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Abstract—Large-scale eddies and related aero-optic

effects in a turbulent boundary layer, free mixing

layer and free round jet are considered. The results

obtained are used to analyze the distortions produced

in the phase function of a coherent light beam by

the turbulent fluctuations of the parameters of the

medium. The results of numerical calculations are

compared with the experimental data and computa-

tional data obtained from the solution of Reynolds-

averaged Navier–Stokes equations. The results ob-

tained can be beneficial for design and optimisation

of systems based on coherent optical adaptive tech-

niques.
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1 Introduction

A coherent beam propagating through a randomly in-
homogeneous medium (e.g. turbulent boundary layer or
shear flow) feels optical aberrations. While the periphery
of the boundary layer produces relatively small aberra-
tions of a regular character, processes in the inner region
of the boundary layer determine the electromagnetic wave
propagation.

Problems of coherent beam propagation through a sub-
stance have received a lot of consideration in the litera-
ture. However, most results are obtained for the prop-
agation of laser beam in the turbulent atmosphere [1].
Almost in any part of the atmosphere, the major phase
distortions are introduced by large-scale eddy structures
(with the exception of the near-earth boundary layer,
where optical distortions are determined by small-scale
eddies). The influence of the atmospheric effects on co-
herent beam propagation is associated with relatively low
frequencies and can well be revealed by contemporary
experimental tools. The influence of turbulent mixing
is due to fast (high-frequency) changes in the flowfield.
Since the spatial scales and characteristic frequencies of
turbulent flows may vary within several orders of mag-
nitude, serious difficulties may be anticipated in direct
measurements and numerical calculations [2, 3].
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The turbulent mixing causes refractive index fluctuations
in space and time. A relation between the refractive index
and the medium density can be taken on the basis of the
Gladstone–Dale law [2, 4]

n(x, t) = 1 +G(λ)
ρ(x, t)

ρ0
,

where ρ0 is a characteristic density (e.g. the density of
an undisturbed medium). The Gladstone–Dale constant,
G, depends on the wavelength of the propagating beam
and the working fluid. Weak dependence on wavelength
is ignored, and G = 0.223× 10−3 for air.

As coherent beam propagates through a randomly inho-
mogeneous medium, its amplitude and phase are sub-
jected to fluctuations corresponding to the structural
changes (broadening, deflection, and splitting) of the
beam, as shown in the Figure 1. The distortions pro-
duced in the amplitude characteristics of the beam are
negligibly small as compared to fluctuations of the re-
fractive index [2, 4].
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Figure 1. Propagation of coherent beam
through a randomly inhomogeneous medium.

Because of the beam broadening, it cannot be focused at
a large distance from the radiation source. As the diam-
eter of the wave source grows, the diffraction spot at the
focal point decreases to a certain finite radius (saturation
size), rather than behaving as predicted in the optics of
homogeneous media.

Fluctuations of the coherent beam’s propagation direc-
tion shift the geometrical center of the beam in relation
to the observation point.

The beam splitting shows up in a complex structure of
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the light spot at a small distance from the wave source.
At a large distance in the region of strong fluctuations,
the coherent beam splits into thin threads with round or
crescent-shaped cross sections. The optical energy is re-
distributed over the beam cross section, while the average
power remains the same.

Scattering by random inhomogeneities of the medium
also adds to the fluctuations of the intensity of electro-
magnetic radiation.

The effect of the refractive index fluctuations depends on
the ratio D/L, where D is the beam diameter and L is
the spatial period of the refractive index variations. At
D ≪ L, the refraction gradient is the same over the cross
section of the beam and the beam deviates as a whole.
At D ∼ L, turbulence acts as a lens, which restructures
the wave. At D ≫ L, the turbulence deflects different
elements in the cross section by different angles (light
scattering).

In contrast to flows produced by turbulent mixing of
medium (e.g. mixing layers and jets), atmospheric turbu-
lent flows have a considerably large characteristic length
and their losses for turbulent scattering are only insignif-
icant [1].

