepts of neutrosophic
supra bi-topology and neutrosophic supra bi-topological
space, as well as proofs of several theorems and
propositions based on neutrosophic supra bi-topological
space. Finally, in Section 4, we provide the concluding
remarks on the work done in this article.

Throughout this article, we use the following short terms
which are listed in Table 1, for the clarity of the
presentation.

Table I. Nomenclatures

Pairwise Neutrosophic Supra Semi-
Open Set

Pairwise-NSSOS

Pairwise Neutrosophic Supra Semi-
Closed Set

Pairwise-NSSCS

Pairwise Neutrosophic Supra Pre-
Open Set

Pairwise-NSPOS

Pairwise Neutrosophic Supra Pre-
Closed Set

Pairwise-NSPCS

Pairwise Neutrosophic Supra b-Open
Set

Pairwise-NS-b-OS

Pairwise  Neutrosophic Supra b- | Pairwise-NS-b-CS
Closed Set

Pairwise Neutrosophic Supra- | Pairwise-NS-C-
Continuous Mapping Mapping

Pairwise Neutrosophic Supra Semi- | Pairwise-NSS-C-
Continuous Mapping Mapping

Pairwise Neutrosophic Supra Pre- | Pairwise-NSP-C-
Continuous Mapping Mapping

Pairwise Neutrosophic Supra b- | Pairwise-NS-b-C-
Continuous Mapping Mapping

Short Terms

Neutrosophic Set NS
Neutrosophic Topological Space NTS
Neutrosophic Bi-topological Space NBTS
Neutrosophic Supra Topology NST
Neutrosophic ~ Supra  Topological | NSTS

Space

Neutrosophic Supra Open Set NSOS
Neutrosophic Supra Closed Set NCOS
Neutrosophic Supra a-Open Set NS-a-0S
Neutrosophic Supra Semi-Open Set NSSOS
Neutrosophic Supra Pre-Open Set NSPOS
Neutrosophic Supra b-Open Set NS-b-OS
Neutrosophic Supra Bi-topological | NSBTS

Space

Neutrosophic Supra Bi-Open Set NS-bi-O-Set
Neutrosophic Supra Bi-Closed Set NS-bi-C-Set
Neutrosophic Supra Bi-Semi-Open | NS-bi-S-O-Set
Set

Neutrosophic Supra Bi-Pre-Open Set | NS-bi-P-O-Set
Neutrosophic Supra Bi-b-Open Set NS-bi-b-O-Set
Pairwise Neutrosophic Supra Open | Pairwise-NSOS
Set

Pairwise Neutrosophic Supra Closed | Pairwise-NSCS
Set

Il. PRELIMINARIES AND DEFINITIONS

In this section, we present some preliminaries and
definitions that are very helpful for the preparation of the
main results of this article.

Definition 2.1.[36] An NS L over a fixed set ¥ is defined
as follows:

L={(x, TL(X), IL(X), FL(X)): xe¥},

where Ti(x), I(X), Fu(X) (€[0, 1]) are the truth-
membership,  indeterminacy-membership and  false-
membership values of each xeW. So, 0 < T (x) + I(X) +
FL(X) <3, VxeV.

Definition 2.2.[36] The null NS (On) and whole NS (1x)
over W are defined as follows:

On={(x, 0,0, 1): xe¥} & In={(X, 1, 0, 0): xe¥}.

Clearly, Oy = R < 1y, for any NS R over W.

One can also represent the null NS (On) and whole NS
(1) in the following way:

(i) On ={(x, 0, 1, 0): xe¥} & In={(X, 1, 1, 0): xe¥};

(i) On={(x,0, 1, 1): xe¥} & In={(X, 1, 0, 1): xe¥}.

Definition 2.3.[36] Let A={(X, T4(X), I[,(X), F4(X)): xeW¥}
be an NS over W. Then, the complement of A is defined by
AS={(x, 1-Ta(X), 1-1a(X), 1-Fa(x)): xe¥}.

Definition 2.4.[36] An NS A={(x, TA(x), I,(x), Fa(x)):
xeW} is contained in the other NS B={(x, T(x), I5(X),
Fp(X)): xeW} (i.e., ACB) if Ta(X) < Ta(X), 1a(X) > Ig(X), Fa(X)
> Fg(x), for each xeW.

Definition 2.5.[36] Let A={(x, T4(X), F4(X), [4(X)): xe¥}
and B={(x, Tg(X), Fg(x), I5(x)): xeW} be two NSs over X.
Then, their union is defined as follows:

AUB={(X, TA(X)VTg(X), F4()AFg(X), Li(X)Al5(X)): xeW}.

Definition 2.6.[36] Let A={(X, T4(x), F4(x), [,(X)): xe¥}
and B={(x, Tg(x), Fg(x), Iz(X)): xeW¥} be two NSs over X.
Then, their intersection is defined as follows:

ANB={(X, TA(X)ATg(X), F4(X)vFg(X), Li(X)VvIz(X)): xe¥}.

Definition 2.7.[32] A family © of NSs over a fixed set ¥
is said to be an neutrosophic topology on W if the following
condition holds:

(I) ON, In € T,

Volume 32, Issue 2, February 2024, Pages 444-451



Engineering Letters

(II) X1, Xze‘t = X10X2€‘E;

(iii) {Xi:ieA} € T = Ujea X 1.

