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Forwarding Indices of 4-regular Circulants *

Shuting Liu,Jixiang Meng

Abstract—An all-to-all routing R (or a routing for
short) of a connected graph G of order n is a col-
lection of n(n — 1) elementary paths connecting every
ordered pair of vertices of (G. For a given routing R
of G, the vertex-forwarding index &(G; R) of G is the
maximum number of paths in R passing through any
vertex of G. The vertex-forwarding index {(G) of G
is defined as the minimum &(G; R) over all routings R
of . Similarly, given a routing R of G, we define the
edge-forwarding index 7 (G; R) of G a routing R as the
maximum number of paths in R passing through any
edge of G. The edge-forwarding index 7(G) of G is de-
fined as the minimum 7(G; R) over all routings R of G.
The forwarding index corresponds to the maximum
load of the graph. Thus, it is important, for given
graphs, to find routings minimizing these indices.

In this paper, we construct shortest paths whose ex-
pressions are specifically given between any two dis-
tinct vertices and obtain the exact values of vertex-
forwarding indices of 4-regular circulant graphs with
order n(n > 6). Furthermore, based on the relations,
known so far, between vertex-forwarding indices and
edge forwarding indices, some bounds of edge for-
warding indices for this kind of graphs can be pre-
sented immediately.

Keywords: forwarding index, Circulant graph, routing,
distance, disjoint paths

1 Introduction

An interconnection network is often modeled by a con-
nected graph G = (V(G), E(G)), where the vertex set
V(G) corresponds to node set in a network represent com-
munication centers or processors, and the edge set F(Q)
represents link set with which to communicate data or
messages between different vertices. For notation not de-
fined here, see [1] for references.

Designers of interconnection network specify a set of
routes for every pair (x,y) of vertices, indicating a fixed
route which carries the data transmitted from the mes-
sage source x to the destination y. The load of any ver-
tex is limited by the capacity of the vertex, for other-
wise it would reduce the efficiency of transmission and
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even cause the fault of the network. Whether or not the
network capacity could be fully used will depend on the
choice of these routes.

Let G be a connected and simple graph of order n. A
routing R of G is a set of n(n — 1) elementary paths
R(x,y) specified for all ordered pairs (x,y) of vertices of
G. if R(z,y) = R(y, z) specified by R, that is to say the
path R(y, ) is the reverse of the path R(z,y) for all z,y ,
then we say that the routing is symmetric. If each of the
paths specified by R is shortest, the routing R is said to
be minimal, denoted by R,,. For any two vertices x and
y, and a vertex z belonging to the path R(z;y) specified
by R, the path R(z;y) is the concatenation of the paths
R(z,z) and R(z,y).

In order to measure the load of a vertex, Chung et al
introduced in [2] the notion of forwarding index, which
has received considerable attention due to its importance
in networks.(see nice survey [10], and references therein).
The forwarding index is one of the fault tolerance param-
eters of a network. Some other interesting studies about
a network can be seen in [5, 6] and so on.

Let the sets of routings and minimum routings in a graph
G be denoted by R(G) and R,,(G) respectively. For a
given R € R(G) and = € V(G), the load of a vertex x
in a given routing R of a graph G , denoted by &, (G, R),
is defined as the number of paths specified by R pass-
ing through x and admitting « as an inner vertex. The
forwarding index of G with respect to R is the maxi-
mum number of paths of R going through any vertex x
in G and is denoted by

&(G,R) = max{&:(G,R) : x € V(G)}.

The minimum forwarding index over all possible routings
of a graph G, denoted by

&(G) =min{¢(G,R): R € R(G)}
is called the forwarding index of G.

In [3], Similar concepts for the edge version of a
graph was introduced by Heydemann et al. The
load of an edge e with respect to R, denoted
by w.(G,R), is defined as the number of the
paths specified by R going though it The
edge forwarding index of G with respect to R is the
maximum number of paths specified by R going through
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any edge of G and is denoted by

(G, R) = max{n.(G,R) : x € E(G)}.

