
 

 
Abstract—In the last years, the increase of 

electrical/electronic components in vehicles combined with new 
governmental standards to comply more stringent exhaust gas 
emission levels encourage for the introduction of energy 
control strategies that ensure optimum energy management for 
all the vehicle operative conditions  avoiding, in the same time, 
a negative impact on the power train performances and on the 
fuel economy. The paper proposes a new energy management 
strategy oriented to the minimization of the fuel consumption 
and pollutant emissions in hybrid electric vehicles. In the paper 
this minimization has been formulated as a nonlinear convex 
optimization problem on the base of an accurate modeling of 
the vehicle validated on a commercial car. Although a power-
split hybrid electric vehicle has been considered for the 
formulation of the strategy, the adopted methodology is 
suitable for any hybrid configuration (parallel, serie-parallel, 
etc). In the paper, after a full description of the proposed 
strategy its validity has been tested on an effective commercial 
vehicle proving the goodness of the proposal. 
 

Index Terms—Power-split hybrid electric vehicles, energy 
management, optimal control, fuel reduction, emissions 
reduction, automotive electric power system 
 

I. INTRODUCTION 
ecently, with the increase of electrical/electronic 
components in vehicles, the on-board electric power 

requirement is continuously growing for the non-propulsion 
loads. 

The increase in power demand is due principally to the 
emerging automotive technologies, such as the variable 
engine valve, the active suspension and all the  x-by-wire 
technologies (e.g. steering-by-wire, brake-by-wire, etc.) and 
the heated catalytic converter [1]. 

At the same time, new governmental standards force 
automotive manufacturers to comply with the stringent 
exhaust gas emission levels [2]. 

In order to avoid a negative impact on the power train 
performances and on the fuel economy, the expanding 
electrical system functions and the required reduction of 
consumptions and pollutant emissions call for the 
introduction of energy control strategies that ensure the 
electrical system robustness and the optimum energy 
management for all the vehicle operative conditions. 

The aim of any energy management strategy for a parallel 
hybrid electric vehicle, as for a power-split architecture, is 
to split the power for the propulsion between the mechanical 
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and electric path, in order to reduce the fuel consumption 
and/or the engine emissions, unaffecting the drivability of 
the vehicle and the on-board electrical loads supplies. 

To achieve these targets, several approaches have been 
investigated in the last years. 

These approaches can be distinguished in two classes: the 
first concerns the real-time control strategies that can be 
used to control the vehicle; the second class of algorithms 
deals with the application of global optimization methods on 
the basis of the knowledge of the drive cycle and other 
information about the state of the vehicle. 

In the first class, several algorithms have been suggested 
[3]-[13], some of which use fuzzy logic controllers, model 
predictive controller, Equivalent Consumption Minimization 
Strategy (ECMS)-type control, rules based expert systems or 
other controllers based on an energy-flow analysis. In the 
second class many algorithms based on linear programming, 
optimal control and dynamic programming have been 
proposed [14]-[24]. 

In general the algorithms of the second class do not offer 
a real-time solution because they assume that the drive cycle 
is entirely known. In addition, they require a lot of 
computational time and a fine tuning of their parameters, 
therefore their use is restricted to single experiments and for 
a fixed drive cycle. Nevertheless, their results can be very 
interesting, because it can be used as a benchmark for the 
performance of other strategies, or to derive rules for the 
rule-based strategies. 

However, many of these techniques have not been tested 
on commercial vehicles. Their results are relevant to the 
theoretical architectures of hybrid vehicles (series, parallel, 
parallel-series) or prototype realizations, therefore their 
significance is poor. To outperform these algorithms, a 
particular approach based on the optimal control theory is 
proposed in this paper and a concrete case study has been 
reported for a validation of the strategy. 

In the paper, the problem of optimizing the fuel 
consumption and the pollutant emissions has been 
formulated as a nonlinear convex optimization problem, for 
a commercial power-split hybrid electric vehicle. 
Specifically, the Toyota Prius NHW10 model has been 
considered as a case study for the simulations and the 
related data given from the manufacturer or present in 
literature have been adopted.  

