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Determining the Number of Sinusoids Measured
with Errors

Aleksandr Kharin, Oleg V. Chernoyarov

Abstract—This paper describes how a priori information The resulting algorithm is called the quasi-likelihood (QL)
about the signal parameters can influence the accuracy of gne [14] for estimating the number of signals. In other words,
estimating the number of these signals. This study considers e sirycture of the QL algorithm coincides with the structure
sinusoidal signals and it is supposed that the parameters f the ML alqorithm f timating th b fsi |
(amplitudes, frequencies and phases) of the received signals®' € algorithm for estimaling the number o signais
are known up to a certain error. The error probability of the ~ With the known parameters, except the values of the signal
maximum likelihood estimation of the number of sinusoids is parameters. In the ML algorithm, the true values are used,
calculated under this condition. while in the QL algorithm one uses some arbitrary values

Index Terms—model selection, sinusoids in noise, number that may deviate from the true values.
of signals estimating, maximum likelihood, abridged error The estimation of the signal parameters is not prerequisite
probability, quasi-likelihood method. for the QL algorithm functioning. This fact implies compu-
tational simplicity and other advantages of the QL algorithm
that are described in this paper. The main disadvantage of
the QL algorithm is the dependence of the performance of
I N this paper, the problem is studied of estimating th@is algorithm on the value of the deviation of the measured

number of sinusoidal (modulated sinusoidal in generghrameters from the true ones. One needs to understand this
case) signals with unknown parameters. It is a fundamengglpendence before using the QL algorithm.
problem in signal processing and its related areas. There argjs paper is focused on the design and the performance
a lot of classical [1]-[4] and modern [5]-{16] studies dealingnalysis of the QL algorithm for estimating the number of
with this problem. Most of them focus on the cases wh&fjodulated sinusoidal signals. In other terms, there is pro-
the signal parameters are completely unknown. The proble{jged the performance analysis of the maximum-likelihood
that are described there cannot be solved by the classiggforithm for estimating the number of signals in case when
maximum likelihood method, that is why many differenihe signal parameters deviate from their true values. Note
approaches to modify the maximum likelihood method haygat, in our previous research [14] we analyzed a special case
been proposed. However, as it is shown in [10] and [11], {§hen only the amplitudes and phases of modulated sinusoids
some cases the maximum likelihood method can be appligfhy deviate from their true values. In this paper a general
directly without any modification. One of these cases is @se is examined: we suppose that all the parameters of the
problem of determining the number of signals with knowgodulated sinusoids may deviate from their true values and
parameters, butitis a very rare one in practice. Usually, thefg also provide the simulations to confirm our theoretical
are cases when the signal parameters are measured with spragiis.
errors. It means that the signal parameters are not completelynhe main goal of this paper is to study the dependency
unknown and we have some measured parameter values fiahe performance of the QL algorithm on such key fac-
can be used instead of the true ones in the likelihood functigf}s as the measurement errors when measuring the signal
for the further estimating the number of signals. parameters, signal-to-noise ratios (SNR), etc. The results of

Let us describe the steps for this approach implementatighis study will help one to decide whether it is necessary to
Firstly, it is needed to synthesize the maximum likelihoogypstitute the maximum-likelihood algorithm by some other
(ML) algorithm for estimating the number of signals undegne or not.
the assumption that all the signal parameters are knownThe structure of the paper includes the following parts:
Next, one has to substitute some arbitrary parameter valygg problem statement and the structure of the QL algorithm
in this algorithm for the true ones. For example, one cafte introduced in Section II; the theoretical performance
substitute the results of the measurement of these parametgfgiysis along with the universal approximation of the error

) . ) _probability is presented in Section Ill; and finally, Section
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where v € {1,..,vmax} denotes a number of sinusoidsThat is why, it is especially important to have an instrument
a; € Rl is the amplitudew; € [0, 2n) is the frequency, and for the performance analysis of the QL algorithm (6). Further,
vi €]0,2m) is the phase shift of the-th sinusoid, respec- such instrument will be presented and tested.