The pair (¥, t) is called an neutrosophic topological
space. If Xet, then X is called an neutrosophic open set in
(¥, 1), and the complement of X i.e., X° is called an
neutrosophic closed set in (¥, 7).

Definition 2.8.[27] Let (¥, t1) and (¥, t2) be two
different neutrosophic topological spaces. Then, the triplet
(W, 1, 12) is called an neutrosophic bi-topological space.

Definition 2.9.[22] A non-empty collection t of NSs over
a fixed set W is said to be an NST on W if the following
holds:

(I) ON, In € T,

(i) {Xi:ieAyct=> U X ert.

Then, the pair (¥, 7) is called an NSTS. If Xet, then X is
called an NSOS and its complement (X°) is called an NSCS
in (¥, ).

Definition 2.10.[22] Let (¥, t) be an NSTS. Then, the
neutrosophic supra interior (in short N;,.) and neutrosophic
supra closure (in short N5) of an NS Y over W are defined
by

N (Y)=uU{R:Risan NSOSin¥and R c Y};

and N5(Y)=n{P:Pisan NSCS in ¥ and Y c P}.

Definition 2.11. Let (¥, t) be an NSTS. Then Y, an NS
over W is called as

(i) NS-a-OS [18] if Y < N, (NS (N5 (V));

(if) NSSOS [19] if Y < N5 (N3, (Y));

(iif) NSPOS [19]if Y < N;;, (N5 (Y));

(iv) NS-b-0S [2] if Y < N3, (NS (Y))UNS (NS (V).

Definition 2.12. [18] Let & be a bijective mapping from
an NSTS (¥, 11) to another NSTS (Q, t2). Then, & is called
as

(i) neutrosophic supra continuous function if £3(K) is an
NSOS in ¥, whenever K is an NSOS in Q.

(i) neutrosophic supra a-continuous function if £(K) is
an NS-a-0S in ¥, whenever K is an NSOS in Q.

[1l. PAIRWISE NEUTROSOPHIC SUPRA BI-TOPOLOGICAL
SPACE

In this section, we procure the notion of pairwise
neutrosophic supra pre-open set, pairwise neutrosophic
supra semi-open set, etc. via neutrosophic supra bi-
topological spaces, and establish several interesting results
on them.

Definition 3.1. Let (¥, t1) and (¥, t2) be two different
NSTSs. Then, the triplet (¥, 11, 12) is said to be an NSBTS.

Example 3.1. Let W={a, b} be a fixed set. Let
P={(a,0.6,0.5,0.6), (b,0.7,0.5,0.6): a, be ¥},
Q={(a,0.4,0.7,0.8), (b,0.3,1.0,0.9): a, be ¥},
R={(a,0.3,0.8,0.9), (b,0.2,1.0,1.0): a, he ¥},
X={(a,0.4,0.6,0.8), (b,0.7,0.8,0.7): a, be ¥},
Y¥={(a,0.5,0.5,0.5), (b,0.8,0.5,0.6): a, be¥} and
Z={(a,0.6,0.4,0.2), (b,1.0,0.2,0.3): a, beW} are six NSs
over ¥. Then, t11={0n, 1n, P, Q, R} and t2={0n, In, X, Y, Z}
are two different NSTs on W. Hence, (¥, t1, 12) is an
NSBTS.

Remark 3.1. Since every neutrosophic topology is an
NST, so every NBTS is also an NSBTS. But the converse is

not true in general. This follows from the following
example.

Example 3.2. From Example 3.1, it is clear that (¥, 1,
T2) is an NSBTS, but it is not an NBTS.

Definition 3.2. Let (¥, 11, 12) be an NSBTS. Then, an NS
R over W is called an NS-bi-O-Set if RetyUrt,. If R is a NS-
bi-O-Set, then R° is called an NS-bi-C-Set in (P, 1, 12).

Remark 3.2. The collection of all NS-bi-O-Sets and NS-
bi-C-Sets in (¥, 11, T2) may be denoted by NS-bi-O(¥) and
NS-bi-C(W) respectively.

Theorem 3.1. Every NSOS in one of the NSTSs (¥, 1)
(i=1, 2) is an NS-bi-O-Set in (¥, 1, 12).

Proof. Let W be an NSOS in (¥, t1). So, Wet. This
implies, Weti1ut,. Hence, W is an NS-bi-O-Set in (¥, 11,
12). Therefore, every NSOS in (¥, t1) is an NS-bi-O-Set in
(W, 11, 12).

Similarly, it can be shown that, every NSOS in (¥, t2) is
an NS-bi-O-Set in (¥, 1, 12).

Therefore, every NSOS in one of the NSTSs (¥, 7i)
(i=1,2) is also an NS-bi-O-Set in (¥, 1, 12).

Remark 3.3. In an NSBTS (¥, 11, 12), the union of two
NS-bi-O-Sets may not be an NS-bi-O-Set in general. This
follows from the following example.

Example 3.3. Let us consider an NSBTS (¥, 11, 12) as
shown in Example 3.1. Clearly, P and Y are two NS-bi-O-
Sets in (¥, 11, 12). But their union PuY={(a,0.6,0.5,0.5),
(b,0.8,0.5,0.6)} is not an NS-bi-O-Set, because PUY gt1U12.
Therefore, the union of any two NS-bi-O-Sets may not be an
NS-bi-O-Set in general.

