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Abstract—For a category of stochastic nonlinear systems
(SNSs), the problem of global finite-time stabilization by output
feedback is investigated in this article. By using adding a
power integrator and homogeneous domination techniques, a
constructive output feedback control design procedure is given
for the considered systems. It is proved that, under some
essential restriction on the system growth, the control design
ensures the closed-loop system (CLS) is globally finite-time
stable in probability. Simulation results of a numerical example
are given to confirm the effectiveness of the proposed approach.

Index Terms—stochastic nonlinear systems (SNSs), output
feedback, finite-time stable in probability

I. INTRODUCTION

In this article, we consider output feedback stabilization
for a category of stochastic nonlinear systems (SNSs) in the
form

dxi = xi+1dt+ fi(t, x)dt+ gTi (t, x)dw,
i = 1, · · · , n− 1,

dxn = udt+ fn(t, x)dt+ gTn (t, x)dw,
(1)

where x = (x1, · · · , xn)
T ∈ Rn, u ∈ R and y ∈ R are the

system state, input and output, x2, · · · , xn are unmeasurable.
ω is an r-dimensional independent standard Wiener process
defined on a complete probability space (Ω,F , P ) with Ω
being a sample space, F being a σ-field, and P being a
probability measure. The uncertain nonlinear functions fi :
R+ × Rn → R, and gi : R

+ × Rn → Rr, i = 1, · · · , n, are
assumed to be C1 vanishing at the origin.

When fi = 0 for all i = 1, · · · , n, system (1) degenerates
into the well-known chained form, the global asymptotic sta-
bilization of which by output feedback was first considered
in [1]. Since then, by adopting different approaches, much
research work has addressed the output feedback asymptotic
stabilization for more general SNSs under various structures
and/or growth conditions; see, for example, [2–7] and the
references therein.

Compared to the asymptotic stabilization via output feed-
back, to investigate the finite-time stabilization of stochastic
nonlinear systems by output feedback is more challenging
because of the fact that the existence of a unique solution
and the non-satisfaction of local Lipschitz condition are
two prerequisites of studying the finite-time stability for
a SNS [8], namely, as a general condition to ensure the
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existence of unique solution for a SNS, local Lipschitz con-
dition is infeasible to address stochastic finite-time stability
(SFTS). Therefore, for the SNSs, what conditions should be
imposed and how to develop controller are so important
and interesting should be paid careful attention. Based on
SFTS theorem [9], some groundbreaking work on finite-time
stabilization using state feedback have recent been made [10–
12]. Naturally, a more interesting problem is: If only partial
state vector being measurable, how can one design a finite-
time output feedback stabilizing controller for SNSs?

In this article, we will deal with this problem and provide a
solution to the problem of global finite-time output feedback
stabilization of SNS (1). The main contribution is two-fold:
First, we show that for the SNS (1), under some skilly as-
sumption imposed on nonlinearities in the drift and diffusion
vector fields, it is possible to achieve global stochastic finite-
time stabilization by non-Lipschitz continuous output feed-
back. Second, we generalize the homogeneous domination
and the adding a power integrator techniques to stochastic
systems, skillfully constructing the C2 Lyapunov function,
an output feedback controller is develop to render the CLS
globally finite-time stable in probability.

Notations. In this article, the notations used are fairly
standard.

II. PRELIMINARY RESULTS

Consider the SNS

dx = f(t, x)dt+ g(t, x)dω, (2)

where x ∈ Rn is the system state with the initial condition
x(0) = x0. The functions:f : R+ × Rn → Rn and g :
R+ × Rn → Rn×r are continuous and satisfy f(t, 0) ≡ 0
and g(t, 0) ≡ 0. Moreover, system (2) has a pathwise unique
strong solution, denoted by x(t, x0).

