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Construction of the Transreal Numbers from
Rational Numbers via Dedekind Cuts

James A.D.W. Anderson, Member, IAENG and Tiago S. dos Reis

Abstract—The first constructive definition of the real num-
bers was in terms of Dedekind cuts. A Dedekind cut is an
ordered partition of the rational numbers into two non-empty
sets, the lower set and the upper set. However, outlawing empty
sets makes the definition partial.

We totalise the set of ordered partitions by admitting two
cuts: the negative infinity cut is the cut with an empty lower
set and a full upper set; the positive infinity cut is the cut with
a full lower set and an empty upper set. These correspond to
the affine infinities of the extended-real numbers. We further
admit the nullity cut that has both an empty lower set and an
empty upper set. We say that the set of all Trans-Dedekind cuts
comprises the set of all Dedekind cuts, together with the three
strictly Trans-Dedekind cuts: positive infinity, negative infinity,
and nullity.

The arithmetical operations and order relation on Dedekind
cuts are usually defined only on the lower or else upper sets,
which is incoherent when applied to strictly Trans-Dedekind
cuts. We totalise these operations and relation over lower and
upper sets. We call our totalised Dedekind arithmetic, Trans-
Dedekind arithmetic.

We find that the Trans-Dedekind arithmetic of Trans-
Dedekind cuts is isomorphic to transreal arithmetic, which
is total. This construction gives transreal arithmetic the same
ontological status as real arithmetic.

Index Terms—transreal number, Dedekind cut, Trans-

Dedekind cut, division by zero.

I. INTRODUCTION

HE first constructive definition of the real numbers was

published in the 1900s in terms of the Dedekind cut.
The German originals of Dedekind’s works are available in
English translation [1].

The real numbers, like all of the usual number systems, are
partial because they do not allow division by zero. Dedekind
notes that division by zero is not defined [1]] and goes on to
define cuts so that they faithfully describe the real numbers
as a partial number system. Dedekind does this by making
the cuts partial. A Dedekind cut is an ordered partition of
the rational numbers into two non-empty sets, the lower set
and the upper set. Outlawing empty sets makes the definition
partial.

The computable real numbers were accepted into computer
science in the 1930s [2]. However, in general, it is a
Turing incomputable problem to determine, at compile time,
whether a program will generate a zero at run time. Hence
the operation of computable division cannot be guarded, at
compile time, from dividing by zero at run time. In the case
that a division by zero is instructed, the computer program
fails at run time, ultimately because mathematical division
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of real numbers by zero is not defined. We shall presently
say a little more about the computational means by which
division by zero is handled as an exception to the closure of
the mathematical division operator but, for now, we note that
if division is extended to be a closed mathematical operation
then no such exceptions occur.

Transmathematics grew out of research in computer sci-
ence that aims to totalise mathematics by arranging that all
functions are total functions. In other words, transmathe-
matics is a research programme that aims to remove all
exceptions from mathematics. In this area of research, the
prefix frans is applied to the name of a mathematical object to
warn the reader that it has been totalised and may, therefore,
have some unexpected properties.

Transmathematics began, in 1997, with an effort to totalise
projective geometry for use in computer vision programs [3].
The point at issue is the contradiction that the position of a
camera in Euclidean space is given by its centre of projection
but the centre of projection is punctured from projective
space. When both spaces are described in homogeneous co-
ordinates, the centre of projection has co-ordinates 0/0. This
difficulty was resolved by giving a geometrical construc-
tion in which three distinct points, with homogeneous co-
ordinates —1/0, 1/0, 0/0, occur in well defined positions.
These three points were named: minus infinity, —oo = —1/0;
positive infinity, co = 1/0; and nullity, ® = 0/0. We
stress that these were recognised as well defined numbers
because: they have a well defined geometrical construction,
they appear as solutions to an algebraic equation, and they
are syntactically identical to rational numbers. This syntactic
identity made it easy to extend rational arithmetic packages
to solve numerically ill-conditioned problems [4] [S].

Computer science usually treats projective space as a
double cover so that the unoriented infinity of projective
geometry can be distinguished as the positive and negative
affine infinities. Thus the transnumber infinities were iden-
tified with their usual projective and affine properties and
nullity was identified as an unordered and isolated point that
lies outside both projective and extended-real space.

Transrational and transreal arithmetic were developed over
a number of years until transreal arithmetic was axiomatised
and proved consistent, by machine proof, in 2007 [6]. This
publication excited some controversy. After this time, the
linear sequence of publications broke down, with results
appearing at times that were out of sequence with their
development and out of sequence with their foundational
role.

There have been many controversies in mathematics, many
of which have been settled when a constructive definition is
given. With this objective in mind, constructive proofs were
given of the consistency of transreal [7] [8] and transcomplex
arithmetic [9]].
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Mathematical controversies have also ended when theoret-
ical or practical utility is demonstrated. With this objective in
mind, many areas of mathematics have been totalised, in the
expectation that the totalised versions will find application
in mathematics, computation or physics. The topology of
the transreal [[10] [11] and transcomplex [12] [13] numbers
was developed and lead to both transreal analysis [[L1] [[14]
[15] [L6] [17] and transcomplex analysis [18] [19] — all of
which confirmed transreal nullity, ® = 0/0, as the uniquely
unordered transreal number and the transreal numbers nega-
tive infinity, —oo0 = —1/0, and positive infinity, co = 1/0, as,
respectively, the least and greatest of the ordered numbers.
There was some development of paraconsistent logics [20]
[21] [22] [23] and Boolean logic was generalised to a wide
class of trans-Boolean logics [8]. A number of applications
of transreal arithmetic were discussed in computer science
[24]) [25] [26] [27] [28] [29] and mathematical physics [10]
[30]. Some philosophical aspects on transmathematics were
also discussed [7] [31].

Perhaps the greatest computational advantage of the
transfloating-point numbers is that they remove one binade of
exceptional, Not-a-Number (NaN), states [25], which allows
twice the numerical accuracy in the same number of floating-
point bits and simplifies the semantics of floating-point
programs, especially where division by zero occurs [26].
Perhaps the greatest advantages for mathematical physics
are that the transreal numbers dissolve the problem of the
infinite electron self-energy [10] and explain how convection
currents can pass through the singularity in a black hole [30].

Mathematical controversies have also ended when people,
other than the original proponents, take up research, as is
beginning to happen with transmathematics [32] [33]] [34]
[35] 136].

We now present a construction of the transreal numbers via
Dedekind cuts. Our objective is to put the transreal numbers
on the same mathematical foundation as the real numbers
so that both number systems have the same validity, whence
debate can move on to a comparison or their relative merits.

We define that Trans-Dedekind cuts are made up of the
Dedekind cuts, together with three strictly Trans-Dedekind
cuts. First, the negative infinity cut is the cut with an empty
lower set and a full upper set. Second, the positive infinity
cut is the cut with a full lower set and an empty upper set.
It is well known that these two cuts correspond to the affine
infinities of the extended-real numbers. Finally the nullity
cut has both an empty lower set and an empty upper set.

The arithmetical operations and order relation on
Dedekind cuts are usually defined only on the lower or else
upper sets [37], Chapter 7, and [1]. However if they are
applied only to lower sets, they cannot distinguish negative
infinity from nullity. If they are, instead, applied only to
upper sets, they cannot distinguish positive infinity from
nullity. Hence we define the arithmetical operations and order
relation so that they apply, simultaneously, to the lower and
upper sets so that all Trans-Dedekind cuts are distinguished.

We begin our presentation with two sections of preliminary
material. In Section || Sets of Rational Numbers, we define
certain sets of rational numbers and operations on them. In
Section Dedekind Cut, we review the Dedekind Cut and
set out some well known theorems. We then present the main

work. In Section Equivalent Arithmetic, we define the
additive inverse, multiplication, and multiplicative inverse in
a new way so that they apply to all Trans-Dedekind cuts
and still produce results identical to Dedekind arithmetic
when applied to Dedekind cuts. In Section V] Trans-Dedekind
Cut, we define the Trans-Dedekind cuts and some opera-
tions on them. In Section Trans-Dedekind Arithmetic,
we establish that Trans-Dedekind Arithmetic implements
transreal arithmetic. In Section Discussion, we discuss
future opportunities for research. In Section [VIII Conclusion,
we state the main consequence of our technical results. In
Appendix [A] Proofs, we present the somewhat lengthy proofs
that establish the theorems in sections [[V] [V] and

II. SETS OF RATIONAL NUMBERS

Definition 1 (Intervals). In this paper all intervals are
intervals of rational numbers. That is, for all a,b € Q it
follows that:

[a,b] :={zeQ; a <z <Db},

(a,0) :=={xeQ; a <z <b},

[a,0) :={x€Q; a <z <b},

(a,b] :={xeQ; a <z <b},
(—o0,b] :={z e Q; = < b},
(—00,0) :=={z e Q; = <b},

[a,0) :={zxe€Q; a<ux},
(a,00) :={x € Q; a <z},
(~o0,0) = Q

Definition 2 (Negative and Positive Numbers). We denote
Q™ :=(—,0) and Q" := (0, ).

Definition 3 (Closed Downwards and Closed Upwards Sets).
Let L and U be sets of rational numbers. We say that L is
closed downwards if and only if L satisfies the property: if
be L then (—o0,b) < L. We say that U is closed upwards if
and only if U satisfies the property: if a € U then (a,0) C
U.