We call

m(GQ) = min{n(G,R) : R € R (G)}.

the edge forwarding index of G .

For routings of shortest paths, define
Em(G) =min{¢(G,Ry,) : Rm € Rin(G)}
and

Tm(G) = min{n (G, Rp,) : Rm € Rimn(G)}.

Clearly, £(G) < & (G) and 7(G) < 7, (G). The equality,
however, does not always hold and some examples were
given in [3].

The forwarding index problem is NP-complete even if
the diameter of the graph is 2, seen in [9]. In [4], Solé
proved that the vertex forwarding indices of graphs in
a class of quasi-Cayley graphs, a new class of vertex-
transitive graphs, which contains Cayley graphs, achieve
the minimum. However, in general it is difficult to find
the exact value or a good estimate of the forwarding in-
dex of a graph, even for some special classes of graphs
such as circulant graphs. In [13], it established tight
upper and lower bounds of forwarding indices for cir-
culant graphs. But these bounds are difficult to com-
pute generally. Moreover, a uniform routing of short-
est paths may not exist for circulant graphs, just as the
case for Cayley graphs [7]. The circulant graph G is de-
noted by C,(d1, da, -+, di) or briefly C,,(d;), where
0<d; <dy<---<dj <(n+1)/2, The sequence (d;) is
called a jump sequence and d; is called a jump. In [13], for
the circulant digraph G(d™; S) with S = {1,d,--- ,d""'},
d>2and n > 2, Xu et al obtained

E(C(";S)) = 5(d— Dd'n (" ~1)

and

(G S) = %(d —1)an,

In [12], for the circulant graph G = C,,(1,3d+1,3d? — 1),
where n = 3d? 4+ 3d + 1, Thomson and Zhou determined

(@) = %d(d+ 1)(2d + 1), for d > 2.

Generally, computing the forwarding index of a graph is
very difficult. The purpose of this paper is to study the
forwarding indices of circulant graphs with degree 4.

2 Preliminaries

Before proceeding, we collect some known results which
will be useful in the proofs of our main results.

Theorem 2.1. [11] If ged (n,a) = 1 or ged (n,b)
1, then there exists an integer k satisfying Cp(1,k)
Cn(a,b).

Theorem 2.2. [8] Cy,(dy,ds, - ,dy) is connected if and
Only ng(:d (d17d27' o ,dk,n) =1

conjecture 2.3. (Heydemann et al. [3], 1989) In any
vertex-transitive graph G = (V, E), there exists a rout-
ing of shortest paths in which the load of every wer-
tex, and therefore the vertez-forwarding index is equal to
Y yevda(,y) — (n—1) for any vertezr u of G.

Il

The conjecture is not true for symmetric routings of
shortest paths. But the conjecture is true for Cayley
graphs as stated in the following theorem.

Theorem 2.4. (Heydemann et al. [3], 1989). If G =
(V, E) is a Cayley graph with order n, then, for any vertex
zinV,

§G) =6n(G) =) da(z,y) — (n—1).

yeV

(2.1)

Heydemann et al. found that the equality 2.1 is not valid
for 7(@G), and proposed conjectures in [3]. So far, There
are no results on these conjectures and some relationships
between vertex and edge forwarding indices are given as
follows.

Theorem 2.5. (Heydemann et al. [3], 1989). For any
connected graph G of order n, mazximum degree A and
minimum degree 9,

(a) 26(G) +2(n — 1) < An(G);
(b) 7(G) <&(G) +2(n —1);
(¢) Tm(G) < &m(G) +2(n —9).

All these inequalities are also valid for symmetric rout-
ings and the inequality in (a) is also valid for minimal
routings.

Remark 2.6. (Heydemann et al. [3], 1989) In (a) the
equality holds for Cp, W, K1, the n-cube, the Petersen

graph and its line graph with the given values. In (b) the
equality holds for the complete graph.