Remark 3.4. In an NSBTS (¥, 11, 12), the intersection of
two NS-bi-O-Sets may not be an NS-bi-O-Set. This follows
from the following example.

Example 3.4. Suppose (¥, t1, t2) be an NSBTS as shown
in Example 3.1. Clearly, P and Y are two NS-bi-O-Sets in
(W, 11, 12). Since PnYgtiuty, so PnY={(a,0.5,0.5,0.6),
(b,0.7,0.5,0.6)} is not an NS-bi-O-Set. Therefore, the
intersection of any two NS-bi-O-Sets may not be an NS-bi-
O-Set in general.

Theorem 3.2. Every NSCS in one of the NSTSs (¥, i)
(i=1,2) is an NS-bi-C-Set in (¥, 11, 12).

Proof. Let W be an NSCS in (¥, t1). So, W° is an NS-bi-
O-Set in (¥, t1). Therefore, Weety. This implies, Weet1UT..
Hence, W° is an NS-bi-O-Set in (¥, 11, 12). This implies, W
is an NS-bi-C-Set in (W, 11, 12). Hence, every NSCS in (¥,
71) is an NS-bi-C-Set in (W, 11, 12).

Similarly, it can be shown that, every NSCS in (¥, 12) is
an NS-bi-C-Set in (¥, 11, 12).

Hence, every NSCS in one of the NSTSs (¥, ©) (i=1, 2)
is an NS-bi-C-Set in (¥, 11, 12).

Definition 3.3. Let (¥, 11, t2) be an NSBTS. An NS G
over ¥ is called an NS-bi-S-O-Set in (¥, 11, 12) if G is an
NSSOS in at least one of two NSTSs (¥, t1) and (¥, 12).

Example 3.5. Let us consider an NSBTS (¥, 11, 12) as
shown in Example 3.1. Clearly, $={(a,1.0,0.3,0.3),
(b,1.0,0.5,0.5)} is an NSSOS in (¥, t1). Therefore, S is an
NS-bi-S-O-Set in (¥, 11, T2).

Definition 3.4. In an NSBTS (¥, 11, 12), an NS G over ¥
is said to be an NS-bi-P-O-Set in (¥, 11, 12) if G is an
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NSPOS in at least one of two NSTSs (¥, t1) and (W, 12).

Example 3.6. Let (W, 11, t2) be an NSBTS as shown in
Example 3.1. Clearly, K={(a,1.0,0.1,0.1), (b,1.0,0.2, 0.2)} is
an NSPOS in (¥, t1). Hence, K is an NS-bi-P-O-Set in (¥,
T1, ‘Ez).

Definition 3.5. In an NSBTS (¥, 131, 12), an NS G over ¥
is called an NS-bi-b-O-Set in (WP, 11, 12) if G is an NS-b-OS
in at least one of two NSTSs (W, t1) and (¥, 12).

Example 3.7. Let us consider an NSBTS (¥, 11, 12) as
shown in Example 3.1. Clearly, G={(a,1.0,0.6,0.6),
(b,1.0,0.6,0.6)} is an NSSOS in (¥, t1). Since every NSSOS
is an NS-b-0S, so G is an NS-b-0S in (¥, t1). Therefore, S
is an NS-bi-b-O-Set in (¥, 11, 12).

Remark 3.5.

(i) Every NS-bi-S-O-Set in an NSBTS (¥, 11, 12) is also
NS-bi-b-O-Set.

(ii) Every NS-bi-P-O-Set in an NSBTS (¥, 11, 12) is also
NS-bi-b-O-Set.

From the above results, we draw the following figure Fig.
1:

NSSO§ T—— NS-bi-S-O-Set
NS-b-0S T————>  NS-bi-b-O-Set
NSPOS :> NS-bi-P-O-Set

Fig. 1. Relationship between Different types of
Neutrosophic Open Sets.

Remark 3.6. Let (¥, 7, t2) be an NSBTS, and
T12=T1UT2. Then, 11, may not be an neutrosophic supra
topology on W in general. This follows from the following
example.

Example 3.8. Let (¥, 11, t2) be an NSBTS as shown in
Example 3.1. Clearly, P={(a,0.6,0.5,0.6), (b,0.7,0.5, 0.6)}
and Y={(a,0.5,0.5,0.5), (b,0.8,0.5,0.6)} 71,2, but their union
PUY={(a,0.6,0.5,0.5), (b,0.8,0.5,0.6)}¢71,2. Therefore, 11,
is not an neutrosophic supra topology on W.

Definition 3.6. Let (¥, t1, t2) be an NSBTS. Then, an NS
R over W is called a Pairwise-NSOS in (¥, 11, o) if there
exist NSOSs R: in 11 and Rz in 12 such that R = R1UR,.

Example 3.9. Let us consider an NSBTS (¥, 11, 12) as
shown in Example 3.1. Consider an neutrosophic set
K={(a,0.4,0.6,0.8), (b,0.7,0.7,0.7)} over ¥. Now, K can be
written as  K=QuX, where  Q={(a,0.4,0.7,0.8),
(b,0.3,1.0,09)} is an NSOSs in (¥, 1) and
X={(a,0.4,0.6,0.8), (b,0.7,0.8,0.7)} is an NSOSs in (¥, t2).

Therefore, K is a Pairwise-NSOS in (¥, 11, 12).