2 Dispersion of phase fluctuations

Dispersion of small-scale fluctuations of density, σ2
ρ, and

the corresponding correlation length scale, lρ, are related
to the dispersion of wave phase, σ2

ϕ, by the expression

σ2
ϕ = αβ2

L∫

0

σ2
ρlρdy, β =

2π

λ

dn

dρ
= kG(λ), (1)

where L is the optical path length, and the integral is
taken across the boundary layer. The constant α depends
on the form of the correlation function assumed for the
density fluctuations (e.g. α = 2 for the exponential cor-
relation function and α = π for the Gaussian correlation
function). According to the equation (1), this leads to an
11% difference in the dispersion of phase fluctuations.

Length scale lρ is found by integrating the correlation
function

lρ =

+∞∫

−∞

Rρρ(y)dy.

In the conditions of local equilibrium, the correlation
length scale coincides with the correlation scale of ve-
locity fluctuations, lρ ∼ lu ∼ k3/2/ε. This assumption is
not applicable near the wall, where velocity fluctuations
turn to zero, therefore k = 0 and lu = 0, but lρ 6= 0.

To estimate the phase fluctuations in the near-wall region,
the formula (1) is usually replaced with a semi-empirical

formula [4]

σ2
ϕ = β2lyδσ

2
ρ, (2)

where ly is the integral turbulence scale in the direction
normal to the wall. It is assumed that ly ∼ 0.1δ, where
δ is the boundary layer thickness. The dispersion of the
density fluctuations can be estimated as

σ2
ρ = A2 (ρw − ρ∞)

2
,

where ρw and ρ∞ are the density at the wall and the
density in the free flow, and A =0.1–0.2. At ly ≪ δ,
formula (2) is refined by integrating across the boundary
layer [4, 5]

σ2
ϕ = β2

L∫

0

σ2
ρ(y)ly(y)dy. (3)

Optical aberrations have been the subject of extensive ex-
perimental investigations, results of which are presented
in [6–9].

LES of turbulent shear flows makes it possible to deter-
mine fluctuating parameters of a turbulent flow, including
the field of density fluctuations [2,10]. To this end, a num-
ber of semi-empirical models of different complexity have
been elaborated. The most popular models are those de-
scribed in [4] for homogeneous turbulence and in [11] for
inhomogeneous turbulence. In models of [4, 5, 11] based
on formulas (2) and (3), the dispersion of density fluctua-
tions is determined as the difference between the density
near the wall (inner region) and the density at the pe-
riphery region of the boundary layer (outer region). The
applications of the models of [4,11] are discussed in [5]. In
the methods of [12,13], the density fluctuations are found
by solving the transport equation of a passive scalar.

If pressure fluctuations are disregarded, density fluctua-
tions can be related to temperature fluctuations via the
state equation [12,13]. The temperature fluctuations are
determined using the Reynolds analogy between the ve-
locity and temperature fluctuations and the Prandtl mix-
ing length model [14], whilst the accounting for the fact
that the corresponding linear scales obey the relationship
lu/lT = Prt, where the turbulent Prandtl number is taken
to be constant.

Unlike solving the RANS equations, the use of DNS and
LES makes it possible to obtain the field of density fluc-
tuations, as well as the distributions of parameters σ2

ρ

and lρ by solving the full (in DNS) or filtered (in LES)
compressible Navier–Stokes equations [10].

A method for numerical simulation of the aero-optic char-
acteristics of a subsonic air flow near a flat rectangular
cave with regard to the field of turbulent fluctuations of
the refractive index is proposed in [15]. The Reynolds
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equations are closed using the Cockley model and the
hypothesis of frozen stationary locally homogeneous and
isotropic turbulence with the Kolmogorov spectrum. The
optical characteristics of the turbulence are determined
upon the local values of average aerodynamic fields. Fluc-
tuations of pressure are neglected as compared to tem-
perature fluctuations. However, in aerodynamic applica-
tions, this condition fails for the largest scale eddies [6],
and the fluctuation parameters of the flow along with
their average values are to be determined neglecting the
microstructure of the turbulent flow.

