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Global Finite-Time Stabilization of Stochastic
Nonlinear Systems via Output Feedback

Yanling Shang, Wenjun Tang, Jiacai Huang, and Xinxin Shi

Abstract—For a category of stochastic nonlinear systems
(SNSs), the problem of global finite-time stabilization by output
feedback is investigated in this article. By using adding a
power integrator and homogeneous domination techniques, a
constructive output feedback control design procedure is given
for the considered systems. It is proved that, under some
essential restriction on the system growth, the control design
ensures the closed-loop system (CLS) is globally finite-time
stable in probability. Simulation results of a numerical example
are given to confirm the effectiveness of the proposed approach.

Index Terms—stochastic nonlinear systems (SNSs), output
feedback, finite-time stable in probability

I. INTRODUCTION

In this article, we consider output feedback stabilization
for a category of stochastic nonlinear systems (SNSs) in the
form

dr; =z dt + fi(t,x)dt + gF (t, x)dw,
t=1---,n—1, (1)
dz, = udt + fn(t,z)dt + gL (t, z)dw,

where = (z1,---,2,)T € R", u € R and y € R are the
system state, input and output, xo, - - -, x,, are unmeasurable.
w is an r-dimensional independent standard Wiener process
defined on a complete probability space (€2, F, P) with Q
being a sample space, F being a o-field, and P being a
probability measure. The uncertain nonlinear functions f; :
R*xR" - R,and g;: R" x R®* - R",i=1,---,n, are
assumed to be C'! vanishing at the origin.

When f; =0 for all i = 1,---,n, system (1) degenerates
into the well-known chained form, the global asymptotic sta-
bilization of which by output feedback was first considered
in [1]. Since then, by adopting different approaches, much
research work has addressed the output feedback asymptotic
stabilization for more general SNSs under various structures
and/or growth conditions; see, for example, [2-7] and the
references therein.

Compared to the asymptotic stabilization via output feed-
back, to investigate the finite-time stabilization of stochastic
nonlinear systems by output feedback is more challenging
because of the fact that the existence of a unique solution
and the non-satisfaction of local Lipschitz condition are
two prerequisites of studying the finite-time stability for
a SNS [8], namely, as a general condition to ensure the
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existence of unique solution for a SNS, local Lipschitz con-
dition is infeasible to address stochastic finite-time stability
(SFTS). Therefore, for the SNSs, what conditions should be
imposed and how to develop controller are so important
and interesting should be paid careful attention. Based on
SFTS theorem [9], some groundbreaking work on finite-time
stabilization using state feedback have recent been made [10—
12]. Naturally, a more interesting problem is: If only partial
state vector being measurable, how can one design a finite-
time output feedback stabilizing controller for SNSs?

In this article, we will deal with this problem and provide a
solution to the problem of global finite-time output feedback
stabilization of SNS (1). The main contribution is two-fold:
First, we show that for the SNS (1), under some skilly as-
sumption imposed on nonlinearities in the drift and diffusion
vector fields, it is possible to achieve global stochastic finite-
time stabilization by non-Lipschitz continuous output feed-
back. Second, we generalize the homogeneous domination
and the adding a power integrator techniques to stochastic
systems, skillfully constructing the C? Lyapunov function,
an output feedback controller is develop to render the CLS
globally finite-time stable in probability.

Notations. In this article, the notations used are fairly
standard.

II. PRELIMINARY RESULTS
Consider the SNS

da = f(t,)dt + g(t,x)dw, @)

where x € R" is the system state with the initial condition
x(0) = xo. The functions:f : Rt x R* — R" and g :
R*™ x R™ — R™ " are continuous and satisfy f(¢,0) = 0
and ¢(¢,0) = 0. Moreover, system (2) has a pathwise unique
strong solution, denoted by (¢, o).

The following results can be found in [8-12].