Remark 3.7. In an NSBTS (¥, 11, 12), an NS G is said to
be a Pairwise-NSCS if G° is a Pairwise-NSOS in (¥, 11, 12).

Theorem 3.3. In an NSBTS (¥, 11, 12), every NS-bi-O-
Set is also a Pairwise-NSOS.

Proof. Let (¥, 1, 12) be an NSBTS. Let X be an NS-bi-O-
Set in (W, 11, 12). Therefore, Xetiut,. Then, there are three
cases.

Case-1: Xety

Case-2: Xet,

Case-3: Xeti and Xet,

In case 1, we can write, X=XUO0n. Therefore, X is the
union of NSOSs X (in (W, 1)) and On (in (W, 12)). Hence, X
is a Pairwise-NSOS in (¥, 11, 12).

In case 2, we can write, X=OnuwX. Therefore, X is the
union of NSOSs Oy (in (W, t1)) and X (in (W, t2)). Hence, X
is a Pairwise-NSOS in (¥, t1, 12).

In case 3, we can write, X=XUX. Therefore, X is the union
of NSOSs X (in (W, t1)) and X (in (W, t2)). Hence, X is a
Pairwise-NSOS in (¥, 11, 12).

Hence, every NS-bi-O-Set in (¥, 11, t2) is a Pairwise-
NSOS.

Theorem 3.4. Let (¥, t1, 12) be an NSBTS. Then, the
following holds:

(i) On and 1y are both Pairwise-NSOS and Pairwise-NSCS
in (1{-’, T1, ’Ez);

(ii) Every NSOS in one of the NSTS (¥, 1) and (¥, 12)
are Pairwise-NSOS in (W, 11, 12);

(iii) Every NSCS in one of the NSTS (¥, 11) and (¥, 12)
are Pairwise-NSCS in (¥, 11, 12).

Proof. (i) Suppose that (¥, t1, t2) be an NSBTS. Now,
one can express the neutrosophic null set (Oy) as On=WUM,
where W=0y and M=0y are NSOSs in (¥, 11) and (¥, t2)
respectively. Therefore, Oy is a Pairwise-NSOS in (¥, 13,
T2). Hence, (On)°=1y is a Pairwise-NSCS in (¥, 11, 12).

Similarly, one can write the neutrosophic whole set (1n)
as In=WuUM, where W=1y and M =1y are NSOSs in (¥, 11)
and (¥, t2) respectively. Therefore, 1y is a Pairwise-NSOS
in (W, 11, 12). Hence, (1n)°=0 is a Pairwise-NSCS in (¥, 11,
T2).

(ii) Let W be an NSOS in (¥, t1). Now, one can write
W=Wu0y. Therefore, there exist NSOSs W and Oy in (¥, 11)
and (¥, t2) respectively such that W=Wu0y. Hence, W is a
Pairwise-NSOS in (¥, 11, 12).

Similarly, let W be an NSOS in (¥, t2). Now, one can
express W=0yUW. Therefore, there exist NSOSs Oy and W
in (¥, ty) and (¥, t2) respectively such that W=0nuUW.
Hence, W is a Pairwise-NSOS in (W, 11, 12).

(iif) Let W be an NSCS in (¥, t1). Therefore, W° is a
NSOS in (¥, t1). By the second part of this theorem, W¢ is a
Pairwise-NSOS in (¥, 11, 12). Hence, W is a Pairwise-NSCS
in (¥, 11, 12).

Suppose that W is an NSCS in (W, t2). Therefore, W¢ is an
NSOS in (¥, 12). By the second part of this theorem, W¢ is a
Pairwise-NSOS in (¥, 11, 12). Hence, W is a Pairwise-NSCS
in (¥, 11, 12).

Theorem 3.5. In an NSBTS (¥, 71, 12), the union of two
Pairwise-NSOSs is a Pairwise-NSOS.
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Proof. Suppose that X and Y are two Pairwise-NSOSs in
an NSBTS (W, 11, t2). Therefore, there exist NSOSs Xi, Y1
in (¥, 11) and Xz, Y2 in (¥, 12) such that X=X;UX, and
Y=Y1UY>. NOW, we have XUY:(X1UX2)U(Y1UY2)
=(X1UY1)U(X2UY2). Since X; and Y1 are NSOSs in (¥, 11),
50 X1UYs is an NSOS in (W, t1). Since Xz and Y2 are NSOSs
in (¥, 12), 50 XaUY2 is an NSOS in (W, 12). Therefore, XuY
is a Pairwise-NSOS in (¥, 11, 12).

Remark 3.8. In an NSBTS (¥, 11, 12), the intersection of
two Pairwise-NSOSs may not be a Pairwise-NSOS in
general.

Definition 3.7. Let (W, 11, 12) be an NSBTS. Then, an NS
Q over W is called a Pairwise-NSSOS in (¥, t1, 1) if there
exist two NSSOSs Q: in (W, 11) and Qz in (W, t2) such that
Q=Q1uQ2.

Theorem 3.6. Every NS-bi-S-O-Set in an NSBTS
(WP, 11, 12) is also a Pairwise-NSSOS.

Proof. Let X be an NS-bi-S-O-Set in (¥, 11, t2).
Therefore, X must be an neutrosophic supra semi-open set in
at least one of the NSTSs (¥, t1), (¥, t2). So, there will be
three cases.