The following results can be found in [8-12].
Lemma 1.Suppose that f(t, x) and g(t, x) are continuous

in x and for any 0 < δ < 1, each N = 1, 2, · · · , and each
0 ≤ T < ∞, if the following conditions hold:
(i) |f(t, x)| ≤ p(t)(1 + |x|),
(ii) |g(t, x)|2 ≤ p(t)(1 + |x|2),
(iii) |f(t, x1)− f(t, x2)| ≤ pNT (t)|x1 − x2|,
(iv)|g(t, x1)− g(t, x2)| ≤ pNT (t)|x1 − x2|,

as 0 < δ ≤ |xi| ≤ N, i = 1, 2, t ∈ [0, T ], where p(t) and
pNT (t) are nonnegative functions such that

∫ T

0
p(t)dt < ∞

and
∫ T

0
pNT (t)dt < ∞. Then for all x0 ∈ Rn, system (1) has

a pathwise unique strong solution.
Proof. For any given x0 ∈ Rn \ {0}, define

Fn(t, x) =


f(t, x), |x| ≥ 1

n
,

f(t,
x

n|x|
), |x| ≤ 1

n
,
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and Gn(t, x) similarly. It is easy to see that Fn and Gn

satisfy the all conditions in Lemma 1. Hence the stochastic
nonlinear system

dx = Fn(t, x)dt+Gn(t, x)dω, (3)

has a pathwise unique strong solution, denoted by xn(t, x0).
Define that τn is the first time satisfying |xn| ≤ 1

n , e-
specially, τn := T if τn does not exist. Then we have
xn(t, x0) = xn′(t, x0) a.s. provided that 0 < t < τn
and n′ ≥ n. Moreover τn is strictly increasing in n. Let
τ = limn→+∞ τn(θ)

x(t, x0) =

{
lim

n→+∞
xn(t, x0, θ), t ≤ τ,

0, τ ≤ t < +∞,
(4)

where θ ∈ {|xn| ≤ 1
n}.

Obviously, x(t, x0) is well-defined and satisfies

x(t, x0) = x0 +

∫ t

0

f(s, x(s))ds+

∫ t

0

g(s, x(s))dw(s),

on the time period [0, T ).
Lemma 2. For system (2),assume that the pathwise u-

niqueness be satisfied, and there exists a C1,2 function
V : [0,+∞) × Rn → R+, class K∞ functions µ1 and µ2,
and a continuously differentiable h : R+ → R+ such that
for all x ∈ Rn, t ≥ t0, such that
(i) µ1(|x|) ≤ V (t, x) ≤ µ2(|x|),
(ii) LV (t, x) ≤ −h(V (t, x)),

(iii)

∫ ε

0

1

h(v)
dv < +∞,∀ε ∈ [0,+∞),

(iv) h′(v) > 0, ∀v > 0,
where

LV (t, x) =
∂V (t, x)

∂t
+

∂V (t, x)

∂x
f +

1

2
Tr

{
gT

∂2(t, x)

∂x2
g
}

is the infinitesimal generator associated with stochastic sys-
tem (2), then the origin of system (2) is globally stochastic
finite-time stable, and the stochastic settling time function
T0(x0, w) satisfies

E[T0(x0, w)] ≤
∫ V (x0)

0

1

h(v)
dv.

Remark 1. If h(V (t, x)) = −cV α(t, x), where c > 0 and
0 < α < 1 are real numbers, it is not difficult for us to get
that the conditions (iii) and (iv) in Lemma 3 hold and the
stochastic settling time function T0(x0, w) satisfies

E[T0(x0, w)] ≤
V 1−α(x0)

c(1− α)
.

Lemma 3. For any u, v ∈ R, if m ≥ 1, then one has (i)
|u+ v|m ≤ 2m−1|um + vm|; (ii) (|u|+ |v|)1/m ≤ |u|1/m +
|v|1/m ≤ 2(m−1)/m(|u|+ |v|)1/m.

Lemma 4. For any ϑ(u, v) > 0 if a, b ≥ 0, then the
following inequality holds:

|u|a|v|b ≤ a

a+ b
ϑ(u, v)|u|a+b +

b

a+ b
ϑ−a/b(u, v)|v|a+b.

Lemma 5. For u, u ∈ R and positive real number q, the
following inequality hold:

|uq − vq| ≤ c|u− v||(u− v)q−1 + vq−1|,

where c = q for 1 < q ≤ 2 and c = q2q−1 for q > 2.

III. OUTPUT FEEDBACK CONTROLLER DESIGN

The aim of this article is to develop a recursive design
method for globally finite-time stabilizing SNS (1) via output
feedback under the following assumption.

