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An Optimal Placement of a Liaison between Two
Levels in an Organization Structure of a Complete
K-ary Tree

Kiyoshi Sawada and Hidefumi Kawakatsu

Abstract—This paper proposes a model of placing a liaison communication of information in an organization. However,
which forms relations to two members of different levels in a jt has not been theoretically discussed which members of an
pyramid organization structure such that the communication organization should form relations to the liaisons

of information between every member in the organization . . .
becomes the most efficient. For the model of adding a node We have obtained an optimal set for each of the following

of liaison which gets adjacent to a node with a depthV/ and two models of placing a liaison which forms relations

its descendant with a depth NV in a complete K-ary tree of to members of the same level in a pyramid organization
height H which can describe a pyramid organization structure  structure which is a complet&’-ary tree of heighti: (i)

with K subordinates, we obtained an optimal pair of depth a model of adding a node of liaison which gets adjacent

(M, N)* which maximizes the sum of shortening lengths of the . >
shortest paths between every pair of all nodes in the complete to two nodes with the same depth [10] and (i) a model of

K-ary tree. adding a node of liaison which gets adjacent to all nodes
o - with the same depth [11]. A complefgé-ary tree is a rooted

Index Terms—organization structure, liaison, completds<-ary . hich all | h h deoth and all i |

tree, shortest path. tree in which all leaves have the same depth and all interna

nodes have (K = 2,3,...) children [12]. The depth of a
node is the number of edges from the root to the node.
| INTRODUCTION The above models (i) and (ii) correspond to the formation
pyramid organization [1] is a formal organization strucof additional relations between a liaison and members in the
ture which is a hierarchical structure based on thsame level. These models give us optimal levels when we
principle of unity of command [2] that every member excepidd relations to the liaison in one level of the organization
the top in the organization should have a single immediaggructure which is a complet&-ary tree of heightH, but
superior. There exist relations only between each superifiese models cannot be applied to placing a liaison between
and his direct subordinates in the pyramid organizatiogifferent levels.
The pyramid organization structure can be expressed as ghis paper proposes a model of placing a liaison which
rooted tree, if we let nodes and edges in the rooted trems relations to two members of different levels in a
correspond to members and relations between membersjiamid organization structure which is a compléteary
the organization respectively. tree of heightH(H = 3,4,...) [13]. We obtain the two
The pyramid organization structure is characterized by th&/els of which the liaison forms relations to two members
number of subordinates of each member, that is, the numiggh that the communication of information between every
of children of each node and the number of levels in th@ember in the organization becomes the most efficient. This
organization, that is, the height of the rooted tree [3], [4leans that we obtain the optimal pair of degth/, N)*
Moreover, the path between a pair of nodes in the rooted triggnimizing the sum of lengths of the shortest paths between
is equivalent to the route of communication of informatiovery pair of all nodes when an added node of liaison gets
between a pair of members in the organization, and addiggjacent to a node with a depMi(M =0,1,..., H—3) and

edges to the rooted tree is equivalent to forming additiongd descendant with a depthi(N = M +3,M +4,...,H)
relations other than that between each superior and his dirgth completek -ary tree of heightd.

subordinates. ~ If I; (= 1;,;) denotes the path length, which is the number
We have proposed some models [5], [6], [7] of formingf edges in the shortest path from a nadeto a nodev,
additional relations between members in a pyramid organj; j = 1,2,...,(K+! —1)/(K — 1)) in the completek -

zation structure such that the communication of informaticgyy tree of helghtH theny",_ .1 ; is the total path length.
between every member in the organization becomes the mpgkthermore, |fl/ denotes the path length from to v;
efficient. For each model we have obtained a set of additiongter getting adjacent in this model,; — I/ ; is called the
edges to a Completé( ary tree mlnlmlzmg the sum of Shortenmg path |ength between andv], andZ (
lengths of the shortest paths between every pair of all nodes;) is called thetotal shortening path length. M|n|m|zmg
Liaisons [8], [9] which have roles of coordinating differenthe total path length is equivalent to maximizing the total
sections are also placed as a means to become effectivgi@rtening path length.
Manuscript received July 8, 2011. In Section 2 we formulate the total shortening path length
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path lengthfor a fixed value ofM, and in Section 4 we where |z| denotes the maximum integer which is equal to
0

obtain an optimal pair of depthM, N)* which maximizes .
the total shortening path length. or less thanz and we define) _- = 0. Furthermore, the