Lemma 2.7. For a circulant graph G = C,,(1,d),

S(EG) + (n— 1) < 7(G) < E(G) +2(n — 4)
% Z de(z,y) < 7m(G) < Z de(z,y) +n—7
yev yev
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Proof. By theorems 2.1, 2.2, 2.5 and 2.4, clearly. O

3 Main results

In the following, we assume that the points of a circu-
lant graph are labeled clockwise by 0, 1, 2, ---, n—1,
(corresponding to 0, —n+1, ---, —2 —1 re-
spectively ) and we refer to point i instead of saying
the point labeled by 4. In general, we can show that
a circulant graph is connected by identifying the exis-
tence of a path from 0 to ¢ for each vertex ¢t. That is,
we need a combination of elements of S that sum to
t: >0 1 (e;)(d;) = t(mod n), where (a,,) and (d,) re-
spectively denote the step number and the step factor of
the Ot-path. For example, ¢t = (k)(d)+ (4)(1) corresponds
to a path (0,d,2d,--- ,kd, kd+1,kd+2,--- ,kd+i—1,1),
where t = kd+ i is one vertex of a circulant graph G with
order n.

Let G = Cy(1,d) (n > 6) be a circulant graph, then all
the shortest paths from 0 to ¢ for each vertex ¢ can be con-
structed and ), . dg(0,t) can be calculated, from which
the forwarding indices can be determined. We firstly give
two notations which will be used in the subsequent lem-
mas and theorems :

(1)Let (n,d) be a fixed pair of positive integers satisfying
n = Kd+ng, where 1 <d < |5, d# 5,0 <ng <d,
and K > 2.

(2) For all 0 <t < |n/2],lett=kd+i, where 0 <i < d,
then 0 <k <[5 and k+i> 1.

3.1

\\\\\\\\

ﬁ i .- s oh Ly

Fig 2. K is odd

Lemma 3.1. Let G = C,(1,d) (d > 2) be a circulant
graph, where n = Kd and K > 4 is even. then

_ K
ZdG(07t> _{ g’ 4

teV

where d is even,;
where d is odd.

where H =

Sl
vl
0[S

(5d+

N[
N

Proof. On the conditions that K is even and n = Kd, we
divide G into K equal parts of order d. See Fig.1. By
the vertex transitivity of G, to construct shortest paths
between any two vertices, we only need to consider the
shortest paths between vertices 0 and t. For any vertex ¢
ofG,lett:kd—&—iandOSk‘S%—l.

Case 1. kd+1 <t <kd+ |%].

We construct a Ot-path according the equality ¢t =
(k)(d) + (t — kd)(1). obviously, the path given is a short-
est path between vertices 0 and ¢, therefore d(0,t) =
k+t—kd

Case 2. kd+ 4] +1<t < (k+1)d.

Similar to case 1, the shortest path can be constructed
by the equality ¢t = (k+1)(d) + ((k+1)d —t)(—1), so the
distance d(0,t) =k + 1+ (k+1)d —

We then have the following

>iev dc(0,t)
- 2*(2561( t—rdi1(k +t—kd)

+Ztk22+t J_H(k-l—l—l-(k‘—kl)d—t))) -k
- 2*(Zk 0 (Z (k:+j)

47
+ R+ 1414

kd+| 2]

= a5k -1+ (140
H%W(lﬂ%m%*%
- d%(%—l)+<t%f+(%f+d>%—%
Kd+ 137 +181" -1

% where d is even;
2 .
Kd” _ %, where d is odd.

O

Theorem 3.2. Let G = Cy,(1,d) (d > 2) be a circulant
graph, where n = Kd and K > 4 is even. Then

d—K
«6)={ 1.0

where d is even,;

where d is odd.

7

where L = (K +d —4)(n — 1).