Assumption 1. For i = 1, · · · , n, there exist constants
b > 0 and τ ∈ (− 1

n , 0) such that

|fi(t, x)− fi(t, x̄)| ≤ b(|x1 − x̄1|(mi+τ)/m1

+ · · ·+ |xi − x̄i|(mi+τ)/mi),
(5)

|gi(t, x)− gi(t, x̂)| ≤ b(|x1 − x̄1|(2mi+τ)/2m1

+ · · ·+ |xi − x̄i|(2mi+τ)/2mi),
(6)

where mi = 1 + (n− 1)τ , i = 1, · · · , n.
For simplicity, we suppose that in this article τ = −p

q
with p being any even integer and q being any odd integer.
Then, from the definition of mi in Assumption 1, one sees
that mi > 0 is an odd number.

Remark 2. Noting that when x̄i = 0 for i = 1, · · · , n,
Assumption 1 reduces to

|fi(t, x)| ≤ b(|x1|(mi+τ)/m1 + · · ·+ |xi|(mi+τ)/mi),
(7)

|gi(t, x)| ≤ b(|x1|(2mi+τ)/2m1 + · · ·+ |xi|(2mi+τ)/2mi),
(8)

since fi and gi vanishing at the origin. This growth condition
will be crucial in constructing a homogeneous state feedback
stabilizer.

A. Homogeneous output feedback control of the nominal
system

In this subsection, we will construct an output feedback
stabilizer for the following nominal system

dzi = zi+1dt, i = 1, · · · , n− 1,
dzn = vdt.

(9)

A1. State feedback controller design
Step 1. Let ξ1 = zσ1 , where σ ∈ (2,+∞)odd is a constant.

Choosing the Lyapunov function V1 = z
(4lσ−τ)
1 /(4lσ − τ),

where l is a constant satisfying 4l ∈ (0,+∞)even and (4l−
2)σ ≥ 1. From (1) and Assumption 1, it follows that

LV1 ≤ −nξ4l1 + ξ
(4lσ−τ−1)/σ
1 (z2 − z∗2), (10)

where the virtual controller is chosen as

z∗2 = −nz1+τ
1 := −β

m2/σ
1 ξ

m2/σ
1 . (11)

Step k (k = 2, · · · , n). In this step, we can obtain the
following property.

Lemma 6. Suppose at step k − 1, there are a C2, proper
and positive definite Lyapunov function Vk−1, and a set of
virtual controllers z∗1 , · · · , z∗k−1 defined by

z∗1 = 0, ξ1 = z
σ/m1

1 − z
∗σ/m1

1 ,

z∗2 = −β
m2/σ
1 ξ

m2/σ
1 , ξ2 = z

σ/m2

2 − z
∗σ/m2

2 ,
...

...
z∗k = −β

mk/σ
k−1 ξ

mk/σ
k−1 , ξk = z

σ/mk

k − z
∗σ/mk

k ,
(12)

with constants β1 > 0, · · · , βk−1 > 0, such that

LVk−1 ≤ −(n− k + 2)

k−1∑
i=1

ξ4li

+ξ
(4lσ−τ−mk−1)/σ
k−1 (zk − z∗k).

(13)
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Then the kth Lyapunov function

Vk = Vk−1 +Wk (14)

with

Wk =

∫ zk

z∗
k

(sσ/mk − z
∗σ/mk

k )(4lσ−τ−mk)/σds,

is C2, proper and positive definite, and there is a virtual
control law

z∗k+1 = −β
mk+1/σ
k ξ

mk+1/σ
k

such that

LVk ≤ −(n− k + 1)
k∑

i=1

ξ4li

+ξ
(4lσ−τ−mk)/σ
k (zk+1 − z∗k+1).

(15)

By Lemma 6, hence at Step n, we can design

z∗n+1 = −(βnz
σ/mn
n + · · ·+ βn · · ·β1z

σ/m1

1 )mn+1/σ,
(16)

such that

LVn ≤ −(ξ4l1 + · · ·+ ξ4ln ) + ξ
(4lσ−τ−mn)/σ
n (v − z∗n+1).