Case 1: X is an NSSOS in (¥, 1).

Case 2: X isan NSSOS in (¥, 12).

Case 3: X isan NSSOS in (¥, 11) and (P, 12).

In case 1, we can write, X=XU0y. Therefore, X is the
union of NSSOSs X (in (W, t1)) and On (in (W, t2)). Hence, X
is a Pairwise-NSSOS in (¥, 11, 12).

In case 2, we can write, X=OnuX. Therefore, X is the
union of NSSOSs Oy (in (W, 11)) and X (in (W, t2)). Hence, X
is a Pairwise-NSSOS in (¥, 11, 12).

In case 3, we can write, X=XuUX. Therefore, X is the union
of NSSOSs X (in (W, 11)) and X (in (W, 12)). Hence, X is a
Pairwise-NSSOS in (¥, 11, 12).

Hence, every NS-bi-S-O-Set in (W, 11, 12) is a Pairwise-
NSSOS.

Definition 3.8. Let (¥, 11, 12) be an NSBTS. Then, an NS
Q is called a Pairwise-NSPOS in (¥, 11, 12) if there exist two
NSPOSs Q; in 11 and Qg in 72 such that Q=Q1UQo.

Theorem 3.7. In an NSBTS (¥, 11, 12), every NS-bi-P-O-
Set is a Pairwise-NSPOS.

Proof. Let X be an NS-bi-P-O-Set in an NSBTS (¥, 1,
T2). Therefore, X must be a neutrosophic supra pre-open set
in at least one of the NSTSs (¥, t1) and (¥, 12). So, there
will be three cases.

Case 1: X is an NSPOS in (¥, 1).

Case 2: X is an NSPOS in (¥, 12).

Case 3: X isan NSPOS in (¥, 1) and (¥, 12).

In case 1, we can express, X=XUOn. This implies, X is the
union of NSPOSs X (in (W, 1)) and On (in (W, 12)).
Therefore, X is a Pairwise-NSPOS in (¥, 13, 12).

In case 2, we can express, X=0nuX. This implies, X is the
union of NSPOSs Oy (in (W, t1)) and X (in (W, t2)).
Therefore, X is a Pairwise-NSPOS in (¥, 13, 12).

In case 3, we can express, X=XuUX. This implies, X is the
union of NSPOSs X (in (W, 1)) and X (in (W, t2)).
Therefore, X is a Pairwise-NSPOS in (¥, 11, 12).

Hence, every NS-bi-P-O-Set is a Pairwise-NSPOS in (¥,

T1, T2).

Definition 3.9. Let (W, 11, 2) be an NSBTS. Then, an NS
Q over W is said to be a Pairwise-NS-b-OS in (¥, 11, 12) if
there exist two NS-b-OSs Q; in 11 and Q in 12 such that
Q=Q1uQ2.

Theorem 3.8. Every NS-bi-b-O-Set in an NSBTS
(W, 11, T2) is also a Pairwise-NS-b-OS.

Proof. Let X is an NS-bi-b-O-Set in an NSBTS
(W, 11, 12). Therefore, X must be an NS-b-OS in at least one
of the NSTSs (¥, t1) and (¥, t2). So, there will be three
cases.

Case 1: X is an NS-b-OS in (¥, 11).

Case 2: X is an NS-b-OS in (¥, 12).

Case 3: X'is an NS-b-OS in (¥, t1) and (¥, 12).

In case 1, we can express, X=XwO0y. This implies, X is the
union of NS-b-OSs X (in (W, t1)) and Oy (in (W, t2)).
Therefore, X is a Pairwise-NS-b-OS in (¥, 11, 12).

In case 2, we can express, X=0nuX. This implies, X is the
union of NS-b-OSs On (in (W, 11)) and X (in (W, t2)).
Therefore, X is a Pairwise-NS-b-0S in (¥, 11, 12).

In case 3, we can express, X=XuX. This implies, X is the
union of NS-b-OSs X (in (W, t1)) and X (in (W, 12)).
Therefore, X is a Pairwise-NS-b-0S in (¥, 11, 12).

Hence, every NS-bi-b-O-set is a Pairwise-NS-b-OS in
(L[J, T1, Tz).

From the above results, we draw the following figure Fig.
2:

NS-bi-S-O- S
Set
Pairwise-
NSSOS
\/
NS-bi-O- Pairwise- PalrW|se NS- NS-bi-
Set NSOS <= b-O-Set
VAN
Pairwise-
NSPOS
NS-bi-P-O-Set

14

Fig. 2. Relationship between Neutrosophic b-Open, bi-
Open, Semi Open and P-Open Sets.

Definition 3.10. Let (¥, t1, t2) be an NSBTS. Then, the
pairwise neutrosophic supra interior (Pairwise-NSiy) and
pairwise neutrosophic supra closure (Pairwise-NSg) of an
NS X is defined as follows:

Pairwise-NSin(X) = U{L: L is a Pairwise-NSOS and
L X},

Pairwise-NSq(X) = n{L: L is a Pairwise-NSCS and
Xc L}

Clearly, the Pairwise-NSin(X) is the largest Pairwise-
NSOS which is contained in X and  Pairwise-NS¢(X) is the
smallest Pairwise-NSCS which contains X.
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Theorem 3.9. Let (¥, 11, 12) be an NSBTS. Let X and Y
be two neutrosophic sets over W. Then, the following holds:

(i) Pairwise-NSin(X) < X;

(if) X ¢ Y = Pairwise-NSin(X) < Pairwise-NSin(Y);

(iii) If X is a Pairwise-NSOS, then Pairwise-NSin(X) = X;

(iv) Pairwise-NSin(On) = Oy and Pairwise-NSin(1n) = 1n.