The paper is arranged as follows: in section II, the 
considered vehicle and its model are presented; in section 
III, the control strategy is depicted; in section IV, the 
numerical simulations results are presented and discussed; 
in section V, the conclusions are resumed. 
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II. VEHICLE MODELING 

A. The Considered Hybrid Architecture 
There are several hybrid vehicle architectures that could 

be considered for the application of the proposed 
Optimization Strategy. In the next, the Toyota® Prius 
NHW10 model will be considered; it is a full-hybrid vehicle 
with a Continuously Variable Trasmission (CVT). The 
proposed method can be easily extended to other hybrid 
architectures. The Prius NHW10 model (Fig. 1) is known as 
Hybrid Synergy Drive [25]. It incorporates the following 
items: 
1. The ICE uses the more efficient Atkinson cycle instead 

of the more common Otto cycle; it provides 43 kW (58 
hp) @ 4000 rpm and 102 Nm @ 4000 rpm; 

2. An electric motor (500 V PM brushless), providing 30 
kW (40 hp) @ 940 rpm and 305 Nm torque @ zero 
speed; 

3. An electric generator (500 V PM brushless) which 
provides 15 kW @ 6000 rpm; 

4. An IGBT inverter controlled by a 32-bit microprocessor, 
which efficiently converts power between the batteries 
and the motor/generators; 

5. The regenerative braking, a process for recovering the 
kinetic energy when braking or traveling down a slope 
and storing it as the electrical energy in the traction 
battery for later use while reducing the wear and the tear 
on the brake pads; 

6. The sealed 240-cell nickel metal hydride (NiMH) battery 
providing 300 volts, 4.3 MJ rated capacity, 25 kW max. 
output power; 

7. The CVT — the Prius does not use a typical CVT; 
Toyota calls it the Power Split Device. The electric 
machines and gasoline engine are connected to a 
planetary gear set which is always engaged, and there is 
no shifting. 

 
B. Basic Assumptions 
For the formalization of the vehicle modeling the 

following assumptions are made: 
- The drive cycle is known; 
- The sampling interval of the control strategy is 

sufficiently large (1 s or larger) so that to neglect the 
dynamic behavior of the engine, of the electric motor 
and of the generator: their characteristics can be 
represented by static models; 

- The control strategy guarantees that the drivability of the 
vehicle remains unaffected, therefore at each time instant 
the drive train power, as well as the vehicle speed, are 

known; 
- The power required from the electric loads is assigned; 
- The voltage on the electrical bus is constant; 
- The battery losses don’t depend on the temperature. 

Fig. 2 shows a power flow diagram of the vehicle.  
 

 
The data used for modeling the components of the vehicle 

are the experimental data available on NREL web site [26]. 
According to the previous assumptions, the modeling of 

each effective component of the considered Toyota Prius 
(see Fig. 2) has been formulated as reported in the 
following. 
 
Engine 

Fig. 3 shows a view of the Toyota Prius ICE. It 
implements an Atkinson’s cycle. For this component, a 
static model of the fuel consumptions and the pollutant 
emissions has been adopted.  

 
Consumption model 
It is assumed that the fuel rate consumption  f Mm P ,n  

depends on the engine power (PM) and the engine speed (n) 
by means of a nonlinear, memoryless function (static map) 

Fig. 4 shows the fuel map of the 1.5L Prius engine with 
Atkinson cycle, as a function of the engine mechanical 
power, for different engine speeds. 

 

Fig. 2.  Power flow diagram of a power-split hybrid vehicle. 

Fig. 1.  The NHW10 model of TOYOTA PRIUS [25]. 

 
Fig. 3.  The Toyota Prius internal combustion engine. 
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Emissions model. 
The pollutant emissions rate (HC, CO, NOx) are denoted 

with  HC Mm P ,n ,  CO Mm P ,n  and  NOx Mm P ,n  and, as 
the fuel rate, depend on the engine power (PM) and the 
engine speed (n) by means of a nonlinear, memoryless 
function (static map). 

Figs. 5 show the emissions maps of the 1.5L Prius engine, 
as a function of the engine mechanical power, for different 
engine speeds. 
 
Electric Motor 

The propulsion motor of the considered Toyota Prius 
(NHW10 model) is a 500 V PM brushless motor, providing 
30 kW at 940 rpm and 305 Nm torque at zero speed (Fig. 6). 

It is hypothesized that the efficiency of the electric motor 
is related to the electric power (PB1)  and to the motor speed 
(ne) by a nonlinear, memoryless function (static map): 
 

 
 1

1

1
B

e e B e

sign P
E B e

f P ,n

P P





 


                                                               
(1) 

 
Fig. 7 shows the efficiency map of the brushless motor, as 

a function of the input electric power and of the motor speed 
[26]. 