Lemma 1.Suppose that f(¢,x) and g(t,x) are continuous
in z and for any 0 < 6 < 1, each N = 1,2,---, and each
0 < T < o0, if the following conditions hold:

(i) 1£(t,2)] < p() (1 + Jo]),

(i1) 9(t, ) < p(t) (1 + |2]2),

(idi) | (t.21) — f(t,22)] < pY(B)]or — s

(i0)lg(t, 21) — g{t,22)| < P (B)|o1 — 2],
as 0 < < |z;| < N,i =1,2,t € [0,T], where p(t) and
p¥(t) are nonnegative functions such that fOTp(t)dt < 00
and fOT p¥ (t)dt < oo. Then for all g € R™, system (1) has
a pathwise unique strong solution.

Proof. For any given o € R" \ {0}, define

s

f(t, @),
f(t7

|z >
F,(t,x) =

I3+

) lz] <

=
nlz|
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and G, (t,x) similarly. It is easy to see that F,, and G,
satisfy the all conditions in Lemma 1. Hence the stochastic
nonlinear system

dx = F,(t,x)dt + G, (t, z)dw, 3)

has a pathwise unique strong solution, denoted by x,, (¢, zo).
Define that 7, is the first time satisfying |z,| < %, e-
specially, 7, := T if 7, does not exist. Then we have
Tn(t,x0) = Tp(t,x0) as. provided that 0 < t < 7,
and n’ > n. Moreover 7, is strictly increasing in n. Let

7 =1lmy, oo T (6)

lim x,(t,x0,0), t <7,
z(t,xg) = n—=too “)
0, T <t < 400,
where 6 € {|z,| < 1}.
Obviously, z(t, zo) is well-defined and satisfies

£t w0) = w0 + / f(s,(s))ds + / o(5,2(s))duw(s),

on the time period [0, 7).

Lemma 2. For system (2),assume that the pathwise u-
niqueness be satisfied, and there exists a C'2 function
V :[0,400) x R* — RT, class K, functions p; and ps,
and a continuously differentiable  : R™ — RT such that
for all x € R™, t > tg, such that
(1) pa(lz]) < V(tz) < po(lz]),

(44) EVgt,x) < —h(V(t,x)),
(

111) Lalv < +00,Ve € [0, +0),
o h(v)
(iv) h'(v) >0,Yv >0,
where
_OV(t,x) OV(tx) 1 7 02(t,x)
LV(to) = =g+ =g+ 5T e

is the infinitesimal generator associated with stochastic sys-
tem (2), then the origin of system (2) is globally stochastic
finite-time stable, and the stochastic settling time function
To (o, w) satisfies

V(zo) q
E[To(l‘o,w)] S / 7d’U.
0

h(v)
Remark 1. If h(V(t,x)) = —cV*(t, ), where ¢ > 0 and
0 < a < 1 are real numbers, it is not difficult for us to get
that the conditions (iii) and (iv) in Lemma 3 hold and the
stochastic settling time function Tp(zo, w) satisfies

VI~ (ao)
c(l—a)’

Lemma 3. For any u, v € R, if m > 1, then one has (i)
it o™ < 27w ) (ful + [ol) <
o /< 2D ([ 4 o),

Lemma 4. For any ¥(u,v) > 0 if a, b > 0, then the
following inequality holds:

E[To (o, w)] <

Jul*[o]? < —Z— 0w, v)|u| " + —— 0~ (u, v)[v]
a

+b a+b
Lemma 5. For u,u € R and positive real number ¢, the
following inequality hold:

[u? = v < clu —vf|(u — )T + 0771,

where ¢ = ¢ for 1 < ¢ <2 and c = ¢q27~! for ¢ > 2.

III. OUTPUT FEEDBACK CONTROLLER DESIGN

The aim of this article is to develop a recursive design
method for globally finite-time stabilizing SNS (1) via output
feedback under the following assumption.

Assumption 1. For ¢ = 1,---,n, there exist constants
b>0and 7 € (—=,0) such that

[fi(t, ) = fi(t, )] < b(|zy — &g |OmHT/m

_A'_..._A'_‘xi_ji|(77li+7')/mi)7 ®)
9:0,2) — gu(1, )| < b — By EmeT
_;'_.”_;'_‘aji_i,i|(2m,;—}-‘r)/2m,1)7 ( )

where m; =1+ (n—1)r,i=1,---,n.
p

For simplicity, we suppose that in this article 7 = —£
with p being any even integer and g being any odd integer.
Then, from the definition of m; in Assumption 1, one sees
that m; > 0 is an odd number.