tively; f:(¢), ¥,(¢t) denote the amplitude and phase envelope,

respectively; while the vectors, = (a;);_,, w, = (wi);_;, I1l. THEORETICAL PERFORMANCE ANALYSIS

¢ = (¢:);—, contain all amplitudes, frequencies and IOhas’es'ln this section, a theoretical performance analysis of the
of the » modulated sinusoids. In a trivial case, i.e., Wheﬂlgorithm ©6) is F;rovided.

fi(t) =1, W;(t) = 0 for all i andt, the model (1) reduces Firstly, let us substitute the structure of the observed data

to the sum of sinusoids. . - .
2) into the log-likelihood function (4
Suppose that the observed daté&) be a signal (1) @ g @

corrupted by the additive white Gaussian noise. In this case 1 1 &
o ren Liv,a)wlog)) = =5 > D alagKi; + =5 > aim;
=1

one can represent(t) as Y8 s
1=1 j=
Yo v v
1
x(t) = Zl ap; fi(t)cos(woit — woi + U,(t)) + on(t), (2) ~5-3 Z Z ajaj K%,
i= i=1 j=1
where by the subscrigt we denote the true values of the (7)
relevant unknown parameters. where
Next let us write down the log-likelihood function for the s

model described by (1) and (2). By applying the classical ni =0 ) n(t)fi(t)cos(wit+ Vi(t) —¢;),  (8)
results from [17] one can obtain =1

~+

L Kij=
L(VaaVawaov> = —22$(t)8(t, Vval/;wvasov) Ns
= @) D cos(it Wi(t) = ) cos(wost + Ws(1) — o).
N t=1
1 9 9
T 5.9 s t?”)al/)wl/)<pl/' . . ( )
202 ; ( ) Note that the coefficients}; (5) and K7, (9) can be

: . . .represen
In this paper, it is assumed that amplitudes, frequenme‘sa,p esented as

and phases of the signals in (1) are measured with errorsi;; =V.:"; cos(p; — ;) + Va7 sin(¢; — ¢})

Thus, there used some valug$ = ag; + Agi, Wi = HWE cos(pf + @) + Wi sin(e] + ¢7),
woi + Auiy 9] = poi + Ay instead of the true values . _ . cos(t — o) + V7 '_Sm( o) (10)
of these parameters wherk,;, A.; and A, characterize (AR Yi —0; 56,7 Yi = #0j

the absolute errors in the measurement of the respective  +Wei; cos(@i + woj) + W5 ;sin(p7 + ¢o;),
parameters. Let us substitute (1) into (3) with the measuredyng
values of the unknown parameters

Vi 1 x
(Vi ) =5 om0 (550 ) (wr —wp) w0 -5 0),
* * * 8%J t=1
L(l/) a‘1/7 wl/? Sol/) =
1 & . N, . . (%CZJ >=l Ns fi(t)fj(t)(;’?j)((w;‘erJ’f)tJr\Ili(t)Jr‘I/j(t)),
=7 20l e oswit + B0 — ) SRS
1=1 t=1
v v 1
1 . ( ifd)zf 5 (t ~t(cf’s> w0 )+ (8) — U (£)),
—QZZ%%&,W v 2t:1f()fy() gin ) (Wi —woj) (t)—v;(1)
i=1 j=1 e LN
where (Wi ) =3 o r0n0 (50 ) @it + v +w,0)
St t=1
N .
= cos(wit + Wy (t) — F) cos(wit + W, (t) — ). | The representatl_ons (10*)* are useful*for the further calcu-
pary ations of the coefficientd(;> (5) and K7 ; (9).
(5) In this paper, we use an error probability, iBr(o # vp)
Hereinafter we use a comma to separate double indices fraga measure of performance of the algorithm for estimating
each other. the number of signals and an abridged error probability [10]—
Now the QL algorithm for estimating the number of14] as a universal approximation to the error probability. Let
signals can be represented as us write down a definition of the abridged error probability
5 = argmin (—L(v, a%, w’, o7)) . (©6) that can be found in [10]-[14]
. . ) _ o=1—Pr(L(vy)—L(vo —1)>0, L(vy)— L 1 ,
It is obvious that computational complexity of QL al- b H(L(vo) = Livo = 1)>0, L(vo) — Lo + )>?1)1)
gorithm (6) is lower than that of other commonly useq\/hereL (v) is a log-likelihood function, i.e., in our case one