Proof. By theorem 2.4,
§(G) = &m(G)
=BG+ 13 3 - D - (- 1)
— K(Eq4 4P+ [%12—2d—1)+1

_ { T(K+d— 4)———1—1 where d is even;
- LK+d—4)— 5 +1, where dis odd.
L+ %, where d is even;
{ L+ %, where d is odd.
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Lemma 3.3. Let G = C,(1,d) (d > 2) be a circulant This completes the proof. O
graph, where n = Kd and K > 3 is odd. Then

Theorem 3.4. Let G = Cy,(1,d) (d > 2) be a circulant

M — 2=, where d is even; _ .
Z de(0,t) = Iy gk where d is odd. graph, where n = Kd and K > 3 is odd. Then
tev
2 2 K—2 ; .
here M = BE=L(E=14 . d& g 1y d° _J L—=7=, where dis even;
where > (Gd+ g +d=3)+4 ¢(@) L where d is odd.
Proof. We consider two cases. Let ¢t = kd + ¢ be any one
vertex of G. Where L = 1(K +d —4)(n —1).

Case 1. O<k<—fl

Case 1.1. kd+1 <t < kd+ [%].

Proof. If d is odd, by theorem 2.4 we have
The equality ¢t = kd + (t — kd)(1) determines a shortest
Ot-path and the distance d(0,t) = k + ¢ — kd.

£(G)
- 1 _1)2 12
Case 1.2. kd+ 2] +1 <t < (k+ 1)d. = 4[((;(( 1;} dtz(K ) 1)d +12( 1d
~(K-1]+% -1 -n+
The equality t = (k+1)d+ ((k+1)d —t)(—1) determines = HE-1)(n—d) + (n—d)d+2(n—d)
a shortest Ot-path and the distance d(0,t) = k+1+ (k+ —(K —1)] % —t-n+1 (3.3)
1)d —t. = YKn-n-n+d+nd—d*+2(n—d '
_ —K+1]+% -1 -nt1
Case 2. k = £-1 4 1
ase = %[Kn—knd—d—K]—n—!—l
Case 2.1. d is odd.(see Fig.3) = %[K” +nd —4n] — ;[K +d — 4]
= (n—1)(K+d-4).
> yew dgﬁﬂf,y) )
= 2+ (D5 (Sittit te+ - ko) f
(k+1)d If d is even, compare equalities 3.2, 3.1 and 3.3,
T2 k|4 J+1(k+1+(k+1)d)_t)) we obtain
G U
= AR 1) (4 4 1T Bl (| -
1% L0, di d = t(n—-1)(K+d-4) - E2
)T+ (K- D5+ [51(0+ [2])
S s AL -
BT
= AR L vd- P -]
Case 2.2. d is even. (see Fig.4) .
Based on the discussion in case 2.1, we only need to minus i ///.\‘\\\ P
de(0,%) , where dg(0, %) = E-1 4+ 4 from 3, .y, de (0, t) B 2
in equahty 3.1. So
Zy@v dg(:fay) . G o 0N o f5d
Kol (kd+d
= 2x (Ek:zo ( t:kd2+1(k +t—kd)
(k+1)d
+Zt:kdl§+1(k +1+ (k+1)d) - t)) Fig 3 K is odd and d is odd
(;l)dJrg - o
25 (S Al (5t = K )
K—1  d T
_(Tl + 5) 9 9 (3'2) (K-1)d ¢ T, d
= S 5] 15T 205)
+5](1+ LfJ)—gT_ +2§) , s
KRG+ g+ 18] +d -1+ & e
2
= SFEFd+r g +d-D+ ¢
%(K;1d+%+d7%)+§77—1, Fig 4 K is odd and d is even
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3.2 n=Kd+ ng, where 0 <ng <d.

LJ
(K — 1)d+ng iod

h+lf}+?)n ntl n—1 %d

L2
(K- 1d+ng d

K
Fd+mng

Fig 6 K is odd and d is even

Lemma 3.5. Let G = C,(1,d) (d
graph, where n = Kd 4+ ng, 0 < ng
even, then

be a circulant

> 2)
<dand K > 4 is

(1) If ng is odd,

where d is even;
17 where d is odd.