=1
sum of shortening path lengths between every pair of nodes

Il. FORMULATION OF TOTAL SHORTENING PATH LENGTH Y
H V5 is given by

|
This section formulates the total shortening path lengt

when a node of liaison is added and gets adjacent to a nofe; (M, N)

with a depthM (M = 0,1,...,H — 3) and its descendant [EEE

with a depthN(N = M +3,M +4,...,H) in a pyramid _ K- OW(H—-M—i—1)+1

organization structure which is a completé-ary tree of Z {( W( -+ }

i=1

height H(H = 3,4,...). Since we don't consider efficiency Nemo1l
of communication of information between the liaison and (== =i
the other members, the total shortening path length doesnt X > {(K-1)W(H—-N+j-1)+1}
include the shortening path length between the node of J=1
liaison and nodes in a complefé-ary tree. X (N =M —2i—2j—2), 4
Let vy; and vy denote the node with a depth/ and —1
the node with a deptV which get adjacent to the node ofwhere we defineZ~ =0.
liaison, respectively. The set of descendantspfis denoted i=1 . )
by V4. (Note that every node is a descendant of itself [12]51 From these equations, the total shortening path length
Let V» denote the set obtained by removikig from the set <~ (M, N) is given by
of descendants of the node which is a childvgf and is an Su(M,N)
ancestor ofvy. Let V3 denote the set obtained by removing Ap(M, N) + By (M, N) + Cir (M, N)
Vi and Vs from all nodes of the complet&-ary tree. HASS HAS HAS

Since that the node of liaison gets adjacent tpandvy + Dy (M, N)
doesn’t shorten path lengths between pairs of nodegjin = W(H - N){W(H)-W(H - M —1)}
and between pairs of nodes i, the total shortening path x (N =M —2)+W(H — N)
length can be formulated by adding up the following four N1
sums of shortening path lengths: (i) the sum of shortening [ 2=t
path lengths between every pair of noded/inand nodes in X Z {(K-1)W(H-M—-i-1)+1}
V3, (i) the sum of shortening path lengths between every pair i=1 ,
of nodes inV; and nodes in/, (iii) the sum of shortening X (N =M —2i-2)
path lengths between every pair of nodeslVinand nodes + {W(H) -W(H-M - 1)}
in V3 and (iv) the sum of shortening path lengths between LN_IQVMJ_I
every pair of nodes ;. .
The sum of shortening path lengths between every pair of x Z {(K=D)W(H-N+i-1)+1}

i=1

nodes inV; and nodes i/ is given by « (N — M — 2i —2)

Au(M,N) LiN’y’lJ—Q
= W(H-N){W(H)-W(H-M-1)} + Y {E-yWH-M-i-1)+1}
X (N =M =2), @ i=1
whereW (h) denotes the number of nodes of a complEte e
ary tree of height (h = 0,1,2,...). The sum of shortening X Z {(K-1)WH-N+j-1)+1}
path lengths between every pair of noded/inand nodes in j=1
V4 is given by X (N—M—2i—2j—2). (5)
By (M, N) Since the number of nodes of a compléfeary tree of height
= W(H — N) h IS Kh—i—l -1

x Z; {(K-)W(H - M-i-1)+1} Sy (M, N) of Equation (5) becomes

x (N =M —2i—2), @  Sy(M,N)
and the sum of shortening path lengths between every pair — %(KHH - KH—M) (KH—N+1 - 1)
of nodes inl; and nodes irl/; is given by (K —1) N

K"~ -1
Cu(M,N) X (N=M=-2)+=———
= {(WH)-W(H-M-1)} ESE.
(A==t xS KTME(N - M —2i—2)
x Y {(E-1)W(H-N+i-1)+1} i=1
i=1 KH+L _ gH-M
X (N =M —2i—2), @) TR
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j=1
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I11. AN OPTIMAL DEPTH N* FOR A FIXED VALUE OF M

In this section, we seekV = N* which maximizes

Sy (M, N) in Equation (7) for a fixed value aof/.