Remark 2. Noting that when z; = 0 for ¢ = 1,---,n,
Assumption 1 reduces to

|£i(t, )| < b(Jay |t/ ma oo gy (matT)/ma )
(7
|gi(t7x)| < b(|x1|(2m,3+7')/2m1 N |J}i|(2””+7—)/2””),
(®)
since f; and g; vanishing at the origin. This growth condition
will be crucial in constructing a homogeneous state feedback
stabilizer.

A. Homogeneous output feedback control of the nominal
system

In this subsection, we will construct an output feedback
stabilizer for the following nominal system

dZi :Zi+1dt, 1= 1,"',77,—1,
dz, = vdt.

Al. State feedback controller design

Step 1. Let & = 2§, where 0 € (2,400),4q is a constant.
Choosing the Lyapunov function V; = {77 /(4io — 1),
where [ is a constant satisfying 41 € (0, 400)eyern and (41 —
2)o > 1. From (1) and Assumption 1, it follows that

)

[:‘/1 g _ngzlll + 554[0—7‘—1)/0‘(2:2 o 25)7 (10)
where the virtual controller is chosen as
2 = —neltT = —pe/rgme/o (11)

Step k (k = 2,---,n). In this step, we can obtain the
following property.

Lemma 6. Suppose at step k — 1, there are a C?, proper
and positive definite Lyapunov function V;_q, and a set of
virtual controllers z7,---, z;_, defined by

2 = 0, & = Z/m_ge/m

R T I

o= BTG, & = FZM g
(12)

with constants 81 > 0, ---, Bx_1 > 0, such that
k—1
LV 1 <—(n—k+2 A

o=k 2)) 6 (13)

i=1
Adlo—1T—myp_1)/0 *
+§]E;—1 k-1)/ (Zk - Zk)
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Then the kth Lyapunov function
Vie = Vi1 + Wy
with

2k
W, = / (Sa/mk
z

is C2, proper and positive definite, and there is a virtual
control law

(14)

_ Zzg/mk)(410'—7'—'mk)/zfds7

ZZ+1 — _ﬁ;nk+l/‘7§;nk+l/a
such that

k

LVie<—-(n—k+1 4
Rs b G (15)
Jrf;i U_T_mk)/g(zk—i—l = 2541)-

By Lemma 6, hence at Step n, we can design

Z:H—l = 7(5712;/7”” 4+ 4 677. Ce 6121‘7/””1)mn+1/07

(16)
such that
LV < —(Ef 4 ety 4 gl — ),
(17)

A2. Output feedback controller design
Since z9,- - -, 2, are unmeasurable, we construct a homo-
geneous observer

M= —lic12i, 2 = (i + lic12io)™ /™1 i =2, n,
(13)
where 2y = z; and [ > 0; s = 1,---,n — 1 are the gains
to be determined. From the certainty equivalence principle,
we replace z; with 2; in (16) and gain an output feedback
controller

0(8) = —(BuZ3/™ 4ot By PraT M/
(19)
where Z = (21, 29, -, 2,). Considering

(4lo—1—m;_1)/m;

Zi
J— mifl/(4l0'—7'—mi,1) _ .
UZ \/<4l"*7*”7’i71>/mi71 (S ,yl)d&
Vi

(20)
where v; = 7; + li_12;i_1 and setting e; = (z; — 2;)7/™,
for : = 2,---,n, from (9), (18) and (20), we can obtain the
following property.

Lemma 7. For T =V, + > , U;, there exist constants
ls >0,s=1,---,n—1 such that

LT = —%iggﬂ — iie?l.
=1 =2

Proof. The similar proof can be found in [8] and hence is
omitted here.