algorithms. This advantage of QL approach follows from th@an writ
fact that the QL algorithm (6) does not require the calculation
of the unknown parameters. However, it is also obvious that
the performance of the QL algorithm (6) is decreasing with Now let us calculate an abridged error probability for the
increasing the error in measurement of the signal parametetdgiorithm (6). For this purpose, the log-likelihood function

e as
L(v)=Lv,a,w;,¢;).

3 128 174
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(7) should be substituted into the definition of the abridged IV. ABRIDGED ERROR PROBABILITY
emor probability (11). After all the transformations, (11) can Next let us list the some basic properties of the abridged
be represented as follows error probability that follow from its definition (11).
pa=1—-Pr(&, > R, &1 < Q), (12) P.1) The ap_ridged error probability is a lower bound of the
where error probability in the casé < vy < Vimnae-
) . P.2) The abridged error probability is equal to the error
<z°; a0y K5, — Sas Kir o — OE a;K;;’j> probability in the caseg = 2, Vpar = 3.
R= V=L I=1 , Assume that the absolute values df(vg—1) and
TV KL o L(vo + 1) increasing with the SNR or the number of
Yo . . - YO e samples increasing faster than all the terms from the set
720’ .Kl/ '+la‘u Ku v +Za"Ku ) — . .
0= < A W0 015 T2 Mo k1 B vo+ Lot T 2 45 e+ {{L(i)}z'uilQU{L(i)}zs:ﬁ}' i. e, if the SNR or the
oK e+l number of samples trends to infinity, then
and 1401 1401
. ———— =0 ad ——————— — 0, 15
& =n/ (oK), LoD Lo+ D) (o)
The following final formula for the abridged error probfor anyi € {1,...,v0 — 2,19+ 2,.. . Vimaz }-

ability of the algorithm (6) for estimating the number of P.3) If the assumption (15) is fulfilled, then the abridged
modulated sinusoids can be obtained using some classigabr probability trends to error probability as SNR or

results from (12). number of samples tends to infinity.

Let us discuss the assumption (15). If this assumption is
y? ) q)( R+ py ) q (13) not fulfilled, then also the following condition does not hold:

2 )

Q
1o e
pa=1-—= [exp(—F |O| ——=
2 Vi=p? PP —wl>1)

where p(|7 =l =1) o (o)
p= Ky votn : as the SNR or the number of samples trends to infinity.
o2 /K o K 1 o1 The condition (16) is important because the error situation
and when | — vy| = 1 is usually much more better on practice
1 than the error situation whef> — 9| > 1. Thus the
P(x) = —/exp(—tQ/Q) dt. assumption (15) is usually fulfilled for the algorithms that
\/%_OO is useful in practice.
Some practical applications may require reducing the com-
putational complexity of the result (13). An asymptotically V. SIMULATIONS
exact approximation for (13) can be written as follow Theoretical performance analysis of the QL algorithm (6)
pa~1—®(R)D(Q) presenteo! in Sectiop I ngeds to be confirmgd. In this section
P R2 02 (14) we despnbe thg S|mullat|ons of the algorithm (6). These
+ o, €XP (—7) exp (—7) . simulations provide an independent way to calculate the error

_ _ probability for the algorithm (6).
The approximate formula (14) can be used instead of theTo simplify the presentation of our simulations, it is

exact formula (13) for the next parameters ranges presupposed that
' (i) For all ¢ andt, f;(t) =1, ¥;(¢t) = 0 (in this case the
min(Q, R) > 3, and [p[ < 0.9. model (1) reduces to the sum of sinusoids)