Definition 4 (Arithmetical Operations on Sets). Let A and
B be sets of rational numbers. We define:

a) A+ B := {xeQ;there are a€ A and b € Bsuch
that = a + b}

b) —B := {x€Q;thereis be Bsuchthatx = —b}

¢) A-B := {xeQ;thereare ac A and b € Bsuch
that © = ab}

d B! = {xeQ;thereisbe Bsuchthatz = b1},

if B does not contain zero.

Definition 5 (Open Interval of a Set). Let A be a set of ra-
tional numbers. We define Z(A) := {x € Q; there are a,b €
A such that = € (a,b)}.

III. DEDEKIND CUT

Definition 6 (Dedekind Cut). A Dedekind cut is an ordered
pair, {L,U), where L and U are subsets of rational numbers
that satisfy:

0) L+ @ and L # Q,

1) LoU=Q,

2) LnU =g,
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3) L is closed downwards,
4) L does not have a greatest element.

Definition 7 (Relation). Let (Li,Uy) and {L2,Us) be
Dedekind cuts. We say that {L1,U;) < {(Ly,Us) if and
only if Ly is a proper subset of Lo and Us is a proper
subset of Uy. We say that (L1,Uy) < (La,Us) if and only
l'f<L1, U1> < <L2, U2> or <L1, U1> = <L2, U2>

Theorem 8 (Total Order Relation). < is a total order
relation on the set of all Dedekind cuts.

Definition 9. Ler (L1,U;) and (L2, Us) be Dedekind cuts.
We say that:

a) {L1,Ur) = (L2, Uy) if and only if {L2,Us) < (L1, Uy),

b) (L1,Ur) > (L2, Us) if and only if (L2, Uz) < (L1, Uy),

C) <L1,U1> { <L2,U2> lf(lnd only l'f<L1,U1> < <L2,U2>
does not hold,

d) {L1,Uy) % {L2,Us) if and only if {L1,Ur) > {La,Uz)
does not hold.

Theorem 10. Let {L1,U;) and {Lo,Us) be Dedekind cuts.
It follows that:

a) {L1,Uy) 4« {L2,Us) necessarily implies {L1,U) =
<L27U2>.

b) {L1,U1)y ¥ (La,Us) necessarily implies {(L1,U1y <
(L, Us).

Theorem 11. For all r € Q, {(—0,r), [r, 0)) is a Dedekind
cut.

Definition 12. We denote the Dedekind cut {(—,0), [0, )
simply as 0 and the Dedekind cut {(—0o0,1),[1,00)) simply as
1, that is, 0 = {(—00,0),[0,00)) and 1 = {(—o0,1),[1, 0)).

Definition[12]is justified by the fact that {(—o0, 0), [0, 0))
and {(—o0,1),[1,00)) are, respectively, the additive identity
and multiplicative identity of the field of all Dedekind cuts

(theorems [T3] [21] and 24).

Definition 13 (Addition). Let (L1,U1) and {(L2,Us) be
Dedekind cuts. We define (Ly,Uy) + {L2,Us) := (L1 +
Lo, Uy + U2>

Theorem 14 (Closure under Addition). If {L1,U;) and
(La,Us) are Dedekind cuts then (L1,U1)y + {(L2,Us) is a
Dedekind cut.

Theorem 15  (Existence of Additive Identity).
{(=00,0),[0,00)) is the identity element of the set of
all Dedekind cuts with respect to +.

Definition 16 (Additive Inverse and Subtraction). Let

(L1,Uy) and {La,Us) be Dedekind cuts.

a) We denote —(L1,U1y := {(Lo,Usy if and only if
(L1,U1) +{L2,Uz) = 0.

b) We define (L1, Ur)—(La, Us) := (L1, Ur)+(—(L2,U2)).

Theorem 17 (Existence of Additive Inverse). For all
Dedekind cuts {(L,U), there is —(L,U).

Theorem 18. Ler (L,U) be a Dedekind cut. It follows that
(L, Uy <0 if and only if —{L,U) > 0.

Definition 19 (Multiplication). Ler (L1,U1) and (Lo,Us)
be Dedekind cuts. We define:

a) {L1,Ur) x {La,Us)y := (L3, Us) where

Ly =
Uy =

(—0,0) U ((L1 N [0,00)) - (L2 N [0,00))),
Q\Ls,

l.f<L1,U1> = 0 and <L27 U2> = 0,

b) <L1, U1> X <L2,U2> = —(<L1,U1> X (—<L2,U2>)),
lf<L1,U1> > 0 and <L27U2> <0,

C) <L17 U1> X <L2,U2> = —((—<L1, U1>> X <L27U2>),
lf<L1,U1> <0 and <LQ7 U2> =0,

d) <L1,U1> X <L2,U2> = (—<L1,U1>) X (—<L2,U2>),
l.f<L1,U1> < 0 and <L27 U2> < 0.

Theorem 20 (Closure under Multiplication). If {Ly,U;) and
(La,Us) are Dedekind cuts then (L1,U1)y x {La,Us) is a
Dedekind cut.

Theorem 21 (Existence of Multiplicative Identity).
{(=0,1),[1,0)) is the identity element of the set of all
Dedekind cuts with respect to .

Definition 22 (Multiplicative Inverse and Division). Let
(L1,Uy) and {La,Us) be Dedekind cuts.

a) We denote (Ly,Uy)"t := (Ls,Us) if and only if
<L1, U1> X <L2,U2> =1

b) If (La,Usy # 0, we define {L1,Ur) + (L2,Us)y :=
(L1,Ur)y x ((L2,Us)™h).

Theorem 23 (Existence of Multiplicative Inverse). For all
Dedekind cuts {L,U) such that {(L,U) # 0, there is
(L, Uy~

Theorem 24 (All Dedekind Cuts Form a Complete Ordered
Field). The set of all Dedekind cuts is a complete ordered
field with respect to order <, addition +, and multiplication
X.

Theorem 25 (Rational Numbers As an Ordered Subfield).
The function r — {(—o0,r),[r,0)) is an isomorphism of
ordered fields between Q and the subset of Dedekind cuts

{<(—OO, r)s[r,00)); e Q}

IV. EQUIVALENT ARITHMETIC

In this section we define three arithmetical operations on
Dedekind cuts that have an identical effect to the usual
operations on Dedekind cuts but which support the gener-
alisation to Trans-Dedekind cuts. Thus we generalise the
additive inverse, multiplication, and the multiplicative inverse
of Dedekind cuts.

Theorem 26 (Equivalent Definition of the Additive Inverse
of a Dedekind Cut). For all Dedekind cuts (L, U it follows
that —(L,U) = (L3, Us) where

Uy = {reQ; z=infU},
Us = —(Lulj),
Ly = —(U\U3).

Theorem 27 (Equivalent Definition of the Multiplication
of Dedekind Cuts). For all Dedekind cuts {L1,U1) and
(L2, Us) such that {(L1,U1) = 0 and (Lo, Us) = 0 it follows
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that {L1,U1) x {La,Us) = (L3, Us) where

Uy = (UinQ7):(U2nQ"),
Ul = {zeQ; z=infUs},
Us = U'OUL

Ly (L1n Q%) (L2 nQ"),
L —(Ly v Us) v L,

Ly = I(LY).

Theorem 28 (Equivalent Definition of the Multiplicative
Inverse of a Dedekind Cut). For all Dedekind cuts {L,U)
such that {L,U) > 0 it follows that {L,U)™' = (L3, Us)

where

v = (LnQY

U = {zeQ; z=infUj},
Us = UloUl,

Ly = (UnQ")7,

I = (oo
Ly = I(L)).

Theorems and 28 show that we can define the
additive inverse, multiplication and multiplicative inverse
in a different way from the usual one but this still gives
the same results.

V. TRANS-DEDEKIND CUT

Definition VI (Trans-Dedekind Cut). A Trans-Dedekind cut
is an ordered pair, {L,U), where L and U are subsets of
rational numbers that satisfy:

) LoU=ZorLulU=Q

) LnU =g,
IIl) L is closed downwards,

1V) L does not have a greatest element.

Definition VII (Relation). Let (L1,Uy) and {Ls,Us) be
Trans-Dedekind cuts. We say that {L1,U1) < {(La,Us) if
and only if Ly is a proper subset of Lo and Us is a proper
subset of Uy. We say that {L1,Uy) < {Lo,Us) if and only
if<L1, U1> < <L2, U2> or <L1, U1> = <L2, U2>

Theorem VIII (Order Relation). < is an order relation in
the set of all Trans-Dedekind cuts.

Definition IX. Let (L1, U; ) and (L, Us) be Trans-Dedekind

cuts. We say that:

Cl) <L1, U1> 2 <L2, U2> lfand Ol’lly lf<L2, U2> < <L17 U1>,

b) (L1,U1) > (La,Us) if and only if (L2, Us) < {L1,Uy),

C) <L1,U1> J,i <L2,U2> lf(ll’ld Ol’lly l'f<L1,U1> < <L2,U2>
does not hold,

d) (L1,U1) % {L2,Us) if and only if (L1,U1) > (L2, Us)
does not hold.

Theorem X. Let {L1,U;) and {Ls,Us) be Trans-Dedekind

cuts. It follows that:

a) {L1,U1) <« (La,Us) does not necessarily imply
(L1,U1) = (L2, Us),

b) {L1,Uy) * (La,Us) does not necessarily imply
(L1,Ur) < (L2, Us),

c) {L1,U1y > {Ls,Us) necessarily implies {(L1,Uy) <
(L2,Uz),

d) {L1,Uy) < {L2,Us) necessarily implies {L1,Uy) *
(L3,Uy).