Note that from the construction of 7, it can be verified
that T' is positive definite and proper with respect to Z =

2y

(21, +52n, M2+, M) . Denoting the dilation weight
A:m,...’m 7m’...’m_ 3
( 1 n 1 n 1) (22)
for zi,-,zn for nz--my
the closed-loop system which can be rewritten as
dZZE(Z)dt:(227"'7ZTL7U7772"'77;}7L)Tdt5 (23)

is homogeneous of degree 7. It can be shown that T is
homogeneous of degree 4loc — T with respect to A.

B. Homogeneous output feedback control of system (1)

Together with the homogeneous controller and observer
established above, in this subsection we are ready to use the
homogeneous domination approach to globally stabilize (1)
via output feedback in finite time. First, we introduce the
change of coordinates

Ty .
i1 1=2,--- = In
where L > 1 is a constant to be determined later. Under
(24), system (1) can be rewritten as

21 =T1, 2 = )T, U

(24)

dz = (L2 B Vit v 9 i =1 1
A=\t po)dt s pmdw i =L b
dzn = (Lo + L{il)dw I dw.

(25
Now we construct an observer with a gain L as follows
0= —LliZi, 2 = (i + Lim1Zi2)™/ ™1 i =2, n.
(26)
In addition, we design u using the same construction of (19),
specifically,

u= fL”(ﬁn;EZ/m” L g By ﬂlzf/nll)m’”rl/a.
27)
Now, the CLS (25)—(27) can be written as

dZ = LE(Z)dt + F(Z)dt + +G* (Z)dw,
,0) and G(Z) =

(28)

where F(Z) = (fl,%,---,%,0,~--
(91,%7.-.,%707...70)?

We state the main result in this article.

Theorem 1. If Assumption 1 holds for system (1), under
the output feedback controller (24), (26) and (27), then

(1) the CLS has a pathwise unique strong solution for any
Zo;

(2) the equilibrium at the origin of the CLS is finite-time
stable in probability.

Proof. We prove the Theorem 1 in two steps.

Step 1. We first prove that the CLS has a pathwise unique
strong solution. For the simplicity of expression, let

X1 = 21, Xlzézy i:27"'7n7 (29)

from which, the observer (26) can be rewritten as
i = —LliXi, X = (0 + licixi—1)™/™=1i =2, | n.
(30)

Noting that mi/mj <1l,5=1,---,9—1, by Lemma 3, we
have

Ixi — Xil

= ‘(m A LiaXio1)™ ™ = (1 + LX) ™ ™

m;/mi—1

< 2’(771‘ =) + lic1(Xi—1 — Xi—1)
< 20y — ™M 2 |xa o — Xaoa [T
< eil([mi — ™ g = ™),

(31)
where ¢; is a positive constant. Furthermore
%: — 17;] = Llilxi — Xl 32)
< él('”z _ ﬁi‘mi/mi,l e |,'71 _ ﬁl‘"li/ml)a
where ¢; = L¢;l; is a positive constant
From (29), the u in (27) is rewritten as
u=—(Bux]™ e Bux iyl (33)
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where f3; = L"”/m”“ﬁn B i=1,---,n

By using the definitions of 7, m;’s and o, it is easy to
see that u(0) = 0, (mpt1/0) € (0,1)pqq and (o/m;) €
(1, 00)0dd, from which and Lemmas 3 and 5, it follows that

u(x) — u(x)|
< 2‘ (ﬁlx”/ml +an”/m")
o/m _o/m Mn+1/0
(ﬁ 4 B )‘
a m1 _o' 1 z7 _o Mnt1/0

<¢é —le xﬂ‘x(” ml)/m1+(X1 1) e ma)/m

o X — Xl [y
My, y

Mn4+1/0

+(Xn - )_(n)(gimn)/mn ) ’
(34

where ¢ is a positive constant.
Note that (31) implies that

Il < cillmal ™/t g f . (35)

Putting (34) and (35) together, for any 0 < ¢ < |n;| < N,
N =1,2,---, by lemma 3, we have

[u(x) = u(x)]

L i 36
< &fm — |+ 0)

R ﬁn|m"+l/g)

for a constant ¢ > 0.