Now let us describe how the result (13) can help to (i) Foralli, ag; = ao, woi = (i = Dwst +wp, Aai = Aa,
make the choice between the QL algorithm and any othéri = Aw andAy; = A _
algorithms. Suppose that the true values of the unknow_n'” the prowd_ed simulations, the following true values of
parameters belong to some known intervals, i.e., foriall Sign@l and noise parameters are useg:= 0.4, wa =
aoi € [aii, ari], oi € i, ori] andwo; € [wii, wyi]. This 27rB/Ns, wy = 047, wer = 1.2075, we2 = 1.2566,
is a typical case for measurements with errors. The restits = 1.3057, woa = 1.3548, wos = 1.4039, o1 = 0,
(13) can help one to choose between the quasi-likeliho®dz = /4, Y03 = W/i_’h w04 = T/5, po5 = 7T/§- o
algorithm and any other algorithms for estimating the number For all the simulations we use the classical definition for
of signals, the following should be made: the signal-to-noise ratio (SNR):

1. Consider (13) as a function &,;, A.; andA;, i.e., o a3/20, 2dB = 10logy, (ag/%) _
pa(Aah Awi; Atpl)

2. Find the maximum of thepa(Aq;, A, Ay;) using There are also used the relative errors for describing both

agi, Aris Pli, Pri, Wi, wr; @S the constraints. the amplitude error and the frequency erréy: = A,/ag

3. Find the abridged error probability for the algorithmandd, = A, /ws:, respectively.
that pretend to be alternatives to the QL algorithm. In this paper, the simulations test the two cases:

4. By means of the results produced at the steps 1. -3(i) the true number of signals isy, = 2, while the
and having estimated the computational complexity of thmaximum possible number of signals ig,., = 3. In
tested algorithms, and some other arguments, one can mtke case, the abridged error probability (11) is equal by
the choice. definition to the error probability. Therefore, one can check
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Fig. 1. Error probability in the number of signals estimati®tarameter Fig. 2. Error probability in the number of signals estimati&tarameter
settings: Ny = 128, da = 0.25, Ay, = 0.1, 6, = 0.02. The following ~Setings:Ns = 512, da = 0.25, Ay = 0.1, &, = 0.02. The following
notations are used: the solid curve is the theoretical curve predicted Rfations are used: the solid curve is the theoretical curve predicted by
(13), the circles mark simulation results fogax = 3 andvo = 2, and the  (13), the circles mark simulation results fak.ax = 3 andvo = 2, and the
squares mark simulation results fegax = 5 andvo = 3. squares mark simulation results fef,ax = 5 andvg = 3.

1

the theoretical formula for the abridged error probability
(13);

(i) o = 3, vmax = 5. This case is used to analyze
the error probability approximation precision in terms of the
abridged error probability. =

The numerical studies are started with analyzing the ap<
proximation of the error probability in terms of the abridged —
error probability. In this analysis we consider error proba—i%
bility as a function of the SNR. There has been performed™
2-10° independent trials for each SNR. In Fig. 1. and 2, there
are represented some typical examples of the results of these
simulations forN, = 128 (Fig.1) andN; = 512 (Fig.2). Let
us list the settings for Fig 1., Fig 25, = 0.25, A, = 0.1,

d., = 0.02. The following notations are used: the solid curve 0 * * : ' * ; *
is the theoretical curve predicted by (13), the circles mark
simulation results for,,.x = 3 andyy = 2, and the squares

mark simulation results for,.x = 5 andvy = 3. Fig. 3. Number of signals estimation accuracy losses due tertoes in

From Fig. 1 and Fig. 2 one can conclude, for exampléhe measurements of amplitudes and frequencies. Parameter seings:

that 128, SNR= —11 dB, A, = 0. Line settings: bold solid line fob., = 0;
i . . . i i . dash-dotted line fob,, = 0.08; dotted line ford,, = 0.12; dashed line for
(i) the simulations presented in Fig. 1 and Fig. 2 confirmg, = 0.16; solid line ford,, = 0.2.