Theorem XI. Every Dedekind cut is a Trans-Dedekind cut.

Remark XII. Recall that 0 and 1 are Dedekind cuts (Defi-
nition [I2). Thus 0 and 1 are Trans-Dedekind cuts.

Definition XIII (Addition). Let {L1,U;)y and {Lo,Us) be
Trans-Dedekind cuts. We define (L1, U, y+{Lo,Us) := (L1 +
Ly, Uy + U2>

Theorem XIV (Closure under Addition). If {(L1,Uy) and
(L, Us) are Trans-Dedekind cuts then {L1,Uy) + (L2,Us)
is a Trans-Dedekind cut.

Theorem XV  (Existence of Additive Identity).
{(=00,0),[0,00)) is the identity element of the set of
all Trans-Dedekind cuts with respect to +.

Definition XVI (Opposite and Subtraction). Let {(L;,U;)
and {Lo,Us) be Trans-Dedekind cuts. We define:

a) —(L,U) :={L3,Us) where

Uy = {zeQ; z=infU},
U3 = —(Luly),
Ly = —(U\U3),

b) {L1,Ur) —(L2,Uz) := (L1,Ur) + (=(La, Us)).

Theorem XVII (Closure under Opposite and Subtraction).
If (L,U) is a Trans-Dedekind cut then —(L,U) is a Trans-
Dedekind.

Theorem XVIII. Ler {L,U) be a Trans-Dedekind cut. It
follows that {(L,U» < 0 if and only if —(L,U» > 0.

Definition XIX (Multiplication). Let {(L1,U;) and {(Lo,Us)
be Trans-Dedekind cuts. We define:

a) {L1,Ur) x {La,Us) := (L3, Us), where

Uy = (UinQ7)-(U2nQY),
Uy {reQ; z =infUj},
Uy = UlOU,

Ly = (LinQ")-(L:nQ"),
Ly = —(L5v Us)u L,

Ly = I(L3),

l.f<L1,U1> #i 0 and <LQ7 U2> { 0,

b) (L1,Ur) x (La,Us) := —({L1,Ur) x (—(L2,Us))),
l:f<L1,U1> ﬂt 0 and <L27U2> < 0,

¢) (L1,U1) x (L2, Uz) := =((=(L1,U1)) x (L2, U2)),
l'f<L1,U1> < 0 and <Lz7 U2> { 0,

d) <L17U1> X <L27U2> = (—<L1,U1>) X (—<L27U2>),
l'f<L1,U1> <0 and <L2,U2> < 0.

Theorem XX (Closure under Multiplication). If {Li,U;)
and {Lo,Us) are Trans-Dedekind cuts then {(L,,U;) %
(L, Us) is a Trans-Dedekind cut.

Theorem XXI (Existence of Multiplicative Identity).
{(=00,1),[1,0)) is the identity element of the set of all
Trans-Dedekind cuts with respect to x.

Definition XXII (Reciprocal and Division). Let {(Li,U;)
and {Lo,Us) be Trans-Dedekind cuts. We define:
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a) {La,Us)™t := (L3,Us), where

Uy = (LanQ),

Uy {z€Q; z =infUj},
Us = UjuUl,

Ly = (UznQ")7Y,

Ly = —(LyuUs) v Li,
Ly = ZI(Ly),

if (La,Us) €0,
b) (Ly,Up)~" i= —((—(L, U))™"), if (L2,U2) < 0,
¢) (L1,Ur) +{L3,Us) := (L1,Ur) x ((L2,U2)™1).

Theorem XXIII (Closure under Reciprocal and Division).
If (L,U) is a Trans-Dedekind cut then {(L,U)~" is a Trans-
Dedekind cut.

Theorem 29 (All Arithmetical Operations are Total on
Trans-Dedekind Cuts). There are no exceptions in any of
the arithmetical operations on Trans-Dedekind cuts: ad-
dition, opposite, subtraction, multiplication, reciprocal and
division. That is, for all Trans-Dedekind cuts {L1,U1) and
<L2,U2> it follows that <L1, U1> + <LQ7 U2>, —<L2,U2>,
<L1, U1> — <LQ7 U2>, <L1, U1> X <L2, U2>, <L2, U2>_1 and
(L1,Ur)y +{L2,Us) are well defined Trans-Dedekind Cuts.

Theorem 30. The Trans-Dedekind order relation and all

of the Trans-Dedekind arithmetical operations coincide with

their Dedekind homologues when applied to Dedekind cuts.

That is, for all Dedekind cuts (L1,Uy) and {Lo,Us):

a) {L1,Uy) < {La,Us) from Definition has the same
truth value as {L1,U1) < (Lo, Us) from Definition [Z

b) {L1,Uy) + {La,Us) from Definition has the same
value as {L1,Uy) + (L2, Us) from Definition

¢) —(La,Us) from Definition has the same value as
—(Lg,Us) from Definition

d) {L1,Uy) — {La,Us) from Definition has the same
value as {L1,Uy) — (L2, Us) from Definition

e) (L1,U1) x (L2,Us) from Definition has the same
value as (L1,U1) x {La,Us) from Definition

1) if {La,Us) # 0 then {Ly,Us)~! from Definition has
the same value as {La,Us)™! from Definition

g) if {La,Us) # 0 then {L1,Uy) = (Lo, Us) from Definition
has the same value as (L1,U1)y = {(L2,Us) from
Definition

VI. TRANS-DEDEKIND ARITHMETIC

Trans-Dedekind arithmetic is homologous to transreal
arithmetic.

Definition 31. We denote the set of all Trans-Dedekind Cuts
as RT and denote ® :=(J, &), —o0 :={(F,Q) and © :=

Q2.
Theorem 32. R” = R U {®, —c0, 0}.

Theorem 33. It follows that:
a) x « ® for all x e R”.

b) ® « x for all x € RT.

c) —0 <z forall x € R.

d) x <o forall x e R

e) -0 =,

f) —(—x0) = .

0) 0+ 0 = o0.

p) 0+ x =00 forall zeR

q) —0+ w0 =,

r) —oo+ @ = .

§) —0 + (—®) = —o0.

t) —0+x =—00 forall x e R.

u) ® xxr=7a.

v) 0o x 0= .

w) 0 X P =,

x) 00 x x = —0 for all x € R” such that x < 0.
y) 0 x x = o for all x € RT such that x > 0.

z) —0ox0=9a.

a) —0 X & =,

B) —oo x x = oo for all v € RT such that x < 0.
v) —0 x x = —0 for all x € RT such that x > 0.

Theorem 34. It follows that:

a) x =0 = oo for all x € R such that x > 0,
b) y+ 0= —o0 for all y € R such that y <0,
c) 0+-0=9.

By Theorem [33] all of the thirty-two axioms of tran-
sreal arithmetic [6] follow from Trans-Dedekind arith-
metic.

VII. DISCUSSION

The transreal numbers were originally developed geo-
metrically [3]]. In the history of mathematics, geometrical
definitions of numbers have served for a long time, before
being replaced by axiomatic systems. The transreal numbers
have been axiomatised and have been proved consistent
by machine proof [6l]. This is the most detailed kind of
proof it is possible to have but mathematicians often prefer
human proofs, especially constructive proofs. The transreal
numbers have been constructed as ordered pairs of real
numbers [8]. This establishes the consistency of the transreal
numbers relative to the real numbers. This proof involves
side conditions on the arithmetical operations on pairs to
force transreal behaviour, however, in the present paper, we
present a proof that generalises the Dedekind cut and which
unconditionally gives rise to the transreal numbers. This puts
transreal numbers on the same mathematical foundation as
real numbers.

That real and transreal arithmetic share the same founda-
tion has profound consequences. Given the practical impor-
tance of real arithmetic in engineering, science and math-
ematics itself, mathematics cannot abandon the Dedekind
cut but is forced to choose how arithmetic develops from
here. Mathematics can continue with the partial definition
of the Dedekind cut, which leads to real arithmetic and
which, in turn, necessarily leads to partial mathematics with
exceptional or error states, such as the inability to divide by
zero and the infinitely many consequences of this inability,
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or it can adopt the total definition of the Trans-Dedekind
cut, which leads to transreal arithmetic and which does not
necessarily lead to exceptions and error states in any of the
applications of transreal arithmetic.

This choice is not entirely straightforward. Mathematicians
might continue to prefer the simpler partial system because
it leads to the more rapid development of new mathematics
but computer scientists might prefer the more complicated
total system because it leads to exception-free computing. In
the long term, we expect all mathematics to be proved by
machines that maintain an encyclopaedia of mathematical
knowledge in a machine independent interchange language.
We expect these machines to use total systems of computa-
tion to describe both total and partial mathematical systems —
which should satisfy all parties and lead to the more reliable
development of mathematics.

It is instructive to examine the nature of totality in the
Trans-Dedekind cut. The Dedekind cut is partial because it
excludes the ordered cut with an empty lower set, —co, and
the ordered cut with an empty upper set, co. Adding these
two cuts totalises the set of ordered cuts but the resulting
arithmetic is partial. For example, as usual, 00 — o0, 0 x 00,
and co/c0 are all undefined. But when the unordered cut
nullity is admitted, the arithmetic is totalised and it becomes
a theorem that 00 — 00 = 0 x 00 = 00/00 = &. We may say
that the strictly Trans-Dedekind cuts are totalised over all
combinations of empty lower and upper sets of the Dedekind
cut but what structural feature does this totalise?