In this study, the LES method is used to simulate aero-
optic effects in the boundary layer on a flat plate, in a free
mixing layer, and in a round submerged jet. Large-eddy
structures carrying maximal turbulent shear stresses and
governed by the boundary conditions are found from the
filtered Navier–Stokes equations. Small eddies have a
universal structure and are simulated on the basis of a
sub-grid scale (SGS) model. Unlike solving the RANS
equations, the LES technique allows one to obtain the
distributions of not only the average values but also the
instantaneous quantities of a turbulent flow. The calcu-
lated data (field of the density fluctuations) are used to
investigate the phase distortions induced in a coherent
optical beam by the turbulent fluctuations of the flow
parameters.

3 Phase function of wave front

The propagation of electromagnetic wave is described by
Maxwell equations. Let us assume that the time scale
related to the wave propagation is much smaller than
the time scale of turbulence, refractive index is time-
independent, and the medium is nonconducting and has
a constant magnetic susceptibility. Then, the wave equa-
tion has the form

∇2
E −

n2

c20

∂2E

∂t2
= 0, (4)

whereE is the electric field strength. The refractive index
is given by n = c0/c, where c and c0 are the velocities of
light in the medium and free space, respectively. For
a monochromatic sinusoidal wave with frequency ω, the
equation (4) has an exact solution

E(r, t) = E0 exp
[
ϕ(k, r)− ωt

]
, (5)

where E is the field strength at point r at time moment
t, and E0 is the field strength at the point r = 0. The
wave number, frequency, and wavelength are coupled by
well-known relationships k = ωc = 2π/λ.

The phase function of the wave front is given by

ϕ =

∫
k(x, t) · dx,

where k = 2πl/λ is the wave vector, and l is a unit vector
specifying the wave propagation direction.

When a plane monochromatic wave passes through a
layer with a varying refractive index, its amplitude re-
mains almost constant and the phase is changed, so that
ϕ = ϕ0 + ∆ϕ, where ∆ϕ is the phase shift due to the
inhomogeneity of the medium.

The field strength of a perturbed wave can be obtained
by multiplying equation (5) by factor exp (i∆ϕ), where
∆ϕ(x, y) denotes the phase shift along the optical path
length, L = z2 − z1. The phase distribution is found by
integrating the distribution of the refractive index over
the layer thickness

∆ϕ(x, y, t) = k

z2∫

z1

∆n(x, y, z, t)dz,

where ∆n(x, y, z, t) is the variation of the refractive index
along the propagation direction, z (across the flow).

In case the perturbations of the wave vector are small,
the beam deflections can be neglected and the integral
appears in the form

ϕ(x, y, t) = k0

z2∫

z1

n(x, y, z, t)dz, (6)

where ϕ(x, y, t) is the phase distribution in plane (x, y)
normal to the direction of wave propagation at time t.

The results of these calculations are usually represented
in the form [6]

ϕ̃(x, y, t) =
ϕ(x, y, t)

k0L∆n
≃

1

L∆n

z2∫

z1

[
n(x, y, z, t)− n∞

]
dz. (7)

Along the direction of the beam propagation, from the
equation (7) we have

ψ(x) = L
∂ϕ̃

∂x
=

1

∆n

z2∫

z1

∂n

∂x
dz,

where L is the size of the region of turbulent mixing. The
corresponding spectra follow the relationship

Sψ(kxL) ∼ (kxL)
2Sϕ(kxL).

For the mixing layer, we assume that ∆n = |n1 − n2| and
L = 2δ, where δ is the local width of the shear region,
and subscripts 1 and 2 refer to the flows involved in mix-
ing. The values calculated for the jet are normalized to
∆n = |na − n∞| and L = 2ra, where the subscripts a
and ∞ refer to the parameters at the nozzle outlet and
in submerged space.
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4 Description of flow field

An unsteady flow of a viscous compressible gas is de-
scribed by spatially filtered Navier–Stokes equations,
which are complemented with the state equation of an
ideal gas and a model of RNG sub-grid scale model [16].
The width of the filter is correlated with the step of the
computational mesh.

Simulation of large-scale eddies requires unsteady bound-
ary conditions to be set in compliance with the random
character of the flow. Free shear flows are known to be
unstable, and oscillations can be generated there even in
the absence of external perturbation sources.