Fig. 8 shows the maximum mechanical power and the 
torque developed by the electric motor, over the whole 
range of speed [26]. 

 
Power Train 

The power PM given from the engine is splitted into a part 
needed for the propulsion and a part that will be converted 
in electric power from the generator, for the electric loads 
and the battery recharging. 

The power PD needed for propulsion is related to the 
vehicle velocity v, acceleration v  and road slope h as 
follows: 

 
       D dP t f v t ,v t ,h t                                                 (2) 

 
The function fd includes the aerodynamic and rolling 

losses, the acceleration power and the power related to the 
changes of the vehicle’s altitude. This relationship is 
typically expressed as follows: 

 
 

  21
2 100d d r

hf v,v,h mv C Av mg C v
         

              (3) 

 

Continuously Variable Transmission 
A fundamental component of the Prius transmission is an 

epicyclic gear defined “Power Split Device” (PSD). 
This type of gear is also known as “sun-and-planets” 

because it consists of a number of “planet” gears 
surrounding a central “sun” gear. The planet gears are on 
shafts fixed to a "planet carrier", which revolves around the 
same axis like the sun. The planet gears are surrounded by 
and meshed with an inside-out gear called the “ring”. Also 
this revolves around the same axis like everything else [25], 
[27], [28]. 
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Fig. 4.  Fuel map of a 1.5L Prius (Atkinson cycle) engine (by Feng An's 
model [26]). 
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Figs. 5.  Emissions maps of a 1.5L Prius (Atkinson cycle) engine: (a) HC 
rate map, (b) CO rate map, (c) NOx rate map (by Feng An's model [26]). 
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Fig. 9 shows a schematic representation of the power split 

device adopted in the Toyota Prius vehicle. 
The Prius internal combustion engine (ICE) is connected 

to the planet carrier. As it rotates, the planets mesh with and 
tend to push both the sun gear (in the middle) and the ring 
gear (around the outside) in the same direction like the 
planet carrier. By a careful choice of the size (and hence of 
the number of teeth) of the sun and the ring gears, Toyota 
has arranged 72% of the torque to go to the ring and 28% to 
go to the sun. For a given speed profile of the vehicle, the 
engine speed is related to the generator speed and the 
electric motor speed by means of the following relation: 

 

 1
g en n n n


                                                                (4) 

 
with: 

e r w

w

n F n
n v R


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                                                                        (5) 

 
Fig. 10 shows the graphic relation among the planet gears 

carrier (ICE), the sun gear (ISA) and the gear (drive 
traction) speeds, for different operative conditions of the 
vehicle. 

 

 

 
 

Generator (ISA) 
The electric generator (ISA) of the considered Toyota 

Prius (NHW10 model) is a 500 V PM brushless which 
provides 15 kW at 6000 rpm. Because of the adopted 
sampling time, also the generator modeling is reduced to a 
static nonlinear map. This map relates the mechanical power 
PG in input to the generator with the electric power PB2 in 
output from the generator. It gives the efficiency of the 
generator  for all the operative conditions: 

 

 2g g B gf P ,n                                                                 (6) 

 
2B

G
g

PP


                                                                            (7) 

 
Fig. 11 shows the efficiency map of the brushless 

generator, as a function of electric power and of the 

 
Fig. 6.  The Toyota Prius electric motor. 

-40
-20

0
20

40

0
200

400
600

800
0.4

0.5

0.6

0.7

0.8

0.9

PB1 [kW]ne [rad/s]

et
a e

 
Fig. 7.  The two-quadrant efficiency map of the electric motor [26]. 
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Fig. 8.  Maximum mechanical power and torque of the electric motor [26]. 

 
1- electric motor 
2- ring 
3- planet gears carrier 
4- sun gear 
5- drive traction 
6- generator 
7- vibration damper 
8- ICE  

Fig. 9.  Schematic representation of the CVT in the Toyota Prius. 

 
Fig. 10.  Graphic relation among speeds in the CVT. 
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generator speed [26]. Fig. 12 shows the maximum electric 
power and the maximum torque developed by the generator, 
over the whole range of speed [26]. 