theoretical formula (13);
(i) the error probability can be sufficiently approximated
by the abridged error probability (13) starting with a particcal formula (13) only. We set the SNR te11 dB for all
ular SNR, for example: ifV, = 128, v, = 5 andyy = 3, the simulations that are presented in Fig. 3-7.
then starting withz: = —11 dB; In Fig. 3-5 we consider an abridged error probability (13)
(iii) the error probability of the quasi-likelihood algorithmas a function of,, i.e.,pa(d,). Moreover in these and further
tends to zero with the SNR increasing (as well as when tfigures we use the normalized abridged error probability that
number of samples is increasing), i.e., the algorithm (6) iscan be defined aga(d,)/pa(0).
consistent estimator (for the above settings). In Fig. 3. the case ofA, = 0 is presented with the
The last conclusion can be obtained directly from thillowing designations for the different values &f: bold
formula (13) that can also help to theoretically determine ttsmlid line foro,, = 0; dash-dotted line fod,, = 0.08; dotted
errors in parameters so that the estimator (6) is a consisténé for §,, = 0.12; dashed line fod,, = 0.16; solid line for
one. It is assumed that the estimator is consistent if its eryr = 0.2.
probability tends to zero with both the SNR and number of Fig. 4. shows the case whey = 0. Here the following
samples increasing. Only a few among the commonly knovwdesignations are used for the different valuesfof: bold
estimators satisfy both of these conditions [7]. solid line for A, = 0; dash-dotted line foA, = 0.3; dotted
Our further performance analysis is based on the theorkte for A, = 0.5; dashed line forA, = 1, solid line for

w b~ O O N 0 © O

N

Volume 28, Issue 1: March 2020



Engineering Letters, 28:1, EL._28 1 12

10 T T T T T T T 10 T T T T T
8 -
. =
o = 6
= &
< P
> S
S <
< <
< IS8
2 -
0 | | i | |
0 . . . . ‘ ‘ ‘ -3 2 1 0 1 2 3
-1 -0.75 -0.5 -0.25 0 025 05 0.75 1 ALp

Fig. 6. Number of signals estimation accuracy losses due terttogs in
Fig. 4. Number of signals estimation accuracy losses due tetitgs the measurements of amplitudes, frequencies and initial phases. Parameter
in the measurements of amplitudes and initial phases. Parameter settisg#tings: Ns = 128, SNR = —11 dB. Line settings: bold solid line for
Ns = 128, SNR= —11 dB, 4, = 0. Line settings: bold solid line for ¢, = 0, §., = 0; dash-dotted line fob, = 0.01, d,, = 0.04; dotted line
A, = 0; dash-dotted line foA, = 0.3; dotted line forA, = 0.5; dashed for §, = 0.04, é,, = 0.08; dashed line fos, = 0.08, 6., = 0.12; solid

line for A, =1, solid line for A, = 1.3. line for §, = 0.16, §,, = 0.16.
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da Fig. 7. Number of signals estimation accuracy losses due terttogs in
the measurements of amplitudes, frequencies and initial phases. Parameter
Fig. 5. Number of signals estimation accuracy losses due tertoes in  settings: N, = 128, SNR = —11 dB. Line settings: bold solid line for

the measurements of amplitudes, frequencies and initial phases. Paramgter 0, A, = 0; dash-dotted line fod, = 0.01, A, = 0.1; dotted line
settings: N, = 128, SNR = —11 dB. Line settings: bold solid line for for 6, = 0.04, A, = 0.2; dashed line fo, = 0.08, A, = 0.3; solid
A, =0, 6, = 0; dash-dotted line fo\, = 0.3, 6., = 0.08; dotted line line for §, = 0.16, A, = 0.4.

for A, = 0.5, 6, = 0.12; dashed line forA, = 1, §,, = 0.16; solid line

for Ay, = 1.3, 6, = 0.2.

