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Nonlinear Channel Equalization Using A Novel
Recurrent Interval Type-2 Fuzzy Neural System
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Abstract—Nonlinear inter-symbol interference leads to
significant error rate in nonlinear communication and digital
storage channel. In this paper, therefore, a novel recurrent
interval type-2 fuzzy neural network with asymmetric
membership functions (RT2FNN-A) is proposed for nonlinear
channel equalization. The RT2FNN-A uses the interval
asymmetric type-2 fuzzy sets and it implements the fuzzy logic
system in a five-layer neural network structure. The
RT2FNN-A is an extensive results of type-2 fuzzy neural
network to provide memory elements for capturing the system’s
dynamic information and has the properties of high
approximation accuracy and small network structure. Based on
the Lyapunov theorem and gradient descent method, the
convergence of RT2FNN-A is guaranteed and the
corresponding learning algorithm is derived. In addition, the
RT2FNN-A is applied in the nonlinear channel equalization to
show the performance and effectiveness of RT2FNN-A system.

Index Terms—type-2 fuzzy logic system, recurrent neural
network, asymmetric membership functions, channel
equalization

I. INTRODUCTION

With the growth of internet technologies, the efficient
high- speed data communication techniques over
communication channels have become a challenging issue.
The nonlinear equalization are always superior to the linear
ones with the added advantages of lower bit error rate, lower
mean squares error, and higher convergence rate [1-9]. In
recent years, the nonlinear channel equalization using
intelligent system (includes neural network, fuzzy systems,
fuzzy neural systems) was discussed [5, 10-13]. In [13], there
were successful application cases in complex channel
equalization by using self-constructing fuzzy neural network,
but a larger fuzzy rule number should be used when signal to
noise ratio is low.

In recent years, the fuzzy systems and control are regarded
as the most widely used application of fuzzy logic system
[14-19]. Mendel and Karnik developed a complete theory of
type-2 fuzzy logic systems (T2FLSs) [17, 19-21]. Recently,
T2FLSs have attracted more attention in many literatures and
special issues [10, 15, 19-21, 22-24]. The major difference
being the present of type-2 is their antecedent and consequent
sets. T2FLSs result in better performance than type-1 fuzzy
logic systems on the applications of function approximation,
modeling, and control. Besides, neural networks have found
numerous practical applications, especially in the areas of
prediction, classification, and control [25-27]. Based on the
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advantages of T2FLSs and neural networks, the type-2 fuzzy
neural network (T2FNN) systems are presented to handle the
system uncertainty and reduce the rule number and
computation [10, 19, 22-24]. Using the asymmetric Gaussian
function which is a new type of membership function (MF)
due to excellent approximation results it provides. It also
provides a fuzzy-neural network with higher flexibility to
easily approach the optimum result more accurately. In the
literature [18, 22], a T2FNN with asymmetric membership
functions (T2FNN-A) was proposed to improve the system
performance and obtain better approach ability.

In this paper, we proposed a combining interval type-2
fuzzy asymmetric membership functions with recurrent
neural network system, called RT2FNN-A, for nonlinear
channel equalization. The proposed RT2FNN-A is a
modified version of the T2FNN [23, 25, 28-31] which
provides memory elements to capture system dynamic
response [25]. The RT2FNN-A system capability for
temporarily storing information allowed us to extend the
application domain to include temporal problem. Simulations
are shown to illustrate the effectiveness of the RT2FNN-A
system.

This paper is organized as follows. Section Il introduces
the problem formulation: nonlinear channel equalization.
The proposed novel recurrent interval type-2 fuzzy neural
network  with  asymmetric  membership  functions
(RT2FNN-A) is introduced in Section Ill. Section IV is the
proposed novel equalizer scheme using RT2FNN-A system.
The effectiveness of the proposed nonlinear equalizer is
illustrated by comparison with other equalizers in Section V.
Section V1 is devoted to a brief conclusion.
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Figure 1: Block diagram of a digital transmission system with equalizer.

