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Fatigue Crack Propagation in BFRP Reinforced
RC Beams Based on Fracture Mechanics and
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Abstract—The influence of fiber orientation on crack
propagation has been studied with BFRP reinforced RC beams.
Fracture mechanics parameters were calculated by FEM based
on anisotropic elasticity, and the golden ratio which has always
been regarded as a model of beauty, for its geometric shape and
properties and wide application of painting, sculpture, music,
art and architectural . The proportion of the shape is quite
beautiful, and BFEP developed rapidly in China with a large
number of steel reinforcements in concrete bridges. In this
paper, it is first introduced to evaluate the crack distribution
pattern of RC beams strengthened with BFRP in the golden
ratio. A simulation based on a single reinforcement tension
model which can predict the crack width and spacing,
combined with an experimental and numerical scale model of
reinforcement will prove the accuracy of the parameters. The
results show that the golden ratio can analyze the cracks of RC
beams strengthened with BFRP, and the cracking model has a
physical significance. The results also reveal the existence of a
size effect in RC beams, including crack propagation under
mixed loading. All the data tend to merge a single relationship
when correlated to total energy-release-rate range divided by
Young’s modulus.

Keywords—Golden ratio, model experiment, geometry,
crack mode

I. INTRODUCTION

HE fiber orientation produced by injection molding has a

large influence on the propagation rate and path of
fatigue cracks [1]. The crack propagation rate perpendicular
to aligned fibers is much slower than that parallel to fibers
when compared with the same stress intensity range. Novak
[3] proposed the range of the energy release rate as a fracture
mechanics parameter which gave a unique relation
irrespective of fiber orientation. Akiniwa [4] proposed to use
the stress intensity range divided by Young’s modulus as a
controlling parameter for crack propagation with different
orientations. In our previous works [5], we also found that the
relationship between the crack propagation rate and the stress

Manuscript received Nov 30, 2015; revised Oct 7, 2016. This work was
supported by  the  National  Natural  Science  Foundation
(551508261/E080505) and the Fund of National Engineering and Research
Center for Mountainous Highways (No. GSGZJ-2014-03) .

Jun Song is with the School of Civil Engineering, University of LuDong,
Yantai, CHINA (corresponding author to provide phone: 13021617898,;
e-mail: songjun198298@ 163.com.

Jian-ting Zhou was with the School of Civil Engineering & Architecture
University of Chongging Jiaotong, Chongging, CHINA. (e-mail:
jt-zhou@163.com).

Rui Jiang is with the School of Civil Engineering, University of LuDong,
Yantai, CHINA (e-mail: Jiangrui@yahoo.cn).

intensity range divided by Young’s modulus are unrelated to
fiber orientation. The effect of R ratio on fatigue crack
propagation rate became minimal when correlated to the
range of energy release rate divided by Young’s modulus
[11]. The macroscopic as well as microscopic path of crack
propagation was influenced by the fiber orientation, and
cracks often propagated under a mixed mode condition even
if the applied load was uniaxial.

The classical theory of cracking in RC structures is based
on the evaluation of the transfer length (ly), which is the
distance between a crack and the nearest cross section having
no slip between steel and concrete. The maximum stress of
concrete in tension can be detected in this cross section,
where a new crack is likely to develop. As a consequence, in
RC ties or beams, the crack spacing Sr lies within the range Iy,
<§;<2l; [1]. Both I;; and S;are needed to compute the crack
width(w) [2-4] generally considered as the difference
between the extension of the reinforcement over the crack
spacing and the extension of concrete between the cracks.
Borosnyoi and Balazs [2] used more than 20 formulas for the
calculation of crack distance. It can be considered, for
instance, the bond-slip relationship used to model the
interaction between steel and concrete. This interaction
isinfluenced by numerous parameters, which are not
effectively considered by the model proposed by Ciampi [5].