Proof. (i) It is known that, Pairwise-NSjn(X) = U{B: B is
a Pairwise-NSOS, and BcX}.

Since BcX, so u{B: B is a Pairwise-NSOS and
BceX} < X

Therefore, Pairwise-NSin(X) < X.

(ii) Let X and Y be two neutrosophic sets over W such that
Xc.

We have, Pairwise-NSin(X)

= U{B: B is a Pairwise-NS-O-set and B — X};

c W{B: B is a Pairwise-NS-O-set
[Since X Y]

= Pairwise-NSin(Y)

= Pairwise-NSin(X) < Pairwise-NSin(Y).

Hence, X < Y = Pairwise-NSin(X) < Pairwise-NSin(Y).

(iii) Let X be a Pairwise-NSOS in an NSBTS (¥, 11, 12).

Now, Pairwise-NSin(X) = U{B: B is a Pairwise-NSOS
and B < X}.

Since X is a Pairwise-NSOS in (¥, 11, 12), S0 X is the
largest Pairwise-NSOS in (¥, 11, t2), Which is contained in
X. Therefore, U{B: B is a Pairwise-NSOS and B < X}=X.
Hence, Pairwise-NSin(X) = X.

(iv) It is known that, both Oy and 1y are Pairwise-NSOSs
in (¥, 11, 12). Hence, by the third part of this theorem, we
have Pairwise-NSin(On) = O, and Pairwise-NSin(1n) = In.

Theorem 3.10. Let (¥, t1, t2) be an NSBTS. Let X and Y
be two NSs over W. Then, the following holds:

(i) X < Pairwise-NSq(X);

(ii) X ¢ Y = Pairwise-NS¢(X) < Pairwise-NSg(Y);

(i) If X is a Pairwise-NSCS, then Pairwise-NS¢(X) = X;

(iv) Pairwise-NS(On)=0n, and Pairwise-NS¢(1n)=1n;

Proof. (i) It is known that, Pairwise-NSq(X)= n{B: B is a
Pairwise-NSCS and X < B}. Since each X < B, so X < n{B:
B is a Pairwise-NSCS and X < B}. Hence, X < Pairwise-
NS (X).

(ii) Let X and Y be two neutrosophic sets over ¥ such that
X c Y. Then,

Pairwise-NSq(X)=n{B: B
X c B}

< n{B: BisaPairwise-NSCS and Y = B} [Since, XcY]

= Pairwise-NSq(Y).

Therefore, X < Y = Pairwise-NS.(X) < Pairwise-NSc(Y).

(iii) Let X be a Pairwise-NSCS in an NSBTS (¥, 11, 12).
Now, Pairwise-NSq(X) = n{B: B is a Pairwise-NSCS
and X < B}. Since X is a Pairwise-NSCS in (¥, 11, 12), S0 X
is the smallest Pairwise-NSCS in (¥, 11, 12), Which
contains X. Therefore, n{B: B is a Pairwise-NSCS and
X < B} = X. Therefore, Pairwise-NS¢(X)=X.

(iv) It is known that, both Oy and 1y are Pairwise-NSCSs
in an NSBTS (¥, 11, 12). Hence, by the third part of this
theorem, we have Pairwise-NSg(On) = On,

Pairwise-NSc(1n) = In.

Theorem 3.11. In an NSBTS (¥, 11, 12), Ti-NSine(X) =

and BcY}

is a Pairwise-NSCS and

Pairwise-NSin(X) for any NS X over W.

Proof. Let X be an neutrosophic sub-set of an NSBTS (¥,
11, T2). It is known that, ti-NSin(X) = U{Y: Y is an NSOS in
(W,7i) and YcX}. Since Y is an NSOS in (W¥,t;), so by second
part of Theorem 3.3, Y is a Pairwise-NSOS in (¥, 11, 12).
Therefore, i-NSini(X) = W{Y: Y is an NSOS in (¥, 1) and
YX} = U{Y: Y is a Pairwise-NSOS in (¥, 11, 12) and YcX}
= Pairwise-NSin(X). Hence, ti-NSin(X) = Pairwise-NSin(X),
for any NS X.

Theorem 3.12. In an NSBTS (¥, 11, 12), Ti-NSa(X) <
Pairwise-NSq(X).

Proof. Let X be an neutrosophic subset of an NSBTS (¥,
T1, T2). Now, Ti-NSci(X)=n{Y: Y is an NSCS in (¥, t;) and X
< Y}. Since Y is an NSCS in (¥, t), so by third part of
Theorem 3.3, Y is a Pairwise-NSCS in (¥, 1, t2). Therefore,
Ti-NSa(X) = n{Y: Y is an NSCS in (¥, ©) and X < Y} =
N{Y: Y is a Pairwise-NSCS in (¥, 11, 72) and X < Y} =
Pairwise-NS¢(X). Hence, ti-NSq(X) = Pairwise-NS¢(X), for
any neutrosophic set X in (¥, t1, 12).