Il. PROBLEM FORMULATION- NONLINEAR CHANNEL
EQUALIZATION

Consider a real-valued digital communication system with
a 2-PAM signal to transmit a sequence of real-valued
symbols, which is denoted as s(k) for the kth time instance. A
discrete-time model for the digital transmission system with
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the equalizer is shown in Fig. 1. The channel characteristic
represents random temporal fluctuations by the time-varying
amplitude factor. The received signal can be described as
follows
X(t)=cs(t)+c,s(t-1) +...+ c,s(k—p+D+nk) (1)

where s(t) is transmitted signal, and X(t) denotes the channel
state; ¢, I=1, 2, ..., p, are time-varying amplitude factor, and
p is the channel order. The channel characteristic is similar to
nonlinear time-varying channel. The nonlinear channel
equalization is a technique used to combat some imperfect
phenomenon in high-speed data transmission over channels
[28]. Figure 1 shows the block diagram of a communication
system that is subject to inter-symbol interference (ISI) and
additive white Gaussian noise (AWGN). The transmitted
input symbols s(k) is independent and identically distributed
discrete-time random processes taking its value {-1, +1}. The
signal is sent through the channel.

In real communications, the channel is too dispersive to
cause interference between successive signal samples. It will
complicate reliable transmission and reception. X(t) denotes

the output of the channel. The channel function can be
described as [28]

(k) = f(s(k),s(k =1),---,5(k — p+1)) )
where p means the channel order. Generally, f is a nonlinear
function of past transmitted signals, and the channel changes
slowly but significantly over time; therefore, a nonlinear
channel equalizer with adaptation ability is needed.

At receiving terminal, the inter-symbol interference and
nonlinear distortion are introduced by the channel; received
signals x(k) are also assumed to be corrupted by a additive
noise n(k), that is

x(k) = X(k) +n(k) 3)
where n(k) is an AWGN, and is assumed to be zero mean
white Gaussian.

The function of the equalizer is to re-construct the
transmitted signal, s(k-d) (d denotes the decision delay), from
the observed information sequence, x(k), ..., X(k-p+1). Thus,
the mathematical representation of equalizer is

S(k—d) = (x(k),x(k =1),--, x(k = p+1)) (4)
where v :R" —» {1, -1} . We can say that a correct decision by

the equalizer if

S(k-d)=s(k—-d). (5)
Herein, we will extend the application to the nonlinear
complex value channel. Details will be introduced in Section
V.

I1l. A NOVEL RECURRENT INTERVAL TYPE-2 Fuzzy
NEURAL SYSTEMS

We here introduce the recurrent type-2 neural fuzzy
inference system with asymmetric fuzzy MFs (RT2FNN-A)
that was modified and extended from our previous results [14,
17, 28]. The RT2FNN-A uses the interval asymmetric type-2
fuzzy sets and it implements the FLS in a five-layer neural
network structure which contains four-layer forward network
and a feedback layer.

In general, given an system input data set x;, i=1, 2, ..., n,
and the desired output y,, p=1, 2, ..., m, we have the
representation of jth fuzzy rule for RT2FNN-A

Rulej: IF
THEN vy, is W' and ... ypis W/,

giis a', gpis @/, ..

where éij represents the linguistic term of the antecedent

x1is G, and ... x,is G, and gjis G
. and gy is a,] .

part, w) and a, represents the interval real number of the
consequent part; and M is the rule number. Here the fuzzy
MFs of the antecedent part G, are asymmetric interval

type-2 fuzzy sets, which represent the different from typical
Gaussian MFs. The asymmetric interval type-2 fuzzy sets
will be introduced in the following subsection.

Layer 5: Feedback layer

Layer 4: Output layer

" Layer 3: Rule layer

(2]

Layer 2: Membership layer

Layer 1: Input layer

Xy Xn
Figure 2: Diagram of MISO recurrent type-2 fuzzy neural network with
AFMFs (RT2FNN-A).