(17)
A2. Output feedback controller design
Since z2, · · · , zn are unmeasurable, we construct a homo-

geneous observer

η̇i = −li−1ẑi, ẑi = (ηi + li−1ẑi−1)
mi/mi−1 , i = 2, · · · , n,

(18)
where ẑ1 = z1 and ls > 0; s = 1, · · · , n − 1 are the gains
to be determined. From the certainty equivalence principle,
we replace zi with ẑi in (16) and gain an output feedback
controller

v(ẑ) = −(βnẑ
σ/mn
n + · · ·+ βn · · ·β1z

σ/m1

1 )mn+1/σ,
(19)

where ẑ = (z1, ẑ2, · · · , ẑn). Considering

Ui =

∫ z
(4lσ−τ−mi−1)/mi
i

γ
(4lσ−τ−mi−1)/mi−1
i

(smi−1/(4lσ−τ−mi−1) − γi)ds,

(20)
where γi = ηi + li−1zi−1 and setting ei = (zi − ẑi)

σ/mi ,
for i = 2, · · · , n, from (9), (18) and (20), we can obtain the
following property.

Lemma 7. For T = Vn +
∑n

i=2 Ui, there exist constants
ls > 0, s = 1, · · · , n− 1 such that

LT = −1

4

n∑
i=1

ξ4li − 1

4

n∑
i=2

e4li . (21)

Proof. The similar proof can be found in [8] and hence is
omitted here.

Note that from the construction of T , it can be verified
that T is positive definite and proper with respect to Z =
(z1, · · · , zn, η2 · · · , ηn)T . Denoting the dilation weight

∆ = (m1, · · · ,mn︸ ︷︷ ︸
for z1,···,zn

,m1, · · · ,mn−1︸ ︷︷ ︸
for η2···,ηn

),
(22)

the closed-loop system which can be rewritten as

dZ = E(Z)dt = (z2, · · · , zn, v, η̇2 · · · , η̇n)T dt, (23)

is homogeneous of degree τ . It can be shown that T is
homogeneous of degree 4lσ − τ with respect to ∆.

B. Homogeneous output feedback control of system (1)

Together with the homogeneous controller and observer
established above, in this subsection we are ready to use the
homogeneous domination approach to globally stabilize (1)
via output feedback in finite time. First, we introduce the
change of coordinates

z1 = x1, zi =
xi

Li−1
, i = 2, · · · , n, v =

u

Ln
, (24)

where L ≥ 1 is a constant to be determined later. Under
(24), system (1) can be rewritten as

dzi =
(
Lzi+1 +

fi
Li−1

)
dt+

gTi
Li−1

dw, i = 1, · · · , n− 1,

dzn =
(
Lv +

fn
Ln−1

)
dt+

gTi
Ln−1

dw.

(25)
Now we construct an observer with a gain L as follows

η̇i = −Lliẑi, ẑi = (ηi + li−1ẑi−1)
mi/mi−1 , i = 2, · · · , n.

(26)
In addition, we design u using the same construction of (19),
specifically,

u = −Ln(βnẑ
σ/mn
n + · · ·+ βn · · ·β1z

σ/m1

1 )mn+1/σ.
(27)

Now, the CLS (25)–(27) can be written as

dZ = LE(Z)dt+ F (Z)dt++GT (Z)dw, (28)

where F (Z) = (f1,
f2
L , · · · , fn

Ln−1 , 0, · · · , 0)T and G(Z) =
(g1,

g2
L , · · · , gn

Ln−1 , 0, · · · , 0)T .
We state the main result in this article.
Theorem 1. If Assumption 1 holds for system (1), under

the output feedback controller (24), (26) and (27), then
(1) the CLS has a pathwise unique strong solution for any

x0;
(2) the equilibrium at the origin of the CLS is finite-time

stable in probability.
Proof. We prove the Theorem 1 in two steps.
Step 1. We first prove that the CLS has a pathwise unique

strong solution. For the simplicity of expression, let

χ1 = z1, χi = ẑi, i = 2, · · · , n, (29)

from which, the observer (26) can be rewritten as

η̇i = −Lliχi, χi = (ηi + li−1χi−1)
mi/mi−1 , i = 2, · · · , n.