Definition 3.11. Let (¥, 11, 12) and (Q, 81, §;) be two
NSBTSs. A one to one and onto mapping &:(¥, t1, 12)—>(Q,
81, 82) is called as:

(i) pairwise-NSSC-mapping if £1(K) is an NS-hi-S-O-Set
in ¥, whenever K is a pairwise-NSOS in Q.

(i) pairwise-NSPC-mapping if £(L) is a NS-bi-P-O-Set
in ¥, whenever L is a pairwise-NSOS in Q.

(iii) pairwise-NSC-mapping if £(K) is a NS-bi-O-Set in
Y, whenever K is a pairwise-NSOS in Q.

(iv) pairwise-NS-b-C-mapping if £(L) is a NS-bi-b-O-set
in ¥, whenever L is a pairwise-NSOS in Q.

Theorem 3.13. Let (¥, 11, t2) and (€, 81, 82) be two
NSBTSs. Then, every pairwise-NSC-mapping from
(W, 11, t2) to (Q, 81, 82) is also a pairwise-NSSC-mapping.

Proof. Let &:(¥, 11, 12)—>(Q, 81, 82) be a pairwise-NSC-
mapping. Let K be a pairwise-NSOS in Q. Since § is a
pairwise-NSC-mapping from (¥, t1, 12) to (Q, 81, 82), SO
EY(K) is an NS-bi-O-Set in W. It is known that every NS-bi-
O-Set is an NS-bi-S-O-Set. This implies, £1(K) is an NS-bi-
S-0O-Set in (Y, 11, 12). Hence, &:(W¥, 11, 12)—>(Q, 61, 82) is a
pairwise-NSSC-mapping.

Theorem 3.14. Let (¥, 11, t2) and (€, 81, 82) be two
NSBTSs. Then, every pairwise-NSC-mapping from
(W, 11, 12) to (Q, 81, 82) is also a pairwise-NSPC-mapping.

Proof. Let &:(¥, 11, 12)—>(Q, 81, 82) be a pairwise-NSC-
mapping. Let K be a pairwise-NSOS in Q. Since § is a
pairwise-NSC-mapping from (¥, t1, 12) to (Q, 81, 82), SO
EY(K) is an NS-hi-O-Set in W. It is known that every NS-bi-
O-Set is also an NS-bi-P-O-Set. Therefore, £1(K) is an NS-
bi-P-O-Set in (¥, 11, 12). Hence, (W, 11, 12)—>(Q, 81, 82) is
a pairwise-NSPC-mapping.

Theorem 3.15. Let (¥, 11, t2) and (€, &1, 82) be two
NSBTSs. Then, every pairwise-NSSC-mapping from
(W, 11, T2) to (€, 81, 87) is a pairwise-NS-b-C-mapping.

Proof. Let &:(¥, 11, 12)—>(Q, 81, 82) be a pairwise-NSSC-
mapping. Let K be a pairwise-NSOS in Q. Since § is a
pairwise-NSSC-mapping from (¥, 11, t2) to (€, 81, 82), SO
£Y(K) is an NS-bi-S-O-Set in W. It is known that every NS-
bi-S-O-Set is an NS-bi-b-O-Set. Therefore, £1(K) is an NS-
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bi-b-O-Set in W. Hence, &(W, 11, 12)>(Q, 81, &) is a
pairwise-NS-b-C-mapping.

Theorem 3.16. Let (¥, 11, 12) and (€, 81, 32) be two
NSBTSs. Then, every pairwise-NSPC-mapping from
(W, 11, 12) to (€, 81, 2) is a pairwise-NS-b-C-mapping.

Proof. Let &:(P, 11, 12)—>(€, 81, 82) be a pairwise-NSPC-
mapping. Let K be a pairwise-NSOS in Q. Since & is a
pairwise-NSPC-mapping from (¥, 11, 12) to (Q, 81, 82), S0 &
}(K) is an NS-bi-P-O-Set in W. It is known that every NS-bi-
P-O-Set is an NS-bi-b-O-Set. Therefore, £1(K) is an NS-bi-
b-O-Set in W. Hence, &:(W¥, 11, 12)—>(Q, 81, 82) is a pairwise-
NS-b-C-mapping.

Remark 3.9. Every pairwise-NSC-mapping is also a
pairwise-NS-b-C-mapping.

From the above results, we draw the following figure Fig.
3:

Pairwise-NSSC-

mapping
g &
8 I N %
z Te
8 ©
s 3
g g
Pairwise-NSPC-
mapping
Fig. 3. Relationship between Different types of
Neutrosophic Closed Mapping.
Theorem 3.17. If &(X, 11, 12)—>(Y, 81, &) and

x:(Y, 81, 82)—>(Z, 61, 62) be two pairwise-NSC-mapping,
then the composition mapping yo&:(X, t1, 12)—>(Z, 01, 62) is
also a pairwise-NSC-mapping.

Proof. Let &Z(X, 11, T2)—>(Y, 81, 82) and X:(Y, 81, O2)—>
(Z, 061, 67) be two pairwise-NSC-mapping. Let L be a
pairwise-NSOS in (Z, 61, 62). Since y:(Y, 81, 62)—>(Z, 01, 62)
is a pairwise-NSC-mapping, so y (L) is an NS-bi-O-set in
Y. Again, since every NS-bi-O-set is a pairwise-NSOS, so
L) is a pairwise-NSOS in (Y, &1, &2). Since
E:(X, 11, 12)—>(Y, 81, &) is a pairwise-NSC-mapping, so
EYx ML) = (xe&)Y(L) is an NS-bi-O-Set in X. Hence,
¥o&:(X, 11, 12)—>(Z, 01, 62) is also a pairwise-NSC-mapping.