A. Structure of RT2FNN-A System

The RT2FNN-A is shown in Fig. 2. In the following, O
denotes the ith output of a node in the Ith layer.
Layer 1: Input Layer

For the ith node of layer 1, the net input and output are
represented as

0P = x® (6)

where x® represents the ith input to the jth node.

Layer 2: Membership Layer
In layer 2, it is clear that there are two parts in this layer,

regular nodes and feedback nodes. Their input are O}“ and

gj(k). Therefore, for network input x; the corresponding
output is

o® =[o® o] - EG ©O) g (Of“)f. )
For internal or feedback variable g, we have

Ol_':(z) _ [Qlj:(z) ajF(Z)]T = Méf (gj (k) ﬁéf (gj(k))J' (8)
where the subscript j; indicates the jth term of the ith input
0", where j=1, ..., M. The superscript © denotes the
feedback layer.

Layer 3: Rule Layer
Using the product t-norm, the firing strength associated
with the jth rule is

ij = g ()) ek g (X,) "Her 0
9)
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FI= g, () %o g () * g, O, (10)
where U () and g () are the lower and upper
membership grades of () Therefore, a simple

PRODUCT operation is used. Then, for the jth input rule
node

0® = [O ® 5j<3> ]’

n
F(2> 3) 2 AFQ @ .0 ®@
[ ||W 07 O®T[w -0,
i=1

where the weights w.” are assumed to be unity.

}T (11)

Layer 4: Output Layer
Without loss of generality, the consequent part of interval

T2FLS is W, :[v_vj W,T’ w, <w, . The vector notations
w=[w, w, ]’ and W=[W, w, ]' are used for
clarity. According to the literature [18], we denote the
maximum and minimum of > fw, as O and 0"

9<4) —wf, = ZL:(O @ ) i(_(B)V_V,») (12)
-1 j=L+1
0w =w'f, —i(_‘” )>0ew)
where J
fL :[fl""r 7LY N ]T [01 ) 0(3) O(Lszu -0 :?]T (14)
n=hwame- ] -8 008, 58] . 15)

It is obvious that R and L should be calculated first. The
weights are arranged in order as w,<w,<.--w, and
W, <w, <---W, . According to the Karnik-Mendel procedure
[17, 19, 20], L and R are

L= arg min(g“)), R=

je[l:-M-1]

arg max(C_) @ ) (16)

jell.-M-1]
Finally, the crisp output is
0(4) +0 A 4

2

0 = 17)

Layer 5: Feedback Layer

This layer contains the context nodes which is used to
produce the internal or feedback variable g;. Each rule is
associated with a particular internal variable. Hence, the
number of the context nodes is equal to the number of rules.
The same operations (type-reduction and defuzzification) as
layer 4 are performed here.

07 (k+D=a]f, =3 (01"a, )+ 2r,) 9
0O (k+1)=a'f, _Z(_“) )+ Sora,) 9
h= R‘+1
and
L= arg min@(js)(k+l)), RF= arg max(0®(k+D). (20)

hefl,M-1]

Finally, the crisp output of this layer is
g,(k +1) =0 (k +1) =%[Q(f’(k +1)+0°(k +1)] (1)

hefl,M-1]

Note that the delayed value of g; is fed into layer 2, and it acts
as an input variable to the precondition part of a rule. Each
fuzzy rule has the corresponding internal variable g; which is
used to decide the influence degree of temporal history to the

current rule.
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Figure 3: Construction of a type-2 AFMF: (a) upper MF (solid line), (b)
lower MF (solid line), and (c) constructed type-2 AFMF.