 

 

 
Like a relationship between PG and PB2, hereafter it will 

be adopted the maximum efficiency curve in the operative 
region delimited by the maximum electric power curve (Fig. 
12): 

 

 2 g maxB g , gP f n                                                              (8) 

 
Battery 

The Toyota Prius battery is a sealed 240-cell nickel metal 
hydride (NiMH) battery providing 300 volts, 4.3 MJ 
capacity. In the following, the battery has been considered 
as a voltage source Ub controlled by the output current ib and 
its state of charge Q (SOC), with one resistance in series Rb. 

In particular, the voltage Ub and the resistance Rb in the 
following are given by polynomial expressions of the 
current and state of charge [29]: 
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1 1
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k h
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aij are the coefficients of two 2×4 matrixes, one for the 
charge and one for the discharge operations; these depend 
on the kind of batteries used. 

The power PB in input or in output from the battery is the 
algebraic addition of the power PS (positive in the charging 
mode, negative in the discharging mode) actually stored in 
the battery and the battery losses that are supposed like a 
polynomial (quadratic) function of PS, and they are positive 
for both the charging and discharging conditions: 
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with: 
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The battery energy level Es is given by: 
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t
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The state of charge is defined as: 
 

   s

b

E t
Q t
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The model is completely assigned if Rb in charging and 

discharging mode (Figs. 13, 14) and Ub (Fig. 15) are 
assigned over all the SOC range [26]. 

 
On-board Electrical Loads 

The electric power profile adopted for the modelling of 
the on-board electrical loads has been computed with the 
Critical Loads Activation Sequences Maker tool, that is part 
of EVALUATOR® suite, developed by the same Author 
[30]. 

Such technique generates, by means of a stochastic 
approach, different sequences of loads activation and it 
gives, as output, a set of critical operative conditions 
suitable for testing the power source system. 

In Fig. 16, a schematic of the electrical power bus of a 
hybrid electric vehicle is represented, with some of the 
electrical loads actually available on modern 
hybrid/conventional vehicles, such as: throttle-by-wire, 
power steering, anti-lock braking, rear-wheel steering, air-
conditioning, ride-height adjustment, active suspension, 
electrically heated catalyst, and so on [1]. 

III. THE PROPOSED CONTROL STRATEGY 
The aim of the proposed control strategy is to split the 

power for the propulsion between the thermal and electric 
path, in order to minimize the fuel consumption and the 
engine emissions, unaffecting the drivability of the vehicle 
and the on-board electrical loads requests. 
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Fig. 12.  Maximum electric power and torque of the generator [26]. 
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Fig. 11.  The four-quadrant efficiency map of the generator [26]. 
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   This target can be achieved shifting the engine operating 
point versus regions with the maximum efficiency, realizing 
an optimal power split between engine and electric motor. 

Nevertheless, in order to unaffecting the drivability of the 
vehicle, both the ISA generator output power PB2 and the 
electric motor output power PE must be adequately 
controlled. In fact, the electric motor and the generator are 
coupled to the engine by means of CVT (Fig. 2) therefore, 
controlling their generated powers, the operating power and 
speed of the combustion engine will be influenced. 

The battery can be recharged even by means of re-
generative braking; this is possible by controlling the 
electric motor as a generator during the braking mode. 

The action of the proposed strategy implicates that the 
battery is not used, like in a conventional vehicle, only to 
supply key-off loads and to assist the alternator against 
peak-power demands, but it is also used to satisfy the 
request of the electric motor for propulsion. 

The power PB flows in output or in input from the battery 
depending on the necessity of the control strategy to shift 
the engine operating point versus regions with maximum 
efficiency. 

Let us consider Ts the sampling time of the control 
strategy, indicating with k the k-mo sampling period and 
considering the equations (1), (4), (6)-(7), (11)-(12), the 
energetic model of the vehicle, in discrete time, is given by 
the following system of equations (the generic quantity f(k) 
 f(kTs) ): 
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with the following conventional signs: 
- 0GP   if in output from the mechanical node; 
- 0DP   if in output from the mechanical node; 
- 0MP   if in output from the engine; 
- 0BP   if in output from the electrical node; 
- 1 0BP   if in output from the electrical node; 
- 2 0BP   if in output from the generator; 
- 0EP   if in output from the electric motor. 

At the istant k, the system (16) is a system of 6 equations 
in 8 unknown quantities. It can be resolved respect to two 
quantities. 