Let a velocity profile be specified at the nozzle section
(at |r| = ra) with random sinusoidal perturbations su-
perposed

vx(r, t) =
ua
3

[
1 + tanh

(
0.5− |r|

2δ

)]
[1 + α sin(Sh t)] ,

where δ/ra ∼ 0.1, Sh = 0.45, and α = 0.0025. Small
random perturbations are also imposed on the radial dis-
tribution of circumferential velocity

vθ(r, t) = 0.025 exp
[
−3(1− |r|)2

]
ϕ,

where α is a random number from the interval [0.5, 0.5].
The radial velocity at the nozzle outlet is vr(r, t) = 0.

Boundary conditions at a large distance from the jet flow-
ing into the submerged space (at the lower and upper
boundaries) depend on the ejection properties of the jet.

When mixing layer is simulated, velocity profile is speci-
fied at the input boundary of the calculation domain

u(y) = u0 +∆u tanh
(y
δ

)
, δ =

∆u

(du/dy)y=0

.

No-slip boundary conditions are specified on the walls,
and non-reflecting boundary conditions are specified in
the outlet section of the computational domain.

The filtered Navier–Stokes equations are discretized using
the method of control volume based on and high resolu-
tion finite difference schemes [17]. For time discretization,
the third-order Runge–Kutta method is employed. The
flux is split into inviscid and viscous components. The
inviscid fluxes are discretized by the method of piecewise-
parabolic reconstruction (PPM) and the Chakravarthy–
Osher scheme [18], and the viscous ones, by centered
finite-difference formulas of the second order. The sys-
tem of the difference equations is solved by the multigrid
method.

5 Results and discussion

Calculations for the boundary layer on a flat plate are
performed at a 180×90×90 mesh. In this case, x+ = 45,

y+
min

= 1 and z+ = 14, where

y+ =

(
uτ
νw

)
y, uτ =

[
µw
ρw

(
∂ 〈u〉

∂y

)

w

]1/2
.

Under these conditions, Reδ = 2.6 × 104 (as calculated
from boundary layer thickness, δ = 18 mm) and Reδm =
2.8× 103 (as calculated from momentum thickness, δm =
2.2 mm).

The resulting density fluctuations are by 10–20% higher
than the experimental values, presented in [5] at M =
0.88 (see Figure 2). The maximum of the y axis distri-
bution of the density fluctuations is located well close to
the wall. At 0.2 < y/δ < 0.6, the root-mean-square den-
sity remains nearly constant and the dispersion of phase
fluctuations is virtually uniform in this region.

0 0.3 0.6 0.9 1.2 1.5
0

0.005

0.01

y/δ

0.15

0.20

1

ρ', kg/m3

2

1   LES

2   Calculations

     Tromeur et al (2006)

     Experiment

     Tromeur et al (2006)

Figure 2. Density fluctuations in
the boundary layer.

Comparison of the length scales lu and lρ shows that they
are equal only in the interval 0.1 < y/δ < 0.22. In the
rest of the boundary layer, the correlation scale of the
velocity fluctuations is considerably smaller than that of
the density fluctuations.

The results of calculations concerning the boundary layer
on a flat plate are shown in the Figure 3 (it is assumed
that α = 2). The plate has a constant temperature,
Tw = 300 K. The dispersions obtained from formula (3)
(line 4) are overestimated as compared to those calculated
in accordance with model of [4] by formula (2) (lines 2
and 3). Unlike line 4, the dispersion of the wave phase
provided by the LES calculations (line 1) has a kink point.

Following the Reynolds analogy, we assume that the cor-
relation factor between the fluctuations of velocity and
temperature is Ru′T ′ = −1. The results computed for
large eddies indicate that, in the interval 0.12 < y/δ <
0.86, the correlation factor is nearly constant, Ru′T ′ =
−0.5, which is in line with the data of [5].

Calculations for the mixing layer have been carried out
for Re = 2×105 (the Reynolds number is calculated from
the momentum thickness) within the range Mc =0.15–
0.8, where Mc = (u1−u2)/(a1+a2), and a is the velocity
of sound. At Mc = 0.15, compressibility has no effect on
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Figure 3. Dispersion of phase fluc-
tuations in the boundary layer.

the properties of the flow (ρ2/ρ1 = 1), while at Mc = 0.9
the density ratio is ρ2/ρ1 = 4.