Theorem 3.18. If £:(X, 11, T2)—(Y, 81, 82) be a pairwise-
NSPC-mapping and y:(Y, 81, 82)—(Z, 01, 0,) be a pairwise-
NSC-mapping, then  the  composition  mapping
xo&:(X, 11, ©)—>(Z, 61, 62) is also a pairwise-NSPC-
mapping.

Proof. Let &:(X, 11, t2)—>(Y, 81, 82) be a pairwise-NSPC-
mapping and x:(Y, 31, d2)—(Z, 61, 62) be a pairwise-NSC-
mapping. Let L be a pairwise-NSOS in (Z, 61, 62). Since

x:(Y, 81, 82)—>(Z, 01, 62) is a pairwise-NSC-mapping, so
vY(L) is an NS-bi-O-Set in Y. Again, since every NS-bi-O-
Set is a pairwise-NSOS, so (L) is a pairwise-NSOS in
(Y, 81, 82). Since, &£:(X, 11, t2)—>(Y, 81, 82) is a pairwise-
NSPC-mapping, so &2(x2(L))=(x, &) *(L) is a NS-bi-P-O-set
in X. Therefore, (yo&)*(L) is an  NS-bi-P-O-Set in X,
whenever L is a pairwise-NSOS in (Z, 01, 62). Hence,
yo&:(X, 11, 12)—>(Z, 61, 02) is also a pairwise-NSPC-
mapping.

Theorem 3.19. If &:(X, 11, 12)—>(Y, 81, 82) be a pairwise-
NSSC-mapping and y:(Y, 81, 82)—>(Z, 01, 62) be a pairwise-
NSC-mapping, then the composition mapping x°&:(X, 1,
12)—>(Z, 01, 62) is also a pairwise-NSSC-mapping.

Proof. Let &:(X, 11, t2)—>(Y, 61, 82) be a pairwise-NSSC-
mapping and y:(Y, 81, 82)—(Z, 61, 62) be a pairwise-NSC-
mapping. Let L be a pairwise-NSOS in (Z, 61, 62). Since
1:(Y, 81, 82)—>(Z, 61, 62) is a pairwise-NSC-mapping, so
x}(L) is an NS-hi-O-Set in Y. Again, since every NS-bi-O-
Set is a pairwise-NSOS, so y (L) is a pairwise-NSOS in
(Y, 81, 82). Since, &:(X, 11, t2)—>(Y, 81, 82) IS a pairwise-
NSSC-mapping, so £2(x(L))= (xe £)*(L) is an NS-bi-S-O-
Set in X. Therefore, (y°£)*(L) is an NS-bi-S-O-Set in X,
whenever L is a pairwise-NSOS in (Z, 01, 62). Hence,
xoli(X, 11, t2)—>(Z, 61, 62) is also a pairwise-NSSC-
mapping.

Theorem 3.20. If &:(X, 11, 12)—>(Y, 61, 82) be a pairwise-
NS-b-C-mapping and y:(Y, 1, 82)—(Z, 61, 02) be a pairwise-
NSC-mapping, then  the  composition  mapping
1o&:(X, t1, t2)—>(Z, 01, 62) is also a pairwise-NS-b-C-
mapping.

Proof. Let £:(X, t1, 12)—(Y, 81, 2) be a pairwise-NS-b-C-
mapping and y:(Y, 81, 82)—(Z, 61, 62) be a pairwise-NSC-
mapping. Let L be a pairwise-NSOS in (Z, 01, 62). Since
w:(Y, 81, 82)—>(Z, 61, 62) is a pairwise-NSC-mapping, so
x1(L) is an NS-bi-O-Set in Y. Again, since every NS-bi-O-
Setisa pairwise-NSQOS, so (L) is a pairwise-NSOS in
(Y, 81, 82). Since, &:(X, 11, T2)—>(Y, 81, 82) isa pairwise-NS-
b-C-mapping, so &1(x(L))=(y o&) (L) is an NS-bi-b-O-Set
in X. Therefore, (x°£)*(L) is an NS-bi-b-O-Set in X,
whenever L is a pairwise-NSOS in (Z, 01, 62). Hence,
1o&:(X, t1, T2)—>(Z, 01, 62) is also a pairwise-NS-b-C-
mapping.

IV. CONCLUSION

In this study, we have established the notions of
neutrosophic supra bi-topological space by extending the
concept of neutrosophic supra topological space and bi-
topological space. By defining neutrosophic supra bi-
topological space, we have formulated some interesting
results in the form of theorems, remarks, propositions, etc in
the context of neutrosophic supra bi-topological spaces.
Furthermore, we provided several well-described examples
to justify our results.

Our work suggests that the concept of neutrosophic supra
bi-topological space holds promise for future developments,
particularly in its potential extension to pentapartitioned
neutrosophic sets, bipolar pentapartitioned neutrosophic
sets, and beyond, offering exciting avenues for further

Volume 32, Issue 2, February 2024, Pages 444-451



Engineering Letters

research and exploration.
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