In the following, all the quantities will be expressed 
respect to the battery storage power PS and the engine speed 
n. This consents to write also the power PM as function of PS 
and n: 
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Fig. 15.  Toyota Prius battery open-circuit voltage [26]. 
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Fig. 13.  Toyota Prius battery equivalent resistance in discharging mode [26].

 
Fig. 16.  Vehicle electrical power system architecture. 
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Fig. 14.  Toyota Prius battery equivalent resistance in charging mode [26]. 
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Indicating with Tc the period of the considered drive 

cycle, the total fuel used at the end of the cycle is given by: 
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0
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with: 
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where k1, k2, k3, k4 are defined constants [20]. 

The goal of the control strategy is to minimize the cost 
function (18) [31]. 

Because the ranges of the different quantities involved in 
the power diagram (Fig. 2) are limited by physics 
underlying or by engineering design, the control strategy 
can be formulated as a nonlinear optimization problem 
subject to constraints. In particular, the following inequality 
constraints must be imposed: 
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                                                       (20) 

 
The battery is constrained to have the same amount of 

energy at the start of the drive cycle and at the end: 
 
   0s c sE T E                                                                (21) 

 
By considering the basic assumptions and the equation 

(17), in discrete time the relation (19) can be expressed as a 
function of the battery storage power and the engine speed 
only, as follows: 
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Considering equation (4), the following kinematics 

constraints: 
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can be translated to constraint on n only: 
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                  (25) 

 
Referring to the system of equations (16), the following 

dynamics constraints: 
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                        (26) 

 
can be translated to constraint on PM and PS only: 
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                                       (27) 

 
with (eq. (28)): 
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 

      (28) 

 
In this way, the optimization problem statement is 

expressed with the following equations (N is integer and it is 
the ratio between the length of the drive cycle Tc and the 
sampling time Ts): 

 

   
   

    
1 11s s

N

s tot sn ,...,n N kP ,...,P N
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    

    
  
             (29) 

 
subject to (24), (27) and to the following equality constraint: 

 

 
1

0
N

S
k

P k


                                                                     (30) 

 
The problem is now formulated as a finite dimensional 

nonlinear optimization problem. Because all functions 
involved in the problem are convex functions, the 
formulated problem is a nonlinear convex problem with 
inequality and equality constraints [32]. The solution of this 
problem is given from the Kuhn-Tucker (KT) conditions 
[32]: for a nonlinear convex problem, KT equations are both 
necessary and sufficient for a global solution point. 

Let us consider the problem (28) of minimizing the 
function F(x) subject to m equality constraints Gi(x)=0 
(  1i ,m ), and p inequality constraints Hj(x)≤0 (  1j , p ). 

If x0 is a local minimum for the constrained problem and 
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if it is a regular point, the KT conditions ensure that there is 
a vector  

 
1
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

   λ  with (m+p) components, such 

that: 
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                                           (31) 

 
where: 

 

       
1 1
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i i j j
i j

L F G H 
 

   x, λ x x x                     (32) 

 
is the Lagrange function and  is the linear operator nabla. 

Eqs. (31) are also sufficient if the problem is convex. In 
our case we have (33): 
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and (34): 
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Here λ is a vector of 1x(1+6N) components, m=1, p=6N. 
Now the problem (29) with constraints (24), (27), (30) 

reduces to solve numerically the system of equations (31), 
with x, Gi(x), Hj(x) defined by (33), (34). The solution of the 
KT equations forms the basis for many nonlinear 
programming algorithms [33]. 

These algorithms attempt to compute the Lagrange 
multipliers directly. These methods are commonly referred 
as Sequential Quadratic Programming (SQP) methods, since 
a QP subproblem is solved at each major iteration. In 
particular in the paper the Schittkowski method has been 
adopted [34]. The method allows to closely mimic Newton's 
method for constrained optimization just as it is done for 
unconstrained optimization. 

At each major iteration, an approximation is made of the 
Hessian of the Lagrangian function using a quasi-Newton 
updating method. This is then used to generate a QP 
subproblem whose solution is used to form a search 
direction for a line search procedure [35]. 

IV. NUMERICAL RESULTS 
In order to test the suggested control strategy, two sets of 

simulations have been developed: the first one refers to the 
application of the proposed strategy when a zero variation of 
SOC is imposed over the all drive cycle. The second one 
refers to a comparison between the proposed strategy and 
the management strategy actually implemented in Toyota 
Prius, as it is simulated by means of the ADVISOR® tool. 