B. Construction of Type-2 Asymmetric Fuzzy Membership
Functions

Herein we introduce the construction of type-2
asymmetric fuzzy membership function (AFMF). Figure 3
shows the constructed AFMF. We use the superscripts (I) and
(r) to denote the left and right curves of a Gaussian MF. The
parameters of lower and upper MFs are denoted by an
underline () and bar ("), respectively. Thus, the upper MF is

constructed as
1 (x-m0 )]
2050 ) |

Hz (x)= 1

_ .
1(x-m®

&P -5 0 :

where m® and m™ denote the means of two Gaussian MFs

satisfying m® <m® , and " and & denotes the

deviation (i.e., width) of two Gaussian MFs. Fig. 3(a) shows
the upper type-2 AFMF constructed using m®, m®, 5O,

exp| for x<m®

(22)
,for MM <x<m®

for m® <x

and . Similarly, the lower asymmetric MF is defined as
! N
r-exp —;(X % J , for x<m®
z /] (23)
p() = r , for mY <x<m®
1 x-m® 2 . o
rexp -5 o , for m"™ <x

where m® <m" and 0.5<r<1. The corresponding widths
of the MFsare 5+ and 5. To avoid unreasonable MFs, the
following constrains should be given
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(24)

Fig. 3(b) sketches the lower type-2 AFMF. Therefore, the
corresponding constructed type-2 AFMF is shown in Fig.
3(c). This introduces the properties of uncertain mean and
variance [30]. Additionally, we can construct other type-2
asymmetric MFs by tuning the parameters. The
corresponding tuning algorithm is derived to improve system
accuracy and approximation ability.

n(k) [

() | Time-varying | %(k) A X RT2FNN-A I
channel i §(k—d)
. +~_Error Learning
7 sk—d) T_ Algorithm

Figure 4: Block diagram of adaptive equalizer using RT2FNN-A
system.

IV. A NOVEL ADAPTIVE EQUALIZER USING RT2FNN-A
SYSTEM

It is well known that the universal approximation capacity
of the fuzzy neural network is very powerful [18, 25, 31]. The
proposed novel adaptive equalizer using RT2FNN-A system
is decipted in Fig. 4. The input and output of RT2FNN-A
equalizer are x(k) and $(k —d), respectively. The adaptive
RT2FNN-A equalizer is adjusted by the proposed learning
algorithm which is introduced as below.

A. Adaptive Algorithm for RT2FNN-A System

The gradient descent method is adopted to derive
learning algorithm of the RT2FNN-A system. For
clarification, we consider the single-output system and define
the error cost function as

E(0) =51, (0 - ST

where Yy is the desired output and y is the RT2FNN-A’s

output. By the gradient descent method, the parameters
updated law is

(25)

W(k +1) = W(K) + AW(K) = W(K) + U[_s\,Ev((kk))J )

in which 7 is the learning rate. W=[W, W W" W
W" W, r r] are the adjustable parameters, where W, is
consequent weights, W and W' are parameters of lower
MFs, W and WF are upper MFs parameters, W, is

parameter in feedback layer, and r and r" are the column
vectors, i.e.,

g

I I
) N g() gm]T

o F E(r)]T

ss £ 2
1]

EMEREN
|

U]

I
I

WF = [mF(I) mEe  GF0 O_F(rJ]T
WF = [mF(I) WrO  FFO EF(r)]T .
Considering 0E(k)/0W(k) , we have

OE(k) _0E(K) ay(k) _ o] (k)
W)~ 30 awdg - e -IlEgas @)
Thus, (26) can be rewritten as
W(k +1) = W(k) + ne(k)M (28)

oW (k)
where e(k) =y, (k) - y(k). The remaining work involves

finding the corresponding partial derivative with respect to
each parameter.
Observing equation (18) and if j<L, only the term of

Z;l((i“’v_vj) should be considered, and only consider
ZLA(Q(J.B)V_VJ.) if j>L. Moreover, we consider le(g‘f’v_vj)
if j<Rin (17), aswellas 3" (0°W, ) where j>R. Thus, we

should notice the values of j, R, and L in deriving the update
laws.

Upper MF

0.8
0.6
4(x)

0.4

0.2

Figure 5: Firing regions definition of input variable x, (upper MF).

In order to avoid unnecessary tuning, we must also
consider the firing regions of MFs for input variable x;. For
example, considering an upper MF as shown in Fig. 5, region

(- x, <m", only m" and &” are updated; region (11)-

m <x, only m and & must be updated as well.