The profiles of the density fluctuations in the mixing layer
are shown in the Figure 4 at Mc = 0.8. It is seen that
the distributions of the density and pressure fluctuations
in the cross sections of the mixing layer are similar with
a maximum at the line separating the mixing flows. The
profiles of pressure fluctuations are filled to a greater ex-
tent, and the maximal amplitude of the pressure fluc-
tuations is close to a linear dependence on the stream-
wise coordinate. Small deviations from the linear depen-
dence occur only at x/L > 0.68. The dependence of the
maximal density fluctuations on the x coordinate is non-
monotonic (see Figure 5). At x/L < 0.6, it is close to a
linear one and, shows a peak and a smooth decay.
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ρ'     , kg/mmax 3

2
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      x/L
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2   0.5

3   0.75

Figure 4. Density fluctuations in
the cross section of the mixing

layer.

In the intermediate range of wave numbers, the spectrum
in the mixing layer shows the power dependence

Sϕ(kxL) ∼ (kxL)
−q,

where q ∼ 2 (see Figure 6). The compressibility only has
a weak influence on the spectrum behavior (this influence
is largely displayed at large wave numbers).

The density fluctuations grow with an increase in the ef-
fective Mach number. Calculations yields lρ ∼ 4lu, where
lu = 0.2k3/2/ε.

0 0.2 0.4 0.6 0.8 1.0
0

0.008

0.016

ρ'     , kg/m

x/L

0.024

0.032
max 3

LES

Figure 5. Dependence of the maxi-
mal density fluctuations in the mix-
ing layer on streamwise coordinate.
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Figure 6. Spectrum of phase fluctu-
ations in the free mixing layer.

Calculations of flow in the submerged round jet are car-
ried out in the range 103 ≤ Re ≤ 105 (Reynolds number
is found from the velocity at the nozzle outlet and the
nozzle diameter).

Large-scale eddy structures present in the shear layer and
shown in the Figure 7 have the form of toroidal axially
symmetric eddies nucleating certain distance apart from
the nozzle outlet (of the order of one to two section di-
ameters).

a) b) c)x/r  = 10a x/r  = 80aMidsection

Figure 7. Contours of vorticity at time moment t = 2.32 s.

Eddy structures existing in the initial part of the jet are
fairly small. The typical eddy size gradually increases
from the start point downstream, thus, intensifying the
exchange of momentum between the layer and the ambi-
ent fluid. The ellipsoidal shape of the coherent structure
points to the anisotropy of turbulent pulsations in the
region where large-scale eddies exist.

The generation of eddies is due to the Kelvin–Helmholtz
instability of the shear layer. The maximum and min-
imum of the vorticity approximately correspond to the
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eddy centers. At low Reynolds numbers, Re ∼ 103, the
jet at the nozzle outlet is nearly axially symmetrical. As
the Reynolds number increases with distance from the
nozzle (to Re ∼ 104), a weak sinusoidal mode appears.

In the free jet at Re = (2–8)×104 and high wave numbers,
2rakx > 1, the wave spectrum is described by a

Sϕ(kxL) ∼ (2rakx)
−q,

where q ∼ 2.5 (see Figure 8). The spectrum for the jet
is steeper than that for the mixing layer because of a
stronger turbulent mixing, and is almost independent on
the Reynolds number.
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Figure 8. Spectrum of phase fluctu-
ations in the round jet.

6 Conclusion

The large-eddy simulation of aero-optic effects in the
boundary layer on a flat plate, in a free mixing layer,
and in a round turbulent jet indicate that the spectrum
of phase fluctuations is only a weak function of the in-
put parameters (the dependence is stronger at large wave
numbers). It is also shown that the use of semi-empiric
models of turbulence leads to inaccurate values for the
dispersion of phase fluctuations.

The results obtained may help to allow for density fluc-
tuations in solving the RANS equations in the problem
of optical wave propagation through a randomly inhomo-
geneous medium. The numerical procedures developed
can be used to study the phase function distortions in-
duced in a coherent beam by turbulent fluctuations of
the medium parameters, as well as in optical measure-
ment systems and some other devices.

The results obtained can be used for design and opti-
misation of systems based on coherent optical adaptive
techniques (COAT).
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