normalized abridged error probability can be represented as

Ap = 13 ) ) pa(Asa)/Pa(O)-
In Fig. 5. the mixed case is presented when all the pa-
rameter errors may have non-zero values, and the followifige following designations are used in Fig.6.: bold solid line
designations are used for the different valueg\of andé,,: for 6, = 0, §, = 0; dash-dotted line fop, = 0.01, J,, =
bold solid line forA, = 0, é, = 0; dash-dotted line for 0.04; dotted line forj, = 0.04, é,, = 0.08; dashed line for
A, = 0.3, i, = 0.08; dotted line forA, = 0.5, 6, = 0.12; J, = 0.08, d,, = 0.12; solid line ford, = 0.16, 6, = 0.16.
dashed line for\, = 1, §,, = 0.16; solid line forA, = 1.3, Next, in Fig. 7. the abridged error probability (13) is repre-
0, = 0.2 sented as a function of the relative error in measurement the
Figs. 3-5 demonstrate that the case of the joint errors firequencyd,,, and the normalized abridged error probability
three parameters can be rather than the case when the j@newritten as
errors in two parameters take place. pa(6.)/pal0).
Figs. 6. and 7 also show mixed cases. In Fig. 6. the
abridged error probability (13) is presented as a functioife use the following designations in. Fig.7.: bold solid line
of the error in measurement of the phase, i.e., the forJj, =0, A, = 0; dash-dotted line fob, = 0.01, A, =
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0.1; dotted line ford, = 0.04, A, = 0.2; dashed line for

d, =0.08, A, = 0.3; solid line forj, = 0.16, A, = 0.4. [1]
From Fig. 7 one can find that the errors in frequencies with

the same values and the different signs may give differerd]

impacts on the abridge error probability of the algorithm (6)3;

(4]

VI. PRACTICAL APPLICATIONS

Now let us write down a practical example. We supposé]
that the allowable normalized abridged error probability is
less tharm3. In this case, from Fig. 7. one can conclude thate]
for all the handled cases of errors in the other parameters
the relative error in measurement of the frequency should k{?]
less than0.01. Let also suppose that the sources of signals
can move and that the error in frequency measurement is
linked to the Doppler effect only. These conditions imply[g]
the following speed limit for our sources

v, < 0.00025¢, [l
whereuv;, is the speed of the source ands the wave speed. [10]

If the emission from our sources is an electromagnetic
emission, therwy, < 75000 m/s. It is a very wide range. [11
However, if the observed emission is a hydroacoustic emis-
sion, then the range of the allowable speed is very narrow
one:vs < 0.375 m/s. [

The provided example shows that the introduced Q
algorithm (6) can be useful in many practical applications.
Let us list some examples of these applications. Firstl[}?]
QL algorithm can be applied for the fast estimating of a
multipath channel in the 5G [18], and other technologies
(including IEEE 802.11p [19]). Secondly, one may use Qi_l
algorithm for the fast DOA estimation in MIMO arrays
[20]. Next, the fast estimations of the parameters of tH&]
air targets [21], [22] can be obtained by the introduced QL
algorithm. Note that, QL algorithm can be also useful for
estimating the parameters of the underwater targets [23] witf!
the above speed limits. Finally, QL algorithm can be a part
of the process monitoring algorithms [24] and the systeqm)
parameters estimation algorithms [25].

12]
L

(18]

VII. CONCLUSION [19]

In this paper, there is introduced the QL algorithm for esti-
mating the number of signals with the unknown parameters.
The QL algorithm can be obtained from the ML algorithm fol
estimating the number of signals with the known parameters
by substituting some arbitrary values for the true valudsll
of the signal parameters. Next, there is presented both th
theoretical and numerical performance analysis of the quasi-
likelihood estimation of the number of signals. Firstly, a
closed formula is theoretically obtained for the abridg
error probability of the QL algorithm. Secondly, the obtained
formula is confirmed by the simulations that are also used to
provide a numerical study of the abridged error probabilil[§4]
as an approximation to the error probability. Finally, the
graphical analysis is presented of the obtained theoreti&dl
formula and some of its properties are found. The results
that are obtained and confirmed in this paper can help in
making a reasonable choice between the QL algorithm and
any other algorithms for estimating the number of signals.
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