Finally, region (111)- M’ < x, <M, nothing should be done.
Therefore, we can tune one side of MF for each training
pattern. The results of lower MFs are the same as above.
Besides, parameter I' must be updated for all three regions.

Owing the recurrent property, the real time recurrent learning
algorithm is used [32]. We will show the update rule of w,,
and W only. Other parameter’s updated rule can be derived
the same way and are omitted.

-Parameters W,
wo(k+1 w. (k f
w, k] w0
w, (k+1) w, (k) fo;
where f_j and fr; are introduced previously in (9) and (10),
and 7, is the corresponding learning rate.

(29)

-Parameters W
Region (1) : x <m"
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{ﬁf"(k +1)} {ﬁf”(k)
—(l —(l
GO+ || 50(K) |
. _FT(I) +5F(I) % ﬁ,:(”_ _—
—i] Q ) —F(I) x H JQh(I) ! J - (31)
ij B
+2ie(k)

2 _E(I) +5F(I) % ﬁp(l)_
o arxmy | TIF

where 77 denotes the corresponding learning rate and

P(I) O(s) (Xi_m(l)) Q(I) O(s) (X m(l)) ’
Ce R
)

T e
@)
J
M

HIO = ZC,h(u“’(k D+ofO(k-1)-H(k-1))

o iCJh(QU(I)(k D+ k-1)- Hy (k- 1))

and
0.5xa;, for(h<L{)and(h<R[)
—F 0.5xa;,, for(h>L7)and(h>R’)
" 0, for (h> L) and (h<RF)
0.5x(a, +a,), else.
Region (I1) : m” <x,
mO(k+1)] [mMO(K)
e
P(' +wF(f) HF’(f)
V_V[Q 0 150 x HQ(”} if j<L  (32)

1_
—ne(k
+277()

=l

P(r) +5F(r) XH P(r) —_
—ow | if j>
1QV+@ " xH

where

0® (Xi —ﬁ}'))z

—(r) 3
(O'ij )

ﬁij(r) _ 6}_(3) (X<O;rr)n)(r)) Q.,m
ij
(o,-m)

— 1

Ao = ZC,h(um(k N+ 0 0 (k-1)-H (k-1))

1
of =

O o®

—Q(n)

Hy = ZCJh(Q‘”(k D+a; " (k-1)-Hn (k- 1))

Region (I11) : m <x, <m"”
mOk+1) | [m® (k)
_‘”(k +1) | oy’ (K)
O+ 7m0 | 39
EF_” (k+1) —_w (k)

Note that H?®, H ", HS", and H2" are recurrent factors
and equal to zero mltlally and are reset to zero after a period
of time. 5; is recurrent weighting factor.

B. Stability Analysis of RT2ZFNN-A System

By [18, 25, 31], using the Lyapunov stability approach,
we have the following convergence theorem.
Theorem 1: Let [, 5. n 7 n,] be the learning

rates of the tuning parameters for RT2FNN-A. The
asymptotic convergence of RT2FNN-A is guaranteed if
proper learning rates [, 5. 5 7 n,] are chosen

satisfying the following condition.
(/IW FA+A A A, A A+ AT+ AT +Ar;)< 2
where

L (OX TGN R G e O
oMW, | ew, |T T T oW || oW

(34)

T n{@y(k)} {M_)}Q . {89"‘)“59(“)}0
oW || ow ' or or
_ [aw][aw]., 5 :n{ay(k) T[ay(k)}o
= aw, [ lew, |7 aw. | L aw.
I3, ;F:n{aw)ﬂay(k)}o
= A ew” | |ew" | OW* | | oWF

1. =n K T N |
o ort or'

Proof: The details are introduced in Appendix 1.

V. SIMULATION RESUTLS

To demonstrate the performance of RT2FNN-A system,
several simulations regarding signal processing are
constructed. The RT2FNN-A system is applied to nonlinear
time-varying channel equalization, real-value channel and
complex channel.