Y da(0,1) =

teV

Nik

(2) If ng 1is even,

where d is even;

where d is odd.

ch(o’f)) = { x’+ K

teV

whereN:§(§d+§+nofl)+

Proof. Let t = kd+1i be any a vertex of G. When 0 < k <
% — 1, the method of discussion is similar to that of in
lemma 3.1. In this proof, we particularly consider the £ o5-
th part from the vertex 5d+1 to the vertex ﬁ + [""J =
L5]-

When

is determined by
distance d(0,t) =

Kd Kd
T-f—lﬁt -5 |_

%) =
)@ + (-
)

t = (£)(d
K+ (i- 4

L%Ja shortest Ot-path
£d)(1) and so the

Case 1. ng is odd.(see Fig.5)
ZtEV dc (Ov t)

E_q kd+|4
_ 2*(Zk=0( P (k£ — kd)
k+1)d
ZE:JIZd)JrL%JH(k + 1+ (k+1)d) - t))
d
+2 % tz,fC%le(I;Jr(t £d))
2 2
= d?(n )n(L%J +(%W d)%y
il L)1)
= S(zd+ g + 18] +2l2 ) + 210+ %)
_ J BGdr St -t dis evens
= 2
E(Ed+ L +no—1)+ 20 + K diis odd.
2
B K:d_|_K4d + K%+ 50— K1 dis even;
K:d+Kf2+K%+Zo_%_i, d is odd.

Case 2. ng is even.(see Fig.6)

Based on the discussion in case 1, we only need to minus

dc(0,%), where dg(0,%) = & + 2 from 3,y de(0,t)
above. So
Ztev dG(O t

K1 kd+| ¢
= 2*(21.; 0 (Zt kdff(k+t—kd)

(k+1)d
+Zt:kd+L%nJ+1(k +1+(k+1)d) - )
_|_

K ‘0
+2 D2 (B - Kd) - (5 + %)
B 4 4 40
TR+ 20 3] - (5 + %)
= S(Ea+ 147+ 147
LN+ R0+ ] - (5 + %)
= K(Eq4 47419 me— 1) +
B %(%d+i;+no—1)+%, d is even;
§(§d+i+no—1)+%+§, d is odd.
_ K:dJr + K53+ "—gfg, d is even;
- Kjd+K4d2+K% K s odd,

O

Theorem 3.6. Let G = C,(1,d) (d > 2) be a circulant
graph, where n = Kd+ng, 0 < ng < d and K > 4 is
even, then

(1) If ng is odd,

T, where d is even;
where d is odd.

(2) If ng is even,

B T+ i, where d is even;
§(G) = { T+ %, where d is odd.
where T = 1 (d+ K —4)(n—1)++(K —d+ng+1)(no—1).

To explain the proofs of the following lemmas and theo-
rems, we give four figures.
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=

. & i e
(K —1)d+mng d

(or — (K;ld'+nn))
K

K-l K1
- SE=td +ng a4=2d
%d+ no 2 2

K-1 d) (Ktl)dinot+l ntl
g o 2

. (K—1)d+np—1
(or — B

Fig 7. K is odd, ng is odd and d is even

o i
(K — 1)d+ng d

%d +ny %d + g %a‘

(K+1)d+no nt+l —1 (K—1)d+no
2 2

Fig 8. K is odd, ng is even and d is odd

o0

R )
(K = 1)d+ng d

K+1 (K+1)d (K—1)d
Sad+ng — = S

+ng K-y

(A+1)d4notl (K—1)d+no—1
2 2

Fig 9. K is odd, ng is odd and d is odd

o
0
— .
(K —1)d +mng d

(K=1)d l)n'

Exld+n, +ng -1y

(K+1)d
P

.
K+ Dd4no (K—1)dtno
2 2

Fig 10. K is odd ng is even and d is even

Lemma 3.7. Let G = C,(1,d) (d > 2) be a circulant
graph, where n = Kd+ng, 0 < nyg < d and K > 3 is
odd, then