The trivial subsets of the rational numbers are the empty
set and the set of rational numbers itself, ¢J and Q. We say
that a Trans-Dedekind cut is a transordered partition of the
trivial subsets of the rational numbers. Even so, it is not
clear why this particular structural totalisation should lead to
a total arithmetic. Perhaps finding useful totalisations is an
inherently creative act?

It is interesting to note that we can develop analogues
of the Trans-Dedekind cut by replacing the set of rational
numbers with any totally ordered set or class, even a proper
class, that does not contain the Trans-Dedekind cuts. Trans
infinity is then greater than any number in the class. This
neatly avoids the Burali-Forti Paradox which shows that, in
other circumstances, there is no greatest ordinal number.

VIII. CONCLUSION

The usual definition of the Dedekind cut is partial and
leads to the real numbers, which have exceptional or error
states, such as the inability to divide by zero; but the
definition of the Trans-Dedekind cut is total and leads to
the transreal numbers, which do not have exceptional or
error states. This establishes transreal arithmetic as a firmer
foundation for mathematics than real arithmetic.

APPENDIX A
PROOFS

Lemma 35. Ir follows that:

a) J is closed downwards,
b) Q is closed downwards,
c) & does not have a greatest element,
d) Q does not have a greatest element.

Proof: The results follow from the vacuity of the empty
set and from the properties of the rational numbers. ]

Lemma 36. Let A and B be sets of rational numbers. It
follows that:

a) J+A=A+TJ =,
b) If A+ JthenQ+A=A4A+Q=Q,

c) - =,

d -Q=0Q

e) —(A\B) = (=A)\(=B),

) —(AuB) = (-4) v (-B)
g) —(AnQ7) = (-4)n Q%
h) =(AnQ") = (=4)nQ7,
) J-A=A-F =0,

DIfA# D thenQ-A=A-Q=0Q

k) If AnQ* # & then Q- (AnQ¥) = (AnQ*)-QF =
Q*,

) o' =0,

m) (Q*)~! =Q*,

n) if A and B each one does not contain zero then A~' U
B7l=(AuB)™.

Proof: The results follow from the properties of sets and

from the properties of the rational numbers. ]

We do not present the proofs of the theorems of Section
since Dedekind cuts are widely known.

Lemma 37. [f (L,U) is a Dedekind cut then:

a) U# Jand U # Q,

b) U=Q\L

c) U is closed upwards,

d) x<yforall xe L and ye U,

e) {x € Q; x = infU} is not empty if and only if {x €
Q; = = sup L} is not empty and in this case infU =
sup L,

) if {x € Q; x = inf U} is not empty then inf U € U.

Proof: The results follow from the definition of
Dedekind cuts (Definition [6)) and from the properties of the
rational numbers. u

Lemma 38. If (L,U) is a Dedekind cut then (L3, Us) where

U = {reQ; z=infU},
Us = —(LuUY),
Ly = —(U\U3)

is a Dedekind cut.

Proof: Let (L,U) be a Dedekind cut and (L3, Us)
where

U = {reQ; z=infU},
Us = —(Lul)),
Ly = —(U\U3).

It is immediate that L3 and Us are sets of rational numbers.

Notice that either U is the empty set or U4 is a singleton
set. Since U # J and U is closed upwards it follows that U
is not a singleton set whence U\UY} # 5. Hence L3 # .
Since U # Q it follows that U\U4 # Q. Hence L3 # Q.
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Notice that

Ly 0 Us = (=(U\U3)) v (=(L v U3))
= (CON=U3)) v (1) v (=U3))
= (FON=U3)) v (L) v (=U3)
= (FUN\(=U3)) v (=U3) v (=L)
= (-U) v (=Uz) v (-L)
= (L) v (=U) v (-U3)
= (=(Lul)) v (-U3)
= (-Q) v (-U3)
=Qu (-U3)
= Q.

If there is « € (L3 n Us) then let there be an arbitrary
be L3 and an arbitrary = € (—o0, b). Since = < b it follows
that —b < —z. Since b € Ly = —(U\UY) = (-U)\(-UY)
it follows that b € (—U) whence —b € U. Since —b € U and
—b < —x it follows that —z is not infimum of U whence
—x ¢ UY. Since —b € U and —b < —x and U is closed
upwards it follows that —z € U. Since —z € U and —x ¢ Uy
it follows that —z € U\Uj whence = € (—(U\UY)) that
is x € (—(U\UY)) = Ls. Since = was taken arbitrarily in
(—o0,b) it follows that (—oo,b) < L3. Since b was taken
arbitrarily in L3 it follows that L3 is closed downwards.

Let there be an arbitrary € Lj3. Since x € Ls =
(—(O\UY)) = (-U)\(-UY¥) it follows that = ¢ (—Uy)
whence —x ¢ UY that is —z is not infimum of U whence —z
is not the least element of U. Hence there is y € U such that
y < —x. Since y < —x it follows that y < w Since

y+(=x)

y €U and y < *—=— and U is closed upwards it follows

that “*0%) ¢ U, Since y € U and y < Y2 it follows
that w is not infimum of U whence W ¢ U4 Since
vH8) e 7 and Y ¢ UY it follows that Y252 e U\UY
whence *# € (—(U\UY)) = Ls. Since y < —z it

¢ yr(=2) _yt+(==)
2

< —x whence z < . Since

_yt(==2)
2

follows tha
*W € Lyand z < it follows that x is not the
greatest element of L. Since x was taken arbitrarily in L3
it follows that L3 does not have a greatest element.

Since L3 and Us are sets of rational numbers and L3 # &
and L3 # Q and LsuUs = Q and L3 nUs = J and L3 is
closed downwards and L3 does not have a greatest element,
by the Definition [6] (L3, Us) is a Dedekind cut. ]

Proof of Theorem 26: Let (L,U) be a Dedekind cut
and (L3, Us) where

U = {reQ; z=infU},
Us = —(LoUD),
Ly = —(U\Uy).

By Lemma (L3,Us)y is a Dedekind cut whence
(L,Uy + {(L3,Us) is well defined. Denote {L,,U;) =
(L,U) +{Ls,Us). By Definition [13] L; = L + L3 whence
Li=L+L3s=L+ (—(U\UY)) = {we Q; there are a €
L and b € (—(U\Uj)) such that w = a + b} =
{w € Q; there are a € L and ¢ € U\Uj such that
w=a-—c}.

"

For every a € L and ¢ € U\Uy it follows that ¢ < ¢
whence a — ¢ < 0. Hence L; < (—o0,0).

Let there be an arbitrary x € (—00,0). Since (L,U) is
a Dedekind cut it follows that L # ¢ and L # Q and
LouU =Q and U is closed upwards.

o If U # ¢ then there is @ € Q such that @ = inf U
whence 4. Denoting a = %+ 5 and ¢ = @ — 5 it follows
thata —c=1u+ % — (a—;ﬁ = 7. Since x € (—0,0)
it follows that a = @ + 5 < @ whence a ¢ U. Hence
a € L. Since x € (—c0,0) it follows that ¢ = 4 — 5 > .
Since % € U and ¢ € (4,00) and U is closed upwards
it follows that ¢ € U. Since ¢ > 1 it follows that c is
not the infimum of U whence ¢ ¢ UY. Since ¢ € U
and ¢ ¢ Uy it follows that ¢ € U\Uj. Since there are
a € L and c e U\UY such that x = a — c it follows that
T e Ll.

o If Uj = & then U\U} = U. Since L # ¢ it follows
that there is z € L. Since U # (& it follows that
there is y € U. Since N is unbounded above, there is
m € N such that m > =¥ whence z — mx > y. Since
y €U and z — mz € (y,o0) and U is closed upwards
it follows that z — ma € U. Since z — mx € U it
follows that the set {m € N; z — ma € U} is not empty
whence {meN; z—mxz e U} has a least element.
Denote n the least element of {m e N; z — mx € U}.
In this way n € {meN; z—mzeU} and n — 1 ¢
{meN; z—mzeU}. Denote a = z — (n — 1)z and
¢ = z—nx. Notice that a—c = z—(n—1)z—(z—nx) =
x. Since n € {meN; z—mzeU} it follows that
¢=z—nxeU.Since ce U and U\UY = U it follows
that ce U\UY. Sincen—1¢ {meN; z —mz e U} it
follows that a = z— (n—1)x ¢ U whence a € L. Since
there are @ € L and ¢ € U\UY such that © = a — c it
follows that z € L.

Since 2 was taken arbitrarily in (—o0,0) it follows that
(—OO, 0) c L.

Since L; < (—o0,0) and (—00,0) < L; it follows that
Ly = (—0,0). Since U; = Q\L; it follows that U; =
[0, 00). Hence (L1, U;) = 0 whence {(L,U)+{L3,Us) = 0.
Thus <L3, U3> = —<L, U> |

Lemma 39. Let (L1,U;) and {Lo,Us) be Dedekind cuts
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and

Uy = (UinQ%):(U2nQ%),

Uy = {zeQ; z=infUs},
Us = ULOUL

Ly = (IinQ")-(L2nQ"),
- oo,

Ly = Z(LY).