A. Real Channel

As introduced in Section I1, based on the category of s(k-d)
(i.e.,+1), the channel states X(k) can be partitioned into two
classes [5]

X ={R(k)|s(k—d)=1}, (35)
“={X(K)|s(k-d)=-1}. (36)
The numbers of elements in X" and X" are denoted as n; and
n, , respectively [5]. The probabilities for s(k-d)=1 and
S(k-d)= -1 are the same, which means, n/ =n_=n_/2,
where ng is the total number of channel state. Besides, the
channel states in X" and X are denoted X' (i =1,---,n;) and
X (i=1,---,n]), respectively.

Suppose channel order is p=2 in the nonlinear channel
function. For a time-varying channel, the coefficients of the
channel, ¢, i=0,1,...,n, are unknown. The nonlinear
time-varying channel model is described as [33]

X(k) = ¢,s(k)+c,s(k —1) - H (k) + n(k) (37)
where ¢; and ¢, are time-varying coefficients, and H(k) is
Co-Channel Interference, (CCI) is described as

H (Z) = ﬂ(cn(k) + Clz(k)zil) (38)

(Advance online publication: 22 May 2009)



Engineering Letter, 17:2, EL._ 17 2 04

where c;1(k) and cip(k) are co-channel
coefficients.

The time-varying coefficients, ¢; and c,, are simulated by
using a second-order Markov model. It is also called
second-order Butterworth low-pass filter (LPF) which is
derived by white Gaussian noise source [33]. In our
simulations below, we use the function butter, provided by
the Matlab- Signal Processing Toolbox, to generate a
second-order low-pass digital Butterworth filter with cutoff
frequency 0.1. Then the function filter is used to generate a
colored Gaussian sequence, which is then used as
time-varying channel coefficients. Note that we center ¢ (k)

around 1 and ¢, (k) around 0.5 as shown in Fig. 6. The input

to Butterworth filter is a white Gaussian sequence code for
time-varying coefficients with length of 1000.

time-varying

N0

0.9

Coefficient Values

0.8

0.7

0.6

0.5

I . . . . . . I .
0 100 200 300 400 500 600 700 800 900 1000
Time index

0

Coefficient Values

. . I . . I . . I
0 100 200 300 400 500 600 700 800 900 1000
Time index

Figure 6: Time-varying channel coefficients.

As Fig. 4 shows, we use the RT2FNN-A system to be an
adaptive equalizer for time-varying channel equalization. In
the following simulations, we choose the independent input
sequence s(k) which consists of 2000 symbols. The first 1000
symbols are used for training, and the remaining 1000 are
used for testing. After training, the parameters of the T2FNN,
T2FNN-A and RT2FNN-A filters are fixed, and then the
testing is performed. Then, we compare two examples among
these three types of filters.

Example 1: Nonlinear Time-varying Channel

Firstly, we do not consider the CCI, i.e., H(k)=0. We
assume that the time-varying channel is the form of (37) and
we choose 4 rules to construct the RT2FNN-A filter. The
learning rate is chosen to be 0.1, whereas the training epoch is
50. Figure 7 shows the simulation results (solid-line:
RT2FNN-A, dashed-line: T2FNN-A, and dotted-line:
T2FNN). The comparisons of network structure and bit error
rate (BER) are shown in Table 1. Obviously, the performance

using our approach is also better than T2FNN-A and T2FNN
(smaller BER value).

Next, we consider the time-varying channel with the
co-channel for CCI

H(z) =0.9-(c, (k) +c, (k)2 ™)’ (39)

where the nominal values are c;(k)=1 and c¢;,(k)=0.5. The
learning rate is set as 0.1, whereas the training epoch is 50.
Fig. 8 shows the simulation results (solid-line; RT2FNN-A,
dashed-line: T2FNN-A, and dotted-line: T2FNN). We found
that the performance is better than T2FNN-A and T2FNN
(smaller BER value). We can see that our approach results
better performance and has advantages of fewer adjustable
parameters and smaller BER value.