Based on Assumption 1, (32), (36) and (24), it is verified
that all conditions in Lemma 1 are satisfied. That is to say,
the CLS admits a pathwise unique strong solution.

Step 2. Then we show that the CLS is globally finite-time
stable in probability. Because 7' is homogeneous of degree
4lo —7 with respect to A, therefore there is a constant ¢g > 0
such that

T <é&|Z|7 . (37

Similarly, since the right-hand side of (21) is homogeneous
of degree 4lo, there is a constant ¢; > 0 such that

orT
ez & 7|4 38
7 B(2) < ez (38)
By (24), Assumption 1 and L > 1, one has
1—a; +T
\LZ 1] < §L |z (39)
for constants 6; > 0and 0 < o; < 1. Since fori =1,---,n,

0T /0Z; is homogeneous of degree 4lc —T—m;, one obtains
from (39) that

!—Z! 2| LY < cort—eepzie,

(40)
where ¢ and oy = mini<i<p{o} < 1 are positive
constants. B

Similarly to (39), there exist §; and &; <

% such that

gil- < —ay m;+T

IO | < gz @
With the help of (41), one gets

L 2T

2! {G8Z2G }2

1 T |
< = el (42)
VY 5797 1671163]

< Cng ao ||Z||4la

where a9 = mini<; j<n{oy + o} < 1, ¢3 are positive

constants and the first inequality is obtained by using 7rX <

79| X|oor/T|X| (X is a r-dimension square matrix).
Therefore, from (38), (40) and (42), one has we obtain

ar ar T
LT = 5 LE(Z) + 52 F(Z) + QY;C{GaZG }
< —L(ey — (c2 + c3) L™%0) || Z|| %7

(43)
where éy = max{ag, ag} > 0.
Since ¢; is a constant independent of ¢, and c3, by
choosing

— Fan1/G
L>max{<762j_cg) 0,1}7 (44)
Cc1
there exists a constant ¢*, such that
LT < —c*||Z|| 3. (45)

Setting o« = 4lo /(4lo — 7), with (37) and (45) in mind, it
can be deduced from Lemma 3 that

LT < —KT°. (46)

where K = ¢*/2%¢§. Therefore, by Lemma 2, the system
consisting of (1), (24), (26) and (27) is globally finite-time
stable in probability. This completes the proof of Theorem
1.

IV. SIMULATION EXAMPLE

To validates the proposed algorithm, we consider the
following low-dimensional system

dr1 = zodt + é g/lldt + ism:cldw
dxo = udt + 8x7/9dt + 50052x1dw @7)
Yy=ai.

We choose 7 = —2/11 which together with m; = 1

implies that mg = 9/11. By Lemma 3, it is easy to get

1 1
|8 ?/11 . 51)/11‘< |x1—zf1|9/11,
1 1
|8 x5 — 3 ;/9|< |=’E — zo|"/",
1 1
|Zsinx1 - Zsmiﬂ < 1|x1 — £1|10/117

1 1 1
|§6082$1 — §6082§c1| < 1|$1 — 5y [¥/11,

Assumption 1 is satisfied with b = i. By choosing | =
2/3 and o = 3, according to the design procedure proposed
in Section III, we can obtain the following homogeneous
observer and controller

= —Ll1%, 20=(no+1l121)"11,

, 48
= —7.3645L2(25"% 4 12.699223)7/33, “%)

In the simulation, we choose [; = 150, L = 8 and the
initial values z1(0) = 0.1, 25(0) = 0.2, 72(0) = —0.1. Fig.
1 gives the responses of the CLS (47) and (48), from which,
the efficiency of the controller is demonstrated.
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V. CONCLUSION

0.12 ‘ ‘ ‘ ‘ This article has solved the problem of finite-time output
feedback stabilization for a category of SNSs by using
homogeneous domination approach. The designed controller
renders the CLS states to zero in finite time almost surely.
Simulation results of a numerical example have demonstrated
the effectiveness of the proposed algorithm. As future work,
we consider the extension of this result to high-order SNSs.
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0.041
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