[f<L1, U1> =0or <L27U2> = 0 then <L17 U1> X <L2, U2> =
<L37U3>'

Proof: Let (L1,U;) and (Lo, Us ) be Dedekind cuts and

U = (inQY)-(U2nQ%),
Ul = {2eQ; z=infUi},
Us = U'OUL,

Ly = (IinQ")-(L2nQ"),
Ly = —(Lyu Uj) vl

Ly = I(LY).

By Definition (L1,U1) x {Lg,Usy = (Ly,Uy) where

Ly = (—O0,0) Y ((Ll N [Oa OO)) ’ (LQ N [0,00))),
Uy = Q\Ls.
If (L;,U;) = 0 then Ly = (—0,0) and U; = [0, 00).
Hence
Ly = (=0,0) U (L1 " [0,0)) - (L2 1 [0,0)))
= (—0,0) U (((=90,0) N [0,0)) - (L2 N [0,0)))
= (—00,0) U (@ - (L2 n [0, oo)))
=(—w0,0)u g
= (—O0,0)

and thereby
U4 = @\L4 = Q\(—O0,0) = [01 OO)

Furthermore
Uy =(U1n Q") (U2nQF)
=([0,00) n Q") - (U2 n Q™)
=Q*- (U n Q")
= Q+
whence
Ul ={zreQ; z=infUj} = {0}
and thereby
Us =Us vU; = {0} uQ" = [0,00),
and
Ly=(LinQF)-(Lan Q")
= ((=0,0)n Q") - (L2 n Q™)
=@ (L n Q")
=J
whence L = —(L5uUj) vl = —(uUj)ud = —Uj =
—Q*t=Q" and
Ly =I(L3) =Z(Q") = Q™ = (~x,0).

Therefore {(Lq,U1) x {(Lg,Usy =
<(_OO7O)7 [Ov OO)> = <L3’ U3>

If (Ly,Usy = 0 then in a similar way we prove that
<L17U1> X <L2a U2> = <L3) U3> u

Lemma 40. If (L, U) is a Dedekind cut such that {L,U) > 0
then there is v € L such that r € Q.

Proof: Let (L, U) be a Dedekind cut such that (L, U) >
0. By Definition[]} Q~ = L and U < {0} u Q*.

If there would be no r € L such that r € Q% then L
Q@ u {0} whence @~ < L <« Q= u {0}. Hence either
L=Q orL=Q v {0}.If L =Q u {0} then L would
have a greatest element, which contradicts Definition @ If
L = Q" then, since U is the complement of L, U would be
{0} U QT whence C' would be (Q—, {0} U Q1) = 0 which
contradicts the fact that C' is non zero. Therefore there is
r € L such that r € QF. [ |

Lemma 41. If (L, U) is a Dedekind cut such that ({L,U) > 0
then U < Q7.

Proof: Let (L, U) be a Dedekind cut such that (L,U) >
0. By Definition [7} Q— < L and U < {0} U Q*.

If 0 € U then, since U is closed upwards, U < {0} u Q™.
Since L v U = Q, it would follow that L = Q~ and thus
(L, Uy = {(Q~,{0} u Q*)> = 0 which contradicts the fact
that (L,U) > 0. Therefore 0 ¢ U.

Since U < {0} u Q™ and 0 ¢ U it follows that U — Q7.

|

Lemma 42. If (L1, U, ) and {Ly, Us) are Dedekind cuts such
that {L1,U1) > 0 and {L3,Us) > 0 then Q*\((L1 n Q™) -
(Lg M Q+)) = U1 : Ug.

Proof: Let (L1, Ur) and {Ls, Us) be Dedekind cuts such
that (L1, Uy > 0 and (L, Us) > 0. By Lemma 1] U; <
Q* and Uy < Q™.

Let there be an arbitrary y € Uy - Us. It follows that there
are a € Uy and b € Us such that y = ab. Since a € U; and
be Uy and Uy < QF and Uy < QT it follows that ab > 0
whence y = ab e Qt. If y € (L1 n QT) - (Ly n Q™))
then there would be ¢ € (L; n Q%) and d € (Ly n QY)
such that y = cd. Since c € L1 and a € U; it would follow
that ¢ < a. Since d € Ly and b € Us it would follow that
d<b Sincec>0andd >0and ¢c < a and d < b it
would follow that cd < ab, that is, y = cd < ab = y which
is an absurd. Thus y ¢ ((L1 n Q") - (Ly n Q1)). Since
yeQt and y ¢ ((L; nQT) - (Lan Q™)) it follows that y €
Q™\((L1 nQ*)-(L2nQT)). Since y was taken arbitrarily in
Uy-Us it follows that Uy -Us < (Q\((L1 Q7 )-(LanQ+))).

Let there be an arbitrary y € Q™\((L1 n Q") - (L2 N
Q)). Let there be an arbitrary b € Ly n Q7. If there is
a € Ly n Q" such that ¥ < a then, since @ € L; and L,
is closed downwards, it would follow that % € L1 whence
€L nQ" and thereby y = ¥be ((L1n Q") - (L nQ™))
which contradicts the fact that y ¢ ((L1 nQ™T) - (La nQ™)).
Thus a < ¥ forall a € L1 nQ* whence a < ¥ foralla € L.
Hence ¥ ¢ L; whence ¥ € U;. If there is no z € U; such
that z < ¥ then ¥ would be the lest element of U; whence ¥
would be the infimum of U;. Since b € Ly and Lo does not
have a greatest element, there would be ¢ € L, such that b <
c. Hence ¢ > 0 and 2 < 1 whence ¥ = 2% < ¥ = infU,.

cb
Thus ¥ ¢ U; whence £ € L. Since £ > 0 it would follow

c

<L47 U4> =
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that £ € L; n Q*. Since £ € L1 n Q" and c € Ly n Q7
it would follow that y = 4c € ((L1 n Q") - (L2 n Q%))
which contradicts the fact of y ¢ (L1 nQ7T) - (La n Q™)).
Therefore there is z € U; such that z < %. Since U; « QF
it follows that z > 0. Since z < ¥ and 0 < z it follows that
b < Y. Since b was taken arbitrarily in Lo n Q7 it follows
that b < £ for all b € L. Hence £ ¢ Lo whence £ € Us.
Since z € Uy and £ € U, it follows that y = 2% € Uy - Us.
Since y was taken arbitrarily in Q*\((L1 Q%) (L2 nQ™))
it follows that (Q*\((Ll NQT) - (Lan Q™)) < (Uy - Us).

Since Uy - c (Q"N\(L1 n Q") - (L nQT))) and
(QT\((L1 N Q*) (Ly nQT))) < (Uy - Us) it follows that
(@ \(Ly A Q") - (L2 A Q) = (U; - T). .

Lemma 43. Let {L1,U;) and {Lo,Us) be Dedekind cuts
and

Uy = (UinQ7): (U2nQ"),
Ul = {zxeQ; z=infUi},
Us = U'OUL

Ly = (LinQ")-(L2nQ"),
L= (o U oI

Ly = Z(L).

If <L1,U1> > 0 and <L2,U2> > 0 then <L1,U1> X
(La, Uy = (L3, Us).

Proof: Let (L1, Uy ) and {Lq, Us) be Dedekind cuts such
that (Ly,U;) > 0 and (Lo, Us) > 0. Let (L3, Us) where

Uy = (UinQF) (U2nQY),
Ul = {zeQ; z=infUi},
Us = UjuUs,

Ly = (LinQ")-(L:nQF),
Ly = —(Lyu Us)u Ly

Ly = I(L3).

By Definition (L1,U1) x {Lg,Usy = {Ly,Uy) where

L4 = ((Ll @ [0, OO)) ! (LQ N [0700))),

Uy =

(—=0,0) U
Q\Ly.

Since {(L1,U;) > 0 and (L2,Us) > 0 and the set of all
Dedekind cuts is an ordered field, {(Li,U;) x (Lo,Us) > 0
whence (L4, Us) > 0. Hence, by Lemma there is r € Ly
such that » € Q. Since r € Ly and 0 < r and L, is closed
downwards it follows that 0 € L4. In this way

00,0) U ((Ll N [0,00)) - (La n [0, OO)))

= (=0,0) U ((L1 n ({0} Q™)) - (L2 n ({0} L Q™))
= (=0,0) U (L1 n {0}) U (L1 N QY)) - (L2 n {0})
U (La n Q%))

= (=0,0) U ((L1 n {0})
(Ly n Q%))

= (=2,0) v (L1 n{0})
(L2 n Q7))

= (—00,0) U {0} U (L1 N Q") - (L2 " Q™))

= (~2,0] U ((L1 n Q") - (L2 n Q"))

Ly = (~0,
O (L2 0 0]) U (L1 A @)

U (L2 n{0}) U (L1 nQF)

and thereby

Uy =Q\Ly
= Q\((=0,0] U ((L1 n Q") - (L2 n Q1))
= Q"\((L1 n Q") - (L2 n Q"))
Furthermore, since (L1,U;) > 0 and {(Lo,Us) > 0, by
Lemma 41 U; c Q* and Us ¢ QF whence

Uy = (U1 nQ%) - (U2n Q")

and
={zeQ; r =infUj}
={reQ; z=inf(U; -Us)}
={z € Q; z =inf Uy inf Uy}
and thereby
Us = U O UL,
={reQ; z=infU;infUs} u (U; - Us)
=({reQ z=infU1} - {zeQ; z=infUs}) u (Uy - Us)
=({reQ z=infU1} vl;)  {zeQ; z=infUs} U Us)
=U; - Us.
Further
Ly=(LinQ%) (L2 n Q")
and
Ly =—(LuU;) v Lh
—((L1n Q") (L2n Q) U
(L2n Q7))