(30)
Noting that mi/mj < 1, j = 1, · · · , i− 1, by Lemma 3, we
have
|χi − χ̄i|
=

∣∣∣(ηi + li−1χi−1)
mi/mi−1 − (η̄i + li−1χ̄i−1)

mi/mi−1

∣∣∣
≤ 2

∣∣∣(ηi − η̄i) + li−1(χi−1 − χ̄i−1)
∣∣∣mi/mi−1

≤ 2|ηi − η̄i|mi/mi−1 + 2li−1|χi−1 − χ̄i−1|mi/mi−1

≤ ci(|ηi − η̄i|mi/mi−1 + · · ·+ |η1 − η̄1|mi/m1),
(31)

where ci is a positive constant. Furthermore

|η̇i − ˙̄ηi| = Lli|χi − χ̄i|
≤ c̃i(|ηi − η̄i|mi/mi−1 + · · ·+ |η1 − η̄1|mi/m1),

(32)

where c̃i = Lcili is a positive constant
From (29), the u in (27) is rewritten as

u = −(β̄1χ
σ/m1

1 + · · ·+ β̄nχ
σ/mn
n )mn+1/σ, (33)
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where β̄i = Lnσ/mn+1βn · · ·βi, i = 1, · · · , n.
By using the definitions of τ , mi’s and σ, it is easy to

see that u(0) = 0, (mn+1/σ) ∈ (0, 1)odd and (σ/mi) ∈
(1,∞)odd, from which and Lemmas 3 and 5, it follows that

|u(χ)− u(χ̄)|
≤ 2

∣∣∣(β̄1χ
σ/m1

1 + · · ·+ β̄nχ
σ/mn
n

)
−
(
β̄1χ̄

σ/m1

1 + · · ·+ β̄nχ̄
σ/mn
n

)∣∣∣mn+1/σ

≤ ĉ
(
|χσ/m1

1 − χ̄
σ/m1

1 |+ · · ·+ |χσ/mn
n − χ̄

σ/mn
n |

)mn+1/σ

≤ ĉ
( σ

m1
|χ1 − χ̄1|

∣∣∣χ(σ−m1)/m1

1 + (χ1 − χ̄1)
(σ−m1)/m1

∣∣∣
+ · · ·+ σ

mn
|χn − χ̄n|

∣∣∣χ(σ−mn)/mn
n

+(χn − χ̄n)
(σ−mn)/mn

∣∣∣)mn+1/σ

,

(34)
where ĉ is a positive constant.

Note that (31) implies that

|χi| ≤ ci(|ηi|mi/mi−1 + · · ·+ |η1|mi/m1). (35)

Putting (34) and (35) together, for any 0 < δ ≤ |ηi| ≤ N ,
N = 1, 2, · · ·, by lemma 3, we have

|u(χ)− u(χ̄)|
≤ c̃(|η1 − η̄1|mn+1/σ + · · ·+ |ηn − η̄n|mn+1/σ)

(36)

for a constant c̃ > 0.
Based on Assumption 1, (32), (36) and (24), it is verified

that all conditions in Lemma 1 are satisfied. That is to say,
the CLS admits a pathwise unique strong solution.

Step 2. Then we show that the CLS is globally finite-time
stable in probability. Because T is homogeneous of degree
4lσ−τ with respect to ∆, therefore there is a constant c̄0 > 0
such that

T ≤ c̄0∥Z∥4lσ−τ
∆ . (37)

Similarly, since the right-hand side of (21) is homogeneous
of degree 4lσ, there is a constant c̄1 > 0 such that

∂T

∂Z
E(Z) ≤ −c̄1∥Z∥4lσ∆ (38)

By (24), Assumption 1 and L ≥ 1, one has∣∣∣ fi(·)
Li−1

∣∣∣ ≤ δiL
1−αi∥Z∥mi+τ

△ , (39)

for constants δi > 0 and 0 < αi < 1 . Since for i = 1, · · · , n,
∂T/∂Zi is homogeneous of degree 4lσ−τ−mi, one obtains
from (39) that∣∣∣∂T

∂Z
F (Z)

∣∣∣ ≤ n∑
i=1

∣∣∣ ∂T
∂Zi

∣∣∣∣∣∣ fi(·)
Li−1

∣∣∣ ≤ c̄2L
1−α0∥Z∥4lσ△ ,

(40)
where c̄2 and α0 = min1≤i≤n{αi} < 1 are positive
constants.