Lemma 1:

Sp(M,M +2L+1) > Sy(M,M+2L+2) (8)

forL=1,2,..

el

LH712¥{72J .
Proof: Since

Sy (M, M + 2L + 1) — Sg(M, M + 2L + 2)

(Ki 7 (KH+1 _ KH—M)

x [KHM2 (L — 1) — 21} + 1]

L1

1 )

L FH-M—i {KH—M—QL—l
+ K1 i:E 1

x {K(2L -2 —1)— (2L — 2i)} + 1}

1 L—-1

4 Kﬁ 1(KH+1 —KH_M) ZKH—M—2L+i—2
=1

x {K(2L —2i — 1) — (2L — 2i)}
L—-2 L—i—1
+ Z KHfoi Z KH—JV172L+j72
i=1 j=1
x {K(2L —2i —2j —1) — (2L — 2i — 2j)}
> 0, 9)

we have Sy (M, M +2L+1) > Sy(M,M + 2L+ 2). The
proof is complete.

Lemma 1 indicates thaV = M + 2L* + 1 maximizes
Sp(M,N) whenL = L* maximizesSy (M, M + 2L + 1)
for a fixed value oM. Let Ry p (L) = Suy (M, M+2L+1),
so that we have

Ry m(L)

1

K2H—2M—3L+1 _ 2K2H—M—2L+1
(K — 1)3{
o K2H—2]VI—L 4 (K-i— 1)K2H—M—L
- (K 4 1)KH7A{7L+1 + 2KH7]\1+1
— (2L - 1)(K — )K"+ (10)

for L=1,2,..., |22 Let ARy (L) = Ry (L +

1) — Ru,m (L), so that we have

AR (L)
- & i 7 [{7(1(2 + K+ 1)K 2M-3L=2
T 2(K + 1)K7M72L71 4 K*QM*L*l

_ (K =+ 1)K—M—L—1}K2H

+{(K + DK ME 2K K| (11)

for L=1,2,... 2=~ |-1.
Let usdefine a continuous variable which depends on
H as

r=KH" (12)
then ARy as(L) in Equation (11) becomes
Tr v ()
— ﬁ[{_(K2+K+1)K—2NI—3L—2
+ 2(K + 1)K—N[—2L—1 4 K—QAI—L—I
— (K 4+ 1)K M- B2
+{(K+ 1)K ME - 2K}x} (13)

which is a quadratic function of.
From the sign of the coefficient af? in Equation (13),
the following two cases can be discussed:

() When K = 2 and L = 1, then —(K? + K +
1)K72]V173L72+2(K+1)K7A172L71+K721L17L717(K+
1)K~M~=L=1 > 0 which indicates thafl;, y;(z) is convex
downward.

() When K = 2 and L = 2’37””&% —1or
K =3,4,...,then—(K? + K + 1)K 2M=3L=2 4 2(K +
1)K—M—2L—1 + K—QM—L—I _ (K + 1)K—J\4—L—1 <0
which means thaf;, »/(x) is convex upward.

In the case of (1), (z) becomes

Tpm(x) = 2 2M=5,2 4 (3 L9 M=1 4)3: . (14)

SinceTy, m(x) < 0 for 0 < z < 22M+6 and Ty, py(z) > 0
for x > 22M+7 in Equation (14), we hav&\ Ry /(1) < 0
for H<2M + 6 andARg »(1) > 0 for H > 2M + 7.

In the case of (ll), since

Tr,m(0)=0 (15)
and
o 0) = L{(K + 1)K MF - 2K}
dao” M (K —1)2
< 0, (16)

we haveTy p(z) < 0 for x > 0. Therefore, we have
ARH’]\/[(L) <0for H= 3,4,....

From the above results, the optimal depth for a fixed
value M can be obtained and is given in Theorem 2.

Theorem 2:

() If K =2, then we have the following:
(@& If H<2M +6, thenN* = M + 3.
(b) If H>2M + 7, thenN* = M + 5.

(i) If K=3,4,...,thenN* =M + 3.

Proof:
(i) AssumeK = 2.
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@IfH=M+3o0r H= M+ 4, thenL* 1; that
is, N* = M + 3 trivially. If M +5 < H <2M + 6, then
L* = 1; that is, N* = M + 3 since ARy »(L) < 0 for