(U1 U2)) v (L1 n Q)

and Lg = Z(L%).
By Lemma [42] Q*\((L1 n Q%) - (Lo n Q%)) = Uy - Us

whence Uy = QT\((L1 n Q1) (Lo n Q™)) = Uy -Us = Us.
Since Q*\((L1 n Q™) - (La n Q™)) = Uy - Us it follows
that (L1 n Q%) - (Lo n Q™)) u (Uy - Uz) = Q whence
L= —(((L1 n Q) - (La n Q%)) U (Uy - Up)) U (L1 n QY)
(L2 n Q7))

=-Q" v ((Z1n Q") (L2 n Q"))

=Q U((L1 nQ") - (L2 nQ™)).
Hence

Lz =I(Ly)

=Z(Q" v (L1 n Q") (L2 nQY)))
= (00,0l U ((L1 " Q") - (L2 n Q7)) = Ly.
Therefore (L1, Uy x (Lo, Us) = (L4,Usy =<{L3,Us) M

Proof of Theorem 27]: The results follows from
Lemmas [39] and [43] ]

Lemma 44. Ler (L,U) be a Dedekind cut such that
(L,U) > 0 and @ € Q. It follows that u is the supremum of
L if and only if u=! is the infimum of (L n Q)1

Proof: Let (L, U) be a Dedekind cut such that (L, U) >
0 and 7 € Q.
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Suppose that « is the supremum of L. Since @ is the
supremum of L, % is the infimum of U.

By Lemma there is r € L such that 7 € Q%. Since
r € L we have that r < y for all y € U whence 7 is a lower
bound of U. Thus r < 4. Since r € Q* we have that 0 < r.
Hence 0 < r < 4 that is 0 < 4.

Since there is 7 € L n Q7 it follows that (L n Q*)~! is
non-empty.

Let there be an arbitrary x € (L nQ*)~!. Since 271 € L
we have that z=! < y for all y € U whence 2~ ! is a lower
bound of U. Thus 2! < . Since z > 0 and @ > 0 it follows
that 4~ < z. Since  was taken arbitrarily in (L n Q*)~!
it follows that 4~! < x for all x € (L n Q*)~!. Thus 4!
is a lower bound of (L n Q*)~!

Let there be an arbitrary x € Q such that z > %!, Since
x > 4! it follows that z > 0 and z~! < % whence 27! <
@ < y for all y € U. Since ! # y for all y € U it follows
that x~' ¢ U whence z~! € L. Since L does not have a
greatest element, there is z € L such that 2~ ! < z whence
z > 0and 27! < 2. Since z € L and z > 0 it follows
that z=! € (L n Q*)~1. Since there is 27! € (L n Q™)1
such that z=! < z it follows that x is not a lower bound of
(LNQ*)~1. Since x satisfying 2 > #~! was taken arbitrarily
in Q it follows that if z is any rational number such that = >
! then z is not a lower bound of (L n Q*)~!. Therefore
%! is the greatest lower bound of (L nQ*)~!. That is !
is the infimum of (L n Q*)~!

If @1 is the infimum of (L n Q*)~! then in a similar
way we show that % is the supremum of L. [ |

Lemma 45. Ler (L,U) be a Dedekind cut such that
(L,Uy > 0 and u € Q. It follows that u is the infimum
of U if and only if u=! is the supremum of (U n QT)~!

Proof: The proof is similar to the proof of Lemma
|

Lemma 46. If (Ly,U;) is a Dedekind cut such that
(L1,U1) > 0 then {Ls,Us) where

Uy = (LnQ*)™!

U = {reQ; z=infUj;},
Us = UoUl,

L, = (UnQ")!

Ly = —(L5uUs) v Ls,
Ly = I(Lj)

is a Dedekind cut.

Proof: Let {(L1,U;) be a Dedekind cut such that
(L1,U1y > 0 and (L3, Us) where

Uy = (L1nQN)7Y,

Uy = {zeQ; z=infUj},
Uy = UjuUj,

Ly = (Uin Q+)_1

Ly = —(L5uUs)u L,
Ly = ZI(Ly),

It is immediate that L3 and Us are sets of rational numbers.

Since (L;,U;) > 0, by Lemma U; < Qt whence
Ui n Q" = U;. Hence

Ly =—(L5uUl) v Ll
=—((LinQ") U (LinQN) Hu (U nQ")™!
=—((hnQ") V(L1 n Q) Hu (U1 nQ")™
=—((hv L) n Q") HuU!
=—((Q@nQ") Huu!
=—(@"H Hvu!
-@YHvuurt
=Q uvU
Since L4 = Q~ u U; ! it follows that Q~ = LY whence
Q™ < Z(L%) = Ls. Thus L3 # . By Lemma @] there is

r € Ly such that r € Q*. Thus (0,7) n U; = ¢ whence
(r=%,00) nU;" = &. Hence r~ ¢ Z(Q~ u Uy ") whence
Ly = Z(L5) = Z(Q~ v U ') # Q.

Let there be an arbitrary r € Q. Suppose r ¢ Us.

o If 7 < 0 then r € (2r, %) Since 2r,% € Q~ it follows
that 2r, % € Q- U Uy Lj. Since 7 € (2r,%) and
2r, 5 € L” it follows that r € {x € Q; there are a,b €
L% such that z € (a,b)} =I(LE) = Ls.

o If 7 = 0 then, since U; is non-empty and U; < QT it
follows that U;! is non-empty and U; ' = Q. Hence
there is s € U;'. Since U; ' = Q7 it follows that
s € QF. Since » = 0 and s € Q% it follows that

€ (—1,s). Since r € (—1,s) and —1,s e Q- LU; ' =
L% it follows that r € {x € Q; there are a,b €
L% such that x € (a,b)} = Z(L§) = Ls.

o If » > O then, since r ¢ Us, it follows that r ¢ Uj
whence r ¢ (L; n Q*)7L. Since » € QF and r ¢
(Ly nQ*)~1it follows that r =% ¢ Ly. Hence r—! € U;
whence x < r~! for all 2 € L;. Thus ! is a upper
bound of L.

Since r ¢ Us it follows that r is not the infimum of U}
that is 7 is not the infimum of (L; nQ*)~!. Hence, by
Lemma r~! is not the supremum of L.
Since 7! is a upper bound of L; but not the supremum
of L, there is s € Q such that s < r~! and s is a upper
bound of L.
If s € Ly then, since s is a upper bound of L, s would
be the greatest element of L; which contradicts the fact
that L; does not have a greatest element. Thus s ¢ L.
Since s ¢ L; it follows that s € U; whence s™' € Ul_l.
Since s < 1 it follows that s~! > r.
Since s7! > 7 and r > 0 it follows that r € (—1,571).
Since r € (—1,s7') and —1,s"' € Q- U U;! =
L% it follows that » € {x € Q; there are a,b €
L% such that x € (a,b)} = Z(L%) = Ls.
That is, in any case if r ¢ Us then r € L3. Therefore L3 u
Us = Q.

Let there be an arbitrary « € Us. It follows that z € (U5 u
Uj). If x € UY then z = inf U} that is z = inf(L; n Q™) ™!
By Lemma 27! = supL; whence 2= = inf U;. By
Lemma[45] z = sup(U; nQ*+)~! whence x = sup Lj. Thus
x ¢ I(—(Ly v UL) u L) = Z(LE) = Ls. If © € U4 then
x€ (L1 nQF)~! whence x7! € L;. Hence 2~ ¢ U that is
r71 ¢ (U n Q") whence = ¢ (U n Q1)1 that is = ¢ Lj.
Since x € Q7 it follows that = ¢ (—o0, 0]. Since = ¢ (—00, 0]
and z ¢ L% it follows that = ¢ Z(—(L5 v Uj) u Lb) =
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Z(L%) = Ls. Since x was taken arbitrarily in Us it follows
that L3 n U3 = .

Let z,y € Q such that x < y and y € L3. Since y € L3 =
Z(LY) = {x € Q; there are a,b € LY such that z € (a,b)},
there are w,z € Lj such that y € (w, z). Since z < y and
y € (w,z) it follows that x < y < z. Since Q~ is not
bounded below there is v € Q™ such that v < x. Since
v e Q7 it follows that v € Q- U U;* = L4. Since v < x
and = < z it follows that z € (v, z). Since z € (v, z) and
v,z € L% it follows that x € {x € Q; there are a,b €
L% such that = € (a,b)} = Z(L%) = L3. Therefore Lj is
closed downwards.

If Ls would have a greatest element us then ug € Lg =
{z € Q; there are a,b € L§ such that = € (a,b)} whence
there would be w, z € L4 such that uz € (w, z). Since w <
ug < Y2 < 7, it would follow that “3= € (w, z) whence
U3tz e {x € Q; there are a,b e L such that z € (a,b)} =
L3. But, “3; £ > wus which contradicts the fact that us is the
greatest element of L. Therefore L3 does not have a greatest
element.