In particular, the ancient Greek Euclid [3] is the first to
propose the “golden ratio”, and the third definition states that
a straight line is said to have been cut in extreme and mean
ratio when, as the whole line is to the greater segment, so is
the greater to the less. In other words, in the line segment
depicted in Fig.1, it is possible to localize a point where the ratio
of the whole line (A) to the large segment (B) is the same as the
ratio of the large segment (B) to the small one (C). It is there that
the ratio is equal to the golden ratio, thus arriving at Equation

(D).
£:E=¢=ﬂ:0.61803... @
B A 2
In mathematics, and this number is interconnected with the
Fibonacci sequence (1,2,3,5,8,13,21,..). The ratio of the two
digits 2/3,3/5,5/8,8/13,13/21,... is what controls growth in
Nature. Precisely, the limit of the ratios of two successive

terms of the series tends toward the golden ratio.
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Fig. 1. Line segment divided in accordance with the golden ratio
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Although the golden ratio is applied in many subjects
[10-15], the basic application of its geometric properties,
lacks structural mechanics problems in depth analysis.
Moorman [8] analyzed the classical coupled oscillation
problem with the golden ratio. Zhi-Jian [9] studied the elastic
plastic problem of crack plate with the golden ratio. These
studies have played a key role in the understanding and
application of the golden ratio.

In this paper, we analyze the crack patterns of basalt fiber
[16-17] reinforced concrete beams by using the golden
section ratio and then use the “single rib tensile model” to
establish the balance equation.

Il. CRACKING MODEL FOR RC BEAM

In order to calculate the crack patterns of the basalt
strengthened beams, the crack patterns of ordinary reinforced
concrete beams are firstly established.

Figure 2 shows the distribution of crack analysis
calculation model to inverse the single beam flexural cracks.
The tensile test model of the reinforced concrete beam (see
Fig.2) can be used to reveal the cracking phenomenon, and
when the normal load reaches the cracking load, cracks will

appear in the position of L—2l_, and at this time the

concrete stress is utilized to achieve the design of a tensile
load.

—l—] —l—
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Fig. 2 The stress distribution of the single bar in the
horizontal force

The development of cracks is random, and here two cases
of the crack mode and distribution are shown in Fig.3 and

Fig.4. If an axial force N is given, and the strain of the

reinforcement & , strain of concrete & , then the Equation

(2) can be obtained as follows:
N = O-S& +O-CA = ESES& + EC&‘CA: (2)
Ag stands for the area of rabar |, AC stands for the area of

concrete, EC , Es stands for the elastic modulus of concrete

and reinforced concrete.
The strain and concrete strain can be obtained by Equation
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Fig. 4 (a) Geometrical properties of Type2 (b)strain(c)stress
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Considering the maximum cracking width in the
reinforced concrete beams, and the loading process is
assumed to be consistent with the assumption of plane cross
section. Then the maximum crack spacing will be changed,
and the rule of change is about equal to half of the new
cracking space. The early formation of the new crack pattern,
as shown above, in this case will be the new crack section
when the ultimate tensile stress occurs.

I1l.  PROGRAM CALCULATION

According to Fig.3 and Fig.4 presents the Type 1 and
Type 2 types of construction, and the construction calculation
diagram is shown in Fig.5. In the Typel section, when z=0,
S(z=0) =w/2. In the Type 2 section, when

z=1, .0, (z=1,)= f . The calculation procedures are as

follows:

(1Assuming a crack width values;
(2Assuming an  experimental
reinforcement;;

(3The normal stress of Type 1 section is calculated ;

(4hn the calculation mode of the Type 2 section, and the strain
of the steel bar in the initial crack can be obtained.;

(5Assuming a cracking transfer length |, , divide into N

load value of tensile

tr°
parts, so the length of each section is Az= |tr In;

(6Because the static and dynamic relations are known, the
numerical integration can be solved by the formula (3), It is
assumed that the increment of the strain of the steel bar and
concrete strain increment are the same:

&si = &s0 i (53,0 _gs,n)
Ei=Co0 A (gc,o _gc,n)

&,

c,n ¢’

®)

&

<, Represent the strain values of concrete and

reinforced concrete and steel in the Type 2, €., &, stands

for the strain values of concrete and reinforced concrete and
steel in the Type 1.,and0 < y, <1.