TABLE |
OPTIMAL PAIR OF DEPTH(M, N)*

N K | H | (M, N | Sg(M,N)~
L:172,...7LHM1 — 1. 3 ©,3) = 3
(b) If H > 2M + 7, then L* = 2; that is, N* = 1 (0, 3) 48
M + 5 since ARy (1) > 0 and ARy (L) < 0 for g (8' g) Sgg
L =23 H-M-1 -1 2 (,)
)3, | B . 7 (0,5) 4160
(i) Assume K =3,4,.... 8 (0,5) 17536
If H = M +3or H= M+4, then L* = 1; that is, o gg gg RESED
N* = M + 3 trivially. If H > M + 5, then L* = 1, 3 (0: 3) 57
that is, N* = M + 3 since ARy m(L) < 0 for L = 4 0, 3) 324
Lo, B B —
22,0, . : I
The proofis complete. 3 7 go, 3% 264627
38 ©0,3) 2388204
9 0,3 21513519
IV. AN OPTIMAL PAIR OF DEPTH (M, N)* 10 go, 3g 193680720
In this section, we seeKM,N) = (M,N)* which 2 gg‘ gg 12%%
maximizesSy (M, N) in Equation (7). 51 (0.3 21504
Let Q1 u (M) denote the total shortening path length when 4 f7‘> gg, gg 52‘;2;22
N = M + 3, so that we have g (0: 3) 59456620
9 0,3 1431568384
Q1.u(M) 10 (0,3) | 22906142720
= Sy(M,M +3)
= Rum(1) .
B 1 (—KQH*QM*Q L gRH-M1 (|) If N=M+ 3, thenM* =0.
(K —1)2 (i) If N =M +5, thenM* = 0.
+ KM - K (17)  Proof:
for M =0,1,...,H—3. Let AQ1 (M) = Qy g (M +1)— () If H =3, thenM* =0 trivially. If H > 4, thenM* =0
Q1.5(M), so that we have SI_HCGAQl,H(M) < 0. N
’ (i) If H =5, thenM* = 0 trivially. If H > 6, thenM* =0
AQ1 g (M) since AQq,x (M) < 0.
1 oM Ny The proof is complete.
— K-l{(K+1)K2H 2M—4 _ pr2H—M—2
B KH‘M—l} From Theorem 2 and Lemma 3, the optimal pair of depth
0 18) (M, N)* can be obtained and is given in Theorem 4.
<
Theorem 4:
for M =0,1,...,H — 4.

() If K =2, then we have the following:

Let Q2,z (M) denote the total shortening path length when (@) If 3 < H < 6, then(M, N)* = (0,3).

N = M + 5, so that we have
Q2,1(M)
S (M, M +5)
Ry m(2)
1 2 2H—-2M -5
— _{ 1
(Kil)Q{ (K +K+1)K

+ (K +2)K2H-M=3 4 oK 4+ 1)KH- M1

~ 3K (19)

for M = 0,1,...,H—5. LetAQg)H<M) = QQ’H(M—‘rl)—
Q2,1 (M), so that we have
AQ2 (M)
1
= o {(K+ DK + K+ )R

_ (K+2)K2H71\/[74 _ (2K+ 1)KH7A172}
<0 (20)

for M =0,1,...,H — 6.
From the above results, we have the following lemma.

Lemma 3:

(b) If H > 7, then(M, N)* = (0,5).
(i) If K =3,4,..., then(M,N)* = (0,3).

Proof.
(i) AssumeK = 2.

(@) SinceN* = M + 3 for H < 2M + 6 from (i)-(a)
of Theorem 2 and\/* = 0 for N = M + 3 from (i) of
Lemma 3,(M,N)* = (0,3) for 3 < H < 6.

(b) SinceN* = M + 5 for H > 2M + 7 from (i)-(b)
of Theorem 2 and/* = 0 for N = M + 5 from (ii) of
Lemma 3,(M,N)* = (0,5) for H > 7.

(i) Assume K =3.4,....

Since N* = M + 3 from (ii) of Theorem 2 and\/* = 0 for
N = M + 3 from (i) of Lemma 3,(M, N)* = (0, 3).

The proof is complete.

Table | shows the optimal pair of depfd/, N)* and the
total shortening path lengtt; (M, N)* in the case of =
2,3,4andH = 3,4, ..., 10.

V. CONCLUSIONS

This study considered the placement of a liaison which
forms relations to two members of different levels in a
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pyramid organization structure such that the communication
of information between every member in the organization
becomes the most efficient. For the model of adding a node
of liaison which gets adjacent to a node with a depth
and its descendant with a depfi in a completeK-ary
tree of heightd which can describe a pyramid organization
structure withK subordinates, we obtained an optimal pair
of depth(M, N)* which maximizes the total shortening path
length.

The final result in Theorem 4 reveals that the most efficient
pair of members of different levels which form relations to
the liaison is a pair of the top and a node of the third level
below the top or a pair of the top and a node of the fifth level
below the top depending on the number of subordinates and
the number of levels in the organization structure.
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