Since L3 and Uj are sets of rational numbers and L3z # (&
and L3 # Q and LsuUs = Q and L3 nUs = ¢ and L3 is
closed downwards and L3 does not have a greatest element,
by the Definition [] (L3, Us) is a Dedekind cut. ]

Proof of Theorem 28]: Let (L,U) be a Dedekind cut
such that (L,U) > 0 and (L3, Us) where

v = (LaQY)T

U = {reQ; z=infUj;},
Us = UjuUi,

Ly = (UnQ"7,

Ly = —(L5uUs)u L,
Ly = I(Ly).

By Lemma (L3,Us)y is a Dedekind cut whence
(L,UY x (L3, Us) is well defined. Denote {L,,Us) =
(L,Uyx{L3,Us). So, as it was seen in the proof of Lemma
Uy =U"-Us.

Let there be an arbitrary y € Uy. Since y € U -Us it follows
that there are x € U and x3 € U3 such that y = xx3.

o If z3 is the infimum of U then z3 is the infimum
of (L nQ%)~! whence, by Lemma z3' is the
supremum of L. Hence x5 * is the infimum of U whence
r3' <. Thus 1 = 23 w3 < 223 = y.

o If z3 is not the infimum of U4 then x3 € U; = (L n
Q*)~! whence 25" € L. Since x5! € L and z € U it
follows that x5! < 2 whence 1 = x5 'z3 < zx3 = ¥.

Since y was taken arbitrarily in Uy it follows that Uy <
[1,00).

Since Uy < [1,00) it follows that 1 is a lower bound
of Uy. Now, let there be an arbitrary w € (1,00). Let y €
(1,w). Since (L,U) > 0, by Lemma [@0| there is r € L
such that r € QT whence r € L n Q*. Since U # (&,
there is z € U. Since y > 1 there is m € N such that
y™ > £ whence ry™ > z. Since z € U and ry™ > z and
U is closed upwards it follows that ry™ € U. Since ry™ €
U it follows that the set {m e N; ry™ € U} is not empty
whence {m € N; ry™ € U} has a least element. Denote n
the least element of {m € N; ry™ € U}. In this way n €

{meN; rymeU} andn—1¢ {meN; ry™ e U}. Since
n € {meN; ry™ e U} it follows that ry™ € U. Since n —
1 ¢ {meN; ry™e U} it follows that ry"~! ¢ U whence
ry" ' e L. Hence ry" ' € L n QT whence r~ty'™" €
(LA QY™ =Uj = (Uy uUL) = Us Since ry™ € U and
r~lyl=" e U it follows that y = ry"r—ly!™" € U - Us.
Since y < w and y € U - U3 = Uy it follows that w is not
a lower bound of Uy. Since y < w and y € Uy and Uy is
closed upwards it follows that w € Uy. Since w was taken
arbitrarily in (1, c0) it follows that, for all w € (1,00), w is
not a lower bound of Uy and w € Uy. Since w € Uy for all
w € (1,00) it follows that (1,00) < Uy. Since 1 is a lower
bound of Uy and, for all w € (1, ), w is not a lower bound
of Uy it follows that 1 is the greatest lower bound of U, that
is 1 = inf Uy. Since {L4,Uy,) is a Dedekind cut it follows
that 1 = infUy € Uy. Since (1,0) < Uy and 1 € Uy it
follows that [1,0) < Uy.

Since Uy < [1,00) and [1,00) < Uy it follows that Uy =
[1,00).

Since {(L4,Us) is a Dedekind cut it follows that
Ly = Q\Us. Thus, since Uy = [1,00), it follows that
Ly = (—0,1). Hence (L,U) x (L3, Usy = (L4,Uyy =
{(=00,1),[1,00)) = 1. Therefore (L, U)~! =(L3,Us). M

Proof of Theorem [VIII: The properties reflexivity,
antisymmetry and transitivity of < on Trans-Dedekind cuts
follow, respectively, from the properties reflexivity, antisym-
metry and transitivity of the inclusion relation, <, on sets.

|

Lemma 47. It follows that:

a) {L,U) «{&, &) for all Trans-Dedekind cut {L,U),
b) (&, < {L,U) for all Trans-Dedekind cut {L,U),
¢) {&,Q) < {(L,U) for all Dedekind cuts {L,U),

d) (L,U) <{Q, &) for all Dedekind cuts {L,U).

Proof:

a) Let (L,U) be a Trans-Dedekind cut. Since L is not a
proper subset of F it follows that (L, U) < (&, &) does
not hold. Thus {L,U) « {&, &).

b) Let (L,U) be a Trans-Dedekind cut. Since U is not a
proper subset of (7 it follows that {(J, &) < (L, U) does
not hold. Thus (&, &) « (L, U).

¢) Let (L, U) be a Dedekind cut. It follows that L # ¢f and
U # Q whence J is a proper subset of L and U is a
proper subset of Q. Thus (¢, Q) < (L, U).

d) Let (L,U) be a Dedekind cut. It follows that L # Q and
U # & whence L is a proper subset of Q and J is a
proper subset of U. Thus (L,U) < (Q, &).

|
Proof of Theorem

a) By item@ofLemma (Q, ) « T, > but{Q, ) >
(&, > does not hold.

b) The proof is similar to item [a]

¢) Let (L1,U;) and (L2, Us) be Trans-Dedekind cuts such
that <L1,U1> > <L2,U2>. It follows that <L2,U2> <
(Ly,Uy) whence Ly < Ly and Ly # Lq. Hence Ly < Lo
does not hold whence {(L1,U;) < {Lg,Us) does not
hold. Thus (L1,U;) < {Lga,Us) does not hold whence
(L1,Ur) 4 {La, Us).

d) The proof is similar to item
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Proof of Theorem XI: The result is immediate from
the definitions of Trans-Dedekind cuts (Definition [VI) and
Dedekind cuts (Definition [6). [ ]

Lemma 48. The set of all Trans-Dedekind cuts is of all
Dedekind cuts together with {5, 2>, {Z,Q) and {Q, &).

Proof: Let (L,U) be a Trans-Dedekind cut. By the
Definition [VI}
D LuoU=GgorLulU=Q,
M LnU=¢g,
II) L is closed downwards,
IV) L does not have a greatest element.
o If L =@ theneitherU = ZJorU = Q. If U = ¢ then
<L7 U> = <®7®> If U = Q then <L7 U> = <®7Q>
o If L = Q then, by item [T, U = & whence (L,U) =
Q. D).
e If L # Fand L # Q then L U U # J whence, by
item[] L U U = Q. Thus
0) L#and L #Q,
1) LuU=Q,
2) LnU=¢,
3) L is closed downwards,
4) L does not have a greatest element

whence, by the Definition [6] (L, U) is a Dedekind cut.
|

Lemma 49. It follows that:

a) {J, D) +{L, Uy =L, &) for all Trans-Dedekind cut
(L,U).

b) {J,Q) +{Q, D) =T, D).

c) (D, Q)+, D) =T, D)

d) (B0 + (2.0 = (5,0,

e) (B, Q)+ (L, Uy ={F, Q) for all Dedekind cuts {L,U).

N Q. &)+, Q) =<, D).

8) (Q, D) + (D, &) =D, D)

h) (Q, &) +4Q, &) ={Q, T).

i) (Q,&)+<(L, Uy ={Q, &) for all Dedekind cuts {L,U).

Proof: Let {(L,U) be a Trans-Dedekind cut.

a) Since @+ L = and & + U = J, by the Definition
(B, D) +<{L,U) ={J, D).

b) Since @+ Q = J and Q + & = J, by the Definition
(B, +(Q, D) = (D, D)

¢) Since @+ J = & and Q + & = I, by the Definition
(B, Q) +(D, D) =S, D).

d) Since @+ & = & and Q + Q = Q, by the Definition
(B, Q) +(2,Q = (T, Q.

e) If (L,U) is a Dedekind cut then L # whence Q+U = Q.

Thus, by the Definition [XII] (&, Q)+{(L,U) = (&, Q).

f) Since Q + & = & and & + Q = J, by the Definition
Q. &) +{2,Q) = (D, D).

g) Since Q + & = & and J + & = &, by the Definition
Q. @)+, D) =B, D).

h) Since Q + Q = Q and & + & = I, by the Definition
(Q,2)+(Q.2) = (Q.2.

i) If (L, U) is a Dedekind cut then L # whence Q+L = Q.

Thus, by the Deﬁnition Q,B>+(L,U) =LQ, &)

| |

Proof of Theorem Let {L1,U;) and (Lq,Us)
be Trans-Dedekind cuts. By Lemma 48] either (L;,U;) and

(L, Us)y are both Dedekind cuts or {L1,U;) = (&, &) or
(L1, Ur) ={, Q) or (L1, U1) =(Q, &)

If (L;,U;) and (Ly,Us) are both Dedekind cuts then,
by Theorem the Dedekind sum between (L1,U;) and
(L2,Us) is a Dedekind cut. Since the addition of Trans-
Dedekind cuts (Definition [XIII) is identical to the ad-
dition of Dedekind cuts (Definition [[3) it follows that
the Trans-Dedekind sum between {(L1,U;) and {Ls,Us),
(L1,Ur)y +{Ly,Us), is the Dedekind sum between (L, U; )
and (Lo,Us). Hence (L1,U;) + (L2,Us) is a Dedekind
cut. Thus, by Theorem [XI| (L, U;) + (La, Us) is a Trans-
Dedekind cut.

If (L1,U1) = (&, ) then, by item [g] of Lemma 49|
(L1,Ury +{L2,Us) is a Trans-Dedekind cut.