The parameters of the considered system are reported in 
Table I. The adopted European drive cycle [2] is reported in 
Fig. 17. Fig. 18 shows the electrical loads power profile. 
This profile has been computed with EVALUATOR®, a 
computer-aided suite developed from the Authors [30]. All-
electric compressor for cooling is not included in the 
considered loads, as it has been introduced in the 2004 
model only. 

 
The considered static maps for ICE, generator and electric 

motor are reported in Figs. 4, 5, 7, 11. Fig. 19 shows the 
drive train power, which is derived by the vehicle speed 
profile and the vehicle parameters (Table I). 

A. Results of the Proposed Strategy Implementation 
There are several hybrid vehicle architectures that could 

be considered for the application of the proposed 
Optimization Strategy. In the following are reported the 
profile of the main quantities of the vehicle obtained from 
the power split control resulting by the proposed strategy. 

TABLE I 
SIMULATION PARAMETERS 

Symbol Quantity Value Unit 
SIMULATION TIME: 
Tc Drive cycle lenght 1180 s 
Ts Sample time 1 s 
VEHICLE: 
m Mass (full load) 1700 kg 
A Frontal area 1.746 m2 

Cd Air drag coefficient 0.3  
Cr Rolling resistance coeff. 0.009  
 Air density 1.2 kg/m3 

g Gravity 9.81 m/s2 

R Wheel radius 0.287 m 
Fr Final drive ratio 3.93  
τ CVT ratio -30/78  
BATTERY: 
Ub Voltage 300 V 
Cb Capacity 6 Ah/cell 
  4354560 J 
S.O.C.0 Initial S.O.C. 70%  
PSmax Maximum charging power 25 kW 
ICE: 
PMn Nominal power 43 kW 
nn Nominal speed 4000 rpm 
TMn Nominal torque 101.7 Nm 
ELECTRIC MOTOR: 
PEn Nominal power 30 kW 
nEn Nominal speed 1000 rpm 
TEn Nominal torque 300 Nm 
VEn Nominal voltage 500 V 
GENERATOR: 
PB2n Nominal power 15 kW 
ngn Maximum speed 6000 rpm 
Vgn Nominal voltage 500 V 
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Figs. 20-28 show respectively the ICE speed, the ICE 

power, the electric motor mechanical power, the generator 
speed, the battery storage power (with relative bounds), the 
generator power, the fuel rate, the emissions rates and the 
battery SOC resulting by the proposed strategy. Fig. 29 
shows the operative points of the ICE during the NEDC 
drive cycle, resulting by the proposed strategy, reported on 
the fuel map. 

B. Comparisons with ADVISOR Simulations Results 
ADVISOR (Ver. 2004) is a computational tool many used 

for automotive applications. With ADVISOR it is possible 
to simulate several commercial vehicles, particularly it is 
possible to simulate the Toyota Prius NHW10 model, for a 
desired drive cycle with an imposed electrical loads power 
profile.  
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Fig. 17.  New European drive cycle. 
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Fig. 18.  Critical electrical loads power profile used for the simulation. 
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Fig. 19.  Drive train power. 
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Fig. 20.  Optimal ICE speed and bounds. 
 

0 200 400 600 800 1000 1200
0

5

10

15

20

25

30

35

40

t [s]

P
M

 [k
W

]

PM,min PM,max PM

 
Fig. 21.  Optimal ICE power and bounds. 
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Fig. 22.  Optimal electric motor mechanical power and bounds. 
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Fig. 23.  Optimal generator speed and bounds. 
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In the ADVISOR’s model of Prius, the realistic Hybrid 

Powertrain Control Strategy is implemented; it realizes 
several operative modes, depending on the state of the 
vehicle [25]. 

The numerical results of ADVISOR simulations, carried 
out under the same operative conditions adopted for our 
strategy, show that the SOC at the end of the drive cycle is 
lower than the initial SOC, instead of the results of the 
proposed strategy. 

Therefore, for a correct comparison between ADVISOR 
and the proposed strategy results, it is necessary to impose 
as equality constraint for the proposed strategy the 
following: 

 
OS ADVISORSOC SOC∆ = ∆                                                  (35) 

 
The constraint (30) changes consequently as follows: 
 

( )
1

N

s S b ADVISOR
k

T P k C SOC
=

= ∆∑                                         (36) 

 
Figs. 30-35 show respectively the comparisons between 

ADVISOR and our strategy. 
As it can be noted from Fig. 34, the philosophy of the 

battery’s service is quite different for the two strategies. In 
fact, such figure shows as the two controls often impose 
different sign for the battery storage power. 
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Fig. 28.  Optimal battery SOC. 
 