Si=S.— Az I:_Zi (Ss,o ~Ssn TS0 ~Sen ) +S50— Sc,0:| 4
The finite difference method is used to calculate the strain

value Esi of the reinforcement with Equation (5).

gs,i =

4
L —A—1,
s,i—1 i-1
¢, ©
@If at nth point, s,0, change l,, and go back to Step ©;
®If at nth point, &, # f./E.,and y, #1, then change

&, o and go back to Step@).
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For a given value of crack width w, the previous procedure
provides not only the corresponding normal force N, but also

the maximum distance between the cracks, S, .. =2l

IV. MODEL APPLICATION

The proposed model can be used to predict the crack
pattern, both in terms of crack spacing and crack width, in RC
elements under tensile loads. Specifically, the geometrical
properties of the specimens tested by Mitchell are scaled here
at a factor a. When a=1, the formation of the maximum crack
width experimentally measured at various values of applied
load N is depicted in Fig. 5(a).

In this paper, the computational model and Mitch model
are compared and analyzed, and the validity of the program is
verified, showing that the method can effectively predict the
crack width of reinforced concrete beams. As shown in Fig.
6, the relationship between the length of the crack and the
stress of the reinforcement is calculated, and the length of the
crack is decreased gradually with the increase in the stress
level. When the stress reaches the yield stress, when a=1and
a=2, the result is very close to the golden ratio, as expressed
in Formula 6. Therefore, the crack distribution patterns of the
reinforced concrete beams can be expressed by the gold
partition rate.
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From the above analysis, the crack distribution pattern of
the reinforced concrete beam can be determined, and can be
used to explain the golden ratio. The transfer length of the
crack will be increased with time when the geometrical size
of the beam is multiple.

V. PRACTICAL ASSESSMENT OF CRACK SPACING
WITH BFRP STRENGTHENED RC BEAM BRIDGE
THROUGH A SIZE-EFFECT LAW BASED ON THE

GOLDEN RATIO

A. Size Effect Model

The crack spacing can be expressed by the size effect
with the multiple variations of the geometrical dimensions.
The foreign scholars [10] have done the related research as
expressed in a power function. The formula is as follows:

Sro _ (&jy , Dy is the reference size(o=1), D is on behalf of
S D

the general scale (o>1), S,, stands for when o=1,crack

r

space, S, stands for when o>1 crack space. 4 Values can be
obtained by model experiments or numerical simulations.

— T
Fig.7 Reinforcement method with BFRP

B. Experiment and Numerical Simulation
In order to calculate u values, this study designs three

sets of reinforced concrete beams with BFRP. The
experimental beam reinforcement method is used according
to the similarity principle [7] the ratio of the three pieces of
the experimental beam. Respectively, the sizes which are
900mm, 600mm and 300mm are used. The cross section of
the different sized beams is shown in Fig.7, and four point
bending test was used in the loading mode, as shown in Fig.7.

m o

Fig.8 Crack distribution of No.1 beam

(Advance online publication: 26 November 2016)



Engineering Letters, 24:4, EL._24 4 10

In the process of the experiment, the crack width, crack
spacing, strain, load size and other parameters of the three
groups were recorded respectively. Fig.9 shows the crack
distribution and extension of the experimental beams. In
order to verify the reliability of the model experiment, the
failure process of the three experimental beams strengthened
was simulated by the large general purpose finite element
software  ABAQUS. The numerical simulation of the
parameters is consistent with the model. The finite element
numerical results of the three pieces of reinforced beams are
shown in Fig.9.

| R

S e e

Fig.9 Numerical simulation of the crack distribution

The following conclusion was obtained by using the
model experiment and numerical simulation. When the ratio
of the geometric dimensions of the beams with BFRP reached
Dy/D=0.3, the fracture propagation length was in accordance
with the characteristics of the golden ratio, thus
obtaining £ = 0.4

In a word, the crack spacing exist size effect can be easily
studied in the fracture mode. At the same time, the results can

predict the cracks distribution of BFRP reinforcement of the
bridge through the reduced scale model.