10°

BER

10°

SNA (dB)

Figure 7: Performance comparisons of nonlinear time-varying channel
without CCI (solid-line: RT2FNN-A, dashed-line: T2FNN-A, and
dotted-line: T2FNN).

R e B e e
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| |
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Figure 8: Performance comparisons of nonlinear time-varying channel with
CCI (solid-line: RT2FNN-A, dashed-line: T2FNN-A, and dotted-line:
T2FNN).

Table 1: Comparison results of network structure, rule number, parameter
number, and BER (SNR=10 dB).

Network | R |parameter BER
structure number number - -
(M) Without CCI | With CCI
T2ENN 2-30-15-1 15 120 0.1897 0.4704
[26]
2-8-4-1 4 32 0.597 0.798
2-18-9-1 9 108 0.0825 0.1932
T2FNN-A
[18]
2-8-4-1 4 48 0.434 0.601
RT2FNN-A 2-8-4-1 4 100 0.0063 0.017
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B. Complex Channel Equalization

Due to the increasing demand on higher-speed data
transmission in communication systems, most channels have
inevitably become much noisier and more crowded than ever.
This results in signal distortion at the end receiver. Herein,
we consider a real-world complex nonlinear channel and the
baseband discrete-time data transmission system in which
4-QAM modulated signals are transmitted. The original
complex-valued message symbol at kT is denoted by s(k),
where T is the symbol duration. The real part and the
imaginary part of s(k) are assumed to be independent and
identically distributed (i.i.d.) when equiprobable values are
over{+1, -1}. The output of the linear dispersive FIR channel
at kKT may be written as [13]

a(k) = > h(i)-s(k-1)

where h(i), i=1,2,..., p, are the channel tap values and p is the
tap length of the FIR channel.

(40)

Example 2: Complex Linear Channel

The channel transfer function is given by [13]

X(k) = (0.7409 — j0.707) x{s(k) — (0.8 — j0.4)s(k —1)
+(0.6—j0.3)s(k —2)}

x(k) = X(k) + n(k) (42)
where n(k) is an AWGN, x(k) and s(k) represent the channel
output and the original 4-QAM modulated signals at time
instant k.

In this simulation, we use two networks to estimate the real
and imaginary part of signal, we choose 4 rules to construct
the RT2FNN-A filter. A sample with 1000 data sets are
generated to train the RT2FNN-A. The learning rate is set to
be #=0.1, and the training epoch is 20. In the simulation for
error performance, 1000 data patterns are used to test the
trained RT2FNN-A equalizer. In Fig. 9, it shows the
simulation result of the performance in complex linear
channel (solid-line: RT2FNN-A, dashed-line: T2FNN-A,
and dotted-line: T2FNN). We can observe that our approach
performs well.

(41)
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Figure 9: Performance comparisons (solid-line: RT2FNN-A, dashed-line:
T2FNN-A and dash-dotted-line: T2FNN).

Table 2: Comparison results of network number, network structure, rule
number, parameter number, and BER (SNR=12 dB).

Network | Network Rule Parameter BER
number | structure |number (M)| number
2 2-30-15-1 15 240 0.35
T2FNNI[26]
2 2-8-4-1 4 64 0.477
2 2-18-9-1 9 216 0.34
T2FNN-A
[18]
2 2-8-4-1 4 96 0.428
SCRFNN
[13] 2 2-8-4-1 4 56 0.7
RT2FNN-A 2 2-8-4-1 4 200 0.255

Example 3: Complex Nonlinear Channel
Herein, we consider the complex nonlinear channel as [13]
X(k) = (1.0119 — j0.7589)s(k) 43)
+(—0.3796 + j0.5059)s(k —1)
x(kK) = X(k) +0.2%(k)? + 0.1%X(k)* + n(k) (44)
where n(k) is an AWGN, x(k) and s(k) represent the channel
output and the original 4-QAM modulated signals at time
instant k.