Similarly to (39), there exist δ̄i and ᾱi <
1
2 such that∣∣∣ gi(·)

Li−1

∣∣∣ ≤ δ̄iL
(1−ᾱi)/2∥Z∥(mi+τ)/2

△ . (41)

With the help of (41), one gets

1

2
Tr

{
G
∂2T

∂Z2
GT

}
≤ 1

2
r
√
r

n∑
i,j=1

∣∣∣ ∂2T

∂Zi∂Zi

∣∣∣|GT
i ||Gj |

≤ c̄3L
1−ᾱ0∥Z∥4lσ△ ,

(42)

where α0 = min1≤i,j≤n{αi + αj} < 1, c̄3 are positive
constants and the first inequality is obtained by using TrX ≤
rg|X|∞r

√
r|X| (X is a r-dimension square matrix).

Therefore, from (38), (40) and (42), one has we obtain

LT =
∂T

∂Z
LE(Z) +

∂T

∂Z
F (Z) +

1

2
Tr

{
G
∂2T

∂Z2
GT

}
≤ −L(c̄1 − (c̄2 + c̄3)L

−α̃0)∥Z∥4lσ△ ,
(43)

where α̃0 = max{α0, ᾱ0} > 0.
Since c̄1 is a constant independent of c̄2 and c̄3, by

choosing

L > max
{( c̄2 + c̄3

c̄1

)1/α̃0

, 1
}
, (44)

there exists a constant c∗, such that

LT ≤ −c∗∥Z∥4lσ△ . (45)

Setting α = 4lσ/(4lσ− τ), with (37) and (45) in mind, it
can be deduced from Lemma 3 that

LT ≤ −KTα. (46)

where K = c∗/2αc̄α0 . Therefore, by Lemma 2, the system
consisting of (1), (24), (26) and (27) is globally finite-time
stable in probability. This completes the proof of Theorem
1.

IV. SIMULATION EXAMPLE

To validates the proposed algorithm, we consider the
following low-dimensional system

dx1 = x2dt+
1

8
x
9/11
1 dt+

1

4
sinx1dw,

dx2 = udt+
1

8
x
7/9
2 dt+

1

8
cos2x1dw,

y = x1.

(47)

We choose τ = −2/11 which together with m1 = 1
implies that m2 = 9/11. By Lemma 3, it is easy to get

|1
8
x
9/11
1 − 1

8
x̄
9/11
1 | ≤ 1

4
|x1 − x̄1|9/11,

|1
8
x
7/9
2 − 1

8
x̄
7/9
2 | ≤ 1

4
|x2 − x̄2|7/9,

|1
4
sinx1 −

1

4
sinx̄1| ≤

1

4
|x1 − x̄1|10/11,

|1
8
cos2x1 −

1

8
cos2x̄1| ≤

1

4
|x1 − x̄1|8/11.

Assumption 1 is satisfied with b = 1
4 . By choosing l =

2/3 and σ = 3, according to the design procedure proposed
in Section III, we can obtain the following homogeneous
observer and controller

η̇2 = −Ll1ẑ2, ẑ2 = (η2 + l1z1)
9/11,

u = −7.3645L2(ẑ
11/3
2 + 12.6992z31)

7/33.
(48)

In the simulation, we choose l1 = 150, L = 8 and the
initial values x1(0) = 0.1, x2(0) = 0.2, η2(0) = −0.1. Fig.
1 gives the responses of the CLS (47) and (48), from which,
the efficiency of the controller is demonstrated.
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Fig. 1. The responses of the CLS (47) and (48).

V. CONCLUSION

This article has solved the problem of finite-time output
feedback stabilization for a category of SNSs by using
homogeneous domination approach. The designed controller
renders the CLS states to zero in finite time almost surely.
Simulation results of a numerical example have demonstrated
the effectiveness of the proposed algorithm. As future work,
we consider the extension of this result to high-order SNSs.
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