VI.

Fatigue crack propagation tests [18-22] were performed
with a tension—compression electro-servo-hydraulic testing
machine. Fatigue testing was done at room temperature under
load-controlled conditions with the stress ratio R of 0.1 and
0.5 for IMP, and 0.1 for SLP. The waveform of the cyclic
load was triangular and the frequency was between 2.5 and 8
Hz to maintain a strain rate.

The fatigue crack propagation rate, dc/dN, for MD and
TD specimens of IMP is plotted against the range of mode |
stress intensity factor, AK;, as shown in Fig.10. There is a
linear relation between dc/dN and AK, in log—log diagram.
For both cases of R =0.1 and 0.5, dc/dN is the highest in PPS
and the lower in MD than in TD. The resistance to crack
propagation is improved by fiber reinforcement, and fibers
aligned perpendicular to the crack growth direction block
more severe crack propagation. For each material, dc/dN is
higher under the larger R ratio.

FATIGUE CRACK PROPAGATION TESTS

Crack propagation rate, dc/dN, m/cycle

Crack propagation rate, dc/dN, m/cycle
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A. Fatigue crack propagation path

For the crack shown in Fig.12(a) under modes | and I, the
energy release rates for mode 1 is calculated from reactions
Fyi and Fy;at nodes i and j ahead of the crack tip, and the
upper and lower displacements, uy, and uy, at node k behind
the crack-tip and u,m and Uymo , at node m as

DU BN U BN »—
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. " LR
u u . . . \
ot u, o 5 L PRI Y X
. . L L: l; wk e X u - o

F
4

o= SOIIREE 7 2o
I "T . o« _ o .
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(a) Crack under mode I and I1 (b) Inclined crack under modes I and I1

Fig. 12. Forces and displacements near crack tip for MCCI method.

In order to avoid the mesh-size dependency of the
calculated values, when the crack is inclined to the direction
perpendicular to the loading axis by angle ¢ as shown in
Fig.12(b), modes | and Il energy release rates can be
calculated after converting the reaction and displacement
from x-y coordinates to X-Y coordinates, and the above
equations are used for X-Y coordinates.

Fig.13(a) shows the change in the correction factor, FI, of
mode | stress intensity factor as a function of crack length
relative to the specimen width W for MD, TD and isotropic
material, 1SO. Fig.13(b) shows the ratio of the factor of MD
and TD relative to that of ISO. MD has a larger F, value than
ISO, and TD has a smaller value. The difference is as high as
15%. SLP has a larger difference than IMP, because the
degree of anisotropy is larger for SLP.

The change in the correction factor, Y1, for mode | energy
release rate with relative crack length is shown in Fig.14 for
IMP and SLP. The fiber angle, crack angle and degree of
anisotropy all have an influence. The Y1 value is the largest
for TD of SLP, and decreases with increasing crack
propagation angle ¢ to 30° .
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VII. CONCLUSIONS

A new method for evaluating the distribution patterns of
cracks in reinforced concrete beam bridges with BFRP has
been studied. The size effect law of crack spacing can be
obtained by using a nonlinear numerical model. The
following conclusions can be obtained by combining
experimental data and numerical simulation:

1) The cracking model of the BFRP beams can be
expressed by the gold ratio, and the crack propagation
length I;; of the BFRP beams have the size effect.

2) When the ratio of the geometric dimensions of the beams
with BFRP reach Dy/D=0.3, the fracture propagation
length is in accordance with the characteristics of the

golden ratio. Therefore it can be obtained 1 = 0.4, and

S D

crack distribution of reinforced concrete beam
strengthened with BFRP is predicted by the
experimental model and numerical simulation.

3) Fatigue cracks were propagated under a mixed loading
of modes | and Il for the fiber angles other than 0_ and
90 _. The data of the crack propagation rate correlated to
the range of total energy release rate.

4) All the data of dc/dN for various fiber angles and R
ratios tend to merge a single relation when the rate is
correlated to the range of total energy release rate
divided by Young’s modulus

the formula can be applied, such as, Sﬂ:(&)’l. The

r
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