0 5 10 15 20 25 30 35 40 45
0

0.5

1

1.5

2

2.5

3

PM [kW]

m
f [g

/s
]

.

4000 rpm

1000 rpm

 
Fig. 29.  Optimal operative points of ICE. 
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Fig. 24.  Optimal battery storage power and bounds. 
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Fig. 25.  Optimal generator electric power. 
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Fig. 26.  Optimal fuel consumption rate. 
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Fig. 27.  Optimal emissions rate. 
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As it can be noted from Fig. 35, the variation of the SOC 

between the start and the end of the cycle is the same for 
both the strategies, according to the constraint (36). 

Table II presents the results comparison relative to the 
consumptions and the emissions. 

 

 
 
The results show that with the proposed strategy a 3.6% 

reduction in fuel use and 20%, 13%, 21% reduction in 
engine emissions (HC, CO, NOx) can be obtained respect to 
the real consumptions and emissions of Toyota Prius, as 
computed by the ADVISOR. 

V. CONCLUSION 
In the paper, the problem of optimizing the fuel 

consumption and the pollutant emissions in a power-split 
commercial vehicle has been formulated as a nonlinear 
convex optimization problem. The results show that with the 
proposed strategy a reduction of 3.6% in the fuel use and 
much more in the emissions can be obtained respect to the 
real consumptions and emissions of Toyota Prius, as 
computed by the ADVISOR. This proves the feasibility to 
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Fig. 34.  Optimal vs. ADVISOR battery storage power. 
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Fig. 35.  Optimal vs. ADVISOR battery SOC. 
 

TABLE II 
COMPARISON RESULTS 

 PROPOSED 
STRATEGY ADVISOR % SAVING 

FUEL [g] 442.3 458.6 3.6% 
HC [g] 12.7 15.9 20% 
CO [g] 28.8 33.1 13% 
NOx [g] 7.5 9.5 21% 
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Fig. 30.  Optimal vs. ADVISOR ICE speed. 
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Fig. 31.  Optimal vs. ADVISOR ICE power. 
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Fig. 32.  Optimal vs. ADVISOR electric motor mechanical power. 
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Fig. 33.  Optimal vs. ADVISOR fuel consumption rate 
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adopt the suggested strategy as a benchmark for the 
performance of other strategies, or to derive rules for rule-
based strategies. 

NOMENCLATURE 
m [kg] Vehicle mass 
A [m2] Vehicle frontal area 
Cd Air drag coefficient 
Cr Rolling resistance 

 [kg/m3] Air density 
g [m/s2] Gravity 
h Road slope 
R [m] Vehicle wheel radius 
Fr Final drive ratio 
Gr Gear ratio 
-τ Sun gear teeths/ring gear teeths CVT ratio 
Ub [V] Open-circuit battery voltage 
Rb [Ω] Battery equivalent circuit resistance 
Cb [J] Battery rated capacity 
Es [J] Battery energy level 
S.O.C. Battery State of Charge 
v [m/s] Vehicle linear speed 
n [rpm] Angular speed of engine 
ne [rpm] Angular speed of electric motor 
ng [rpm] Angular speed of generator 
nw [rpm] Vehicle-wheels angular speed 

PM [kW] Internal Combustion Engine (ICE) 
mechanical power (without losses) 

PD [kW] Required propulsion power 
PL [kW] Required on-board electrical loads power 
PG [kW] Mechanical power of the generator 
PB2 [kW] Electrical power of the generator 
PE [kW] Mechanical power of the electric motor 
PB1 [kW] Electrical power of the electric motor 
PB [kW] Battery power (with losses) 
PS [kW] Battery storage power (without losses) 
PB,loss [kW] Battery losses 
e Electric motor efficiency 
g Generator efficiency 

fm  [g/s] Fuel consumption rate 

HCm  [g/s] HC emission rate 

COm  [g/s] CO emission rate 

NOxm  [g/s] NOx emission rate 
F Cost function 
k1, k2, 
k3, k4 

Weighting factors 

Tc [s] Period of the drive cycle 
Ts [s] Sample period 
sign(x) Signum function 
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