(1) If d + ng is odd,

> da(0,1) =

Kfl where d is odd

5

2K4+1,where d is even.
tev
(2) If d + ny is even,
S — %, where d is even.
ZdG(OJ) B { S — BH ‘where d is odd.
teVv
where § = B (K g4 4 +no)+noz+(d—2no)2+d

Proof. Let t = kd + i be a vertex of G. When 0 <

k< % — 1, the method we use is similar to those

in lemma 3.1 and 3.3. In the proof, we particularly con-

sider the Kgl—th part from vertex %d + 1 to vertex

(3] = K2+ 252,

Case 1. d + ng is odd. we consider three subcases:
Subcase 1.1. £2d4+1 <t < E1d+ 2],

A shortest 0t path is determined by the equality ¢t =
E=Ld+ (t— £52d)(1), and so d(0,t) = 52 +¢ — £-14,
Subcase 1.2. £4d+ |20 | +1 <t < E-Ld 4 ny.

In this case, we construct a shortest Ot-path according to

the following equality ¢ = t—n(modn) = (£5L+1)(—d)+
(n—t— (52 +1)d)(—1) and so d(0,t) = EL +1+4n—
t— (52 +1)d.

Subcase 1.3. £-2d+mng+1 <t < |2] = £+ o]

A shortest Ot-path can be constructed by the equality
t = t—n(modn) : (£ Li1)d—(n—t))(1)

) (=d)+((5
and so d(0,t) = £ + 14+ (£ + 1)d— (n— ).

It is easy to check that the paths constructed are the
shortest ones.

2 ey dg (0, t)
kd+
= 2*<Zk 0 t= kd\:‘r{(k_‘_t_kd)

k
+ 3 Eﬂdm(mu(kﬂ) d) — ))

1253, QKd%le(KQle(t E-13))
+2*Z 2KdT;iL’;°J+1(%+1
+n—t—( -1+ 1)d)
+2*Z K1d+no+1(K2 +1
+(K21+1) (nft))

= dEFLE 4 (|4 414 + B

A )
+22[”<K1+1+( o] — )

+22L 0]— nO(K 1+1_|_j)
= 1d+LJ + 417+ 2[ L )
+L"2dJ [% 1 + 1o
+([ e - 0)(L o | — no+3)
= ESNEg |47 4 (47 g - 1)
ng 2 ng 2 d— no 1 d—no+5
+|_2 +|—2.| +n0+( )( 2 )
_ Sf% where d is odd
o S — 2EEL where d is even.

Case 2. d + ng is even.

Based on the discussion in case 1, we only need to
minus dg(0, 2), where dg(0,%2) = EFL 4 4280 from

> tev dc(0,t) above. So
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Ztev dg( )
= 2x (Zk 0 (Zfd;crdLﬂ (k+t—kd)

(k+1)d
+y® ap Hl(k+1+(k+1)d)—t))
d+ _ _
+25 30 7, 1§+21J(%+(t—%d))
d+n K—
EDSENC S
+n—t— (521 +1)d)

20 SE O (5

~(n ) = (5 4 i)

= SRR 14 g
)+ 137+ 1517 + o
|25 d—nomd*m ~no+3)

O

Theorem 3.8. Let G = C,(1,d) (d > 2) be a circulant
graph, where n = Kd+ng, 0 < ng < d and K > 3 is
odd, then

(1) If d + ng is odd,

S —n— L& where d is odd;
— 4’ ’
f(G) = { S —n— 2K4_3, where d is even.

(2) If d + ng is even,

S—n-— KT_, where d is even;
§e) = { S—n—X 7, where d is odd.
where § = £-1 (K+1d_|_ +ng) + 2 ng? + (gm0 4,

4 Conclusions

In this paper, the exact values of vertex-forwarding in-
dices of 4-regular circulant graphs with order n(n > 6) are
obtained. Particularly, expressions of the shortest paths
are specifically given between any two distinct vertices.
Moreover, some bounds of edge forwarding indices for
this kind of graphs are also presented. However, the ex-
act values of the edge-forwarding indices of these graphs
remains unknown.
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