The same as Example 2, we use two networks to estimate
the real and imaginary part of signal. We then use 4 rules to
construct the RT2FNN-A filter. 1000 data sets are generated
to train the RT2FNN-A. The learning rate is set to be 7=0.1.
The training epoch is 50. In the simulation for error
performance, 1000 data patterns are used to test the trained
RT2FNN-A equalizer. In Fig. 10, it shows the simulation
result of the performance in complex nonlinear channel
(solid-line: RT2FNN-A, dashed-line: T2FNN-A, and
dotted-line: T2FNN). We found that our approach performs
well. Fig. 11 shows the scattered diagram of the noisy
channel output signals when SNR=10 dB. These signals are
received at the receiver and are passed through the equalizer.
Fig. 12 represents the equalizer output signal distribution
result. It can be seen that output distribution presents a higher
concentration at the signal space.

Performance in complex nonlinear channel
l I l

RT2FNN-A

—— T2FNN-A

— — ~ ~T2FNN

BER

0

Figure 10: Performance comparisons of Example 3 (solid-line: RT2FNN-A,
dashed-line: T2FNN-A, and dash-dotted-line: T2FNN).
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Figure 11: Test channel symbol distribution for Example 3.
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Figure 12: RT2FNN-A equalizer output for Example 3.

Table 3: Comparison results of network number, network structure, rule
number, parameter number, and BER (SNR=10 dB).

Rule

Network | Network Parameter
number BER
number | structure (M) number
2 2-30-15-1 15 240 0.109
T2FNN[26]
2 2-8-4-1 4 64 0.28
T2FNN-A[18 2 2-18-9-1 9 216 0.107
1 2 2-8-4-1 4 96 0.233
SCRFNNI[13] 2 2-8-4-1 4 56 0.285
RT2FNN-A 2 2-8-4-1 4 200 0.104

This simulation shows that the RT2FNN-A has a smaller
network structure for complex nonlinear channel
equalization. The comparisons of network structure,

adjustable parameters number and BER are shown in Table 3.

We can see that our approach performs well and has
advantages of fewer adjustable parameters and smaller BER
value.

VI. CONCLUSION

In this paper, we propose a recurrent interval type-2
fuzzy neural network with asymmetric membership functions
(RT2FNN-A). The novel RT2FNN-A uses the interval
asymmetric type-2 fuzzy sets implements the FLS in a
five-layer neural network structure which contains four layer
forward network and a feedback layer. According to the
Lyapunov theorem and gradient descent method, the
convergence of RT2FNN-A is guaranteed and the
corresponding learning algorithm is derived. The effect of

RT2FNN-A has been introduced by several illustration
examples. From the simulation results, a RT2FNN-A
equalizer over various channel models are presented in this
paper. Simulation results have been carried out in both
real-valued and complex-valued nonlinear channels to ensure
the flexibility of the proposed equalizer. The feedback layer
of proposed RT2FNN-A makes it have advantages of storing
past information. Moreover, the RT2FNN-A can use a small
number of tuning parameters than the feed-forward fuzzy
neural networks to obtain better performances (smaller BER).
To reduce the computation complexity, RT2FNN-A is a good
choice.

APPENDIX

Proof of Theorem 1
First, we define the Lyapunov function as follows:

VIO =200 -300F ~2e'0) (A

where (k) is RT2FNN-A’s system output, y4(k) is desired
output and e(k) denotes the approximated error. Thus, the
change of V(K) is
AV (K) = L[e? (k +1) - e? (k)]
: (A2)
= E[e(k +1) +e(k)Je(k +1) —e(k)]
The error difference due to the learning can be represented by

Ae(k) = e(k +1) —e(k) ~ [aae_\(/\k/)} AW

de(k) de(k)

_ {ae(k) de(k) oe(k)

oW, oW W  or oW,
AW, ]
AW
AW
| Ar
de(k) ce(k) oce(k) 2e(k)| |\
oW. oW" owW" or” AW:
AW"
AWF | (A3)
_ArF_
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. oy(k)
_ yK) | _ ow
AWw _e(k)nw|:aww:| ( ) w 69('()
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i oy(k)
_ gk | om”
ag(l)
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This completes the proof.
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