If (Ly,Uyy = (&, Q) then, by items [o] [c} [d and [¢] of
Lemma [@9] (Ly,Us) + (L2, Us) is a Trans-Dedekind cut.

If (Li,Uy) = {Q, ) then, by items [ [g [h] and [i] of
Lemma[49] (L1, Uy )+ (Ls, Uy) is a Trans-Dedekind cut. W

Proof of Theorem XV Let (L,U) be a Trans-
Dedekind cut. By Lemma (48| either (L,U) is a Dedekind
cut or (L, U) = (&, ) or (L, U) = {,Q) or (L, U) =
@Q 2).

If (L, U) is a Dedekind cut then, by Theorem|[13] (L, U)+
<(_OO» 0)7 [Oa OO)> = <Lv U>

If (L, Uy = (&, ) then, by item [a] of Lemma (49|
<L7 U> + <(—OO, 0)7 [Oa OO)> = <La U>

If (L,U) = {&,Q) then, by item [¢] of Lemma [49]
(L, Uy +{(—0,0),[0,00)) = (L,U).

If (L,U) = (Q, &) then, by item[of Lemma[d9] (L, U )+
<(_OO» 0)7 [Oa OO)> = <Lv U>

Therefore ((—o0,0),[0,00)) is the identity element of the
set of Trans-Dedekind cuts with respect to +. [ |

Lemma 50. Ir follows that:

b) _<®3Q> = <Q7 ®>
c) ~Q, &) ={J, Q).
Proof:
a) It follows that —(J, &) = (L3, Us) where

Uy = {zeQ; z=infg} =0,
U3 = —(ud)=-T=U,
Ly = —(0\@)=-J=d.

Thus —(J, &) = {L3,Us) = (I, ).
b) It follows that —(J, Q) = (L3, Us) where

Uf = {z€Q; z=infQ} =,
U3 = —(ud)=-T=U,

Thus _<®7Q> = <L37 US> = <Q7 ®>
c) It follows that —(Q, &) = (L3, Us) where

U = {reQ; z=infg}=¢,
Us = -(Qug)=-Q=Q,
Ly = —(0\Q)=-F=3,

Thus —(Q, &) = (L3, Us) = {J, Q).
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Proof of Theorem Let (L,U) be a Trans-
Dedekind cut. By Lemmaither (L,U) is a Dedekind
cut or (L,U) = (&, D)y or (L, U) ={H,Q) or {L,U) =
Q 2)-

If (L,U) is a Dedekind cut then, by the Definition
and Theorem |26, —(L, U) is the additive inverse of (L, U).
Hence, by Theorem —(L,U) is a Dedekind cut. Thus,
by Theorem —(L,U) is a Trans-Dedekind cut.

If (L,Uy = (&, &) then, by item [a of Lemma
—(L,U) is a Trans-Dedekind cut.

If (L,U) = (&,Q) then, by item [b| of Lemma
—(L,U) is a Trans-Dedekind cut.

If ({L,U) = (Q,) then, by item [ of Lemma
—(L,U) is a Trans-Dedekind cut. |

Proof of Theorem
Dedekind cut.

Suppose {L,U) < 0. By item || of Lemma {7} (L,U) #
(&, ). By item [d of Lemma ﬁ (L,U) #{Q, &). Thus,
by Lemma [48] either (L, U) is a Dedekind cut or {(L,U) =
(&,Q). If (L,U) is a Dedekind cut then, by the Definition
and Theorem 26) —(L,U) is the additive inverse of
(L,U). Hence, by Theorem —(L,U) is greater than 0
with respect to the Dedekind order relation. Thus, since the
Trans-Dedekind order relation (Definition [VII) is identical
to the Dedekind order relation (Definition [/)) it follows that
—(L,U) is greater than 0 with respect to the Trans-Dedekind
order relation, that is, —(L,U) > 0. If (L,U) = {&,Q)
then, by item [b] of Lemma [50] and item [d] of Lemma 7]
—(L,U) = <z,Q) =(Q,&) > 0.

Suppose —(L,U) > 0. In a similar way we prove that
(L,U) < 0. [

Let (L,U) be a Trans-

Lemma 51. It follows that:

a) (&, ) x L, Uy ={&, &) for all Trans-Dedekind cut
(L,U>.

b) <Q7 ®> X <(7OO7 O)v [Oa OO)> = <®7 @>

&) (0.2 x D, By = (B. B

d) (Q,) x (L, Uy = {Q, ) for all Trans-Dedekind cut
(L,U) such that {L,U) > 0.

e) (Q, ) x L, Uy = {F,Q) for all Trans-Dedekind cut
(L,U) such that {L,U) < 0.

V) <®7 Q> x <(_007 O)v [Oa OO)> = <®7 ®>

2) (2.0 x D, D) = (&, D).

h) (&, Q) x {L,U) = {&,Q) for all Trans-Dedekind cut
(L,U) such that {L,U) > 0.

i) (T, Q) x (L, Uy = {Q, &) for all Trans-Dedekind cut
(L,U) such that {L,U) < 0.

Proof:

a) Let (L,U) be a Trans-Dedekind cut. It follows that
(DB, D) x{L,Uy = (L3, Us) where

Uy = (@nQ"Y)-UnQ") =g - UnQ") =g,
Uy = {2e€Q; z=infJ}=¢,

Us = Jud=d,

Ly = (@nQY)-(LnQY) =g (LnQ") =g,
Ly = -(@u@)ud=-Fud=ud=0
Ly = I(J) = &.

Thus (&, &) x (L, Uy = (L3, Us) = (B, &)

b) It follows that {(Q, &) x {(—00,0),[0,0)) = (L3, Us)
where
Uy = (@nQ%) - ([0,0) nQ*) =2 - ([0,0) n Q") =,
Uy = {reQ; z=infd} =g,
Us =g uvd =0,
Ly =(@QnQ") ((-2,00n Q") = (Q@n Q") & =g,
Li=-(@u)v@d=-Qud=0uvd=0
Ly =1(Q) = &.
Thus (Q, &) x {(=0,0), [0,0)) = (L3, Us) = {J, &)
c) It follows that (Q, &) x (&, &> = (L3, Us) where

Uy = (@3nQY)-(@nQ") =g @=0,

Ui = {z€Q; z=infd} =0,

Us = gud=d,

Ly = QnQ") - (@nQ")=(QnQ") =0,
Ly = —(@ud)uv@=-Fuvd=0uvDd=0
Ly = I(Q) = .

Thus <Q, &) x (J, &) = (L3, Us) = (I, D)

d) Let (L,U) be a Trans-Dedekind cut such that (L, U) >
0. By Lemma there is » € L such that r € QF
whence LnQ" # . Thus (Q, @) x{L,U) = (L3, Us)
where

Uy =(@nQ") - (U2nQ") =2 (U2nQ") =,
Ul ={zeQ; z=inf g} = &,
Us=Jduvd =,
Ly =(QnQ") - (LnQ")=Q"-(LnQ")=Q",
L= -(Q"u@)uQ=-Q"uQ"=Q v Q*"=Q\{0}
Ly = Z(Q\{0}) = Q,
Thus (Q, &) x (L, U) = (L3, Us) = {Q, &).

e) Let (L,U) be a Trans-Dedekind cut such that (L,U) <
0. It follows that —(L,U) > 0 and {(Q, &) x (L, U) =

—({Q, &) x (—(L,U))). Thus
Q, &) x(L,U) = =(Q, &) x (L, U)))

=—Q.
=(2,Q).
f) By item IE| of Lemma [50, —(J,Q) =
Q, D). It follows that (B,Q) x
<(—O0,0),[0,00)> = *((7<®3Q>) x

{(~0,0),[0,00))). Thus

(D,Q)x{(=,0),[0,00) ==(—{(F,Q)) x (=,0),[0,0)))
=—(Q, &) x {(=0,0),[0,0)))
=D, D)
=D, D).

g) By item@of Lemma —(,Q) ={Q, ). It follows
that (J,Q) x (&, F) = — (<, Q) x (J, D))

Thus

(D, Q) xLD, &) = —(((D, Q) x D, &)
—(Q, D) x D, D))
=D,
=D, D).
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h) Let (L,U) be a Trans-Dedekind cut such that (L,U) >
0. By item [b] of Lemma [50, —(&¥, Q) = (Q, &). It fol-

lows that {((J, Q) x (L, U) = —((—(&,Q)) x (L, U)).
Thus

(D, Q) x (L, U) = =((=(, Q) x (L, U))
= —(Q, @) x<{L,U))
=—<Q.2
=<, Q).

i) Let (L, U) be a Trans-Dedekind cut such that (L, U) <
0. It follows that —(L,U) > 0 and (&, Q) x (L, U) =
(=, Q@) x (=(L,U)). Thus

(D, @ x{L,U) = ({3, Q) x (L, U))
=(Q, &) x (<L, 1))
=(Q, ).
]

Proof of Theorem Let {L1,U;) and (Lo, Us)
be Trans-Dedekind cuts. By Lemma 48] either (L1, U;) and
(L, Us)y are both Dedekind cuts or {L1,U;) = (&, &) or
<L17 U1> = <®7Q> or <L1a U1> = <Q’ @>

If {(Ly1,Uy) and {Ly,Usy) are both Dedekind cuts then,
by Theorem the Dedekind product between (Li,U;)
and (Lg,Us) is a Dedekind cut. By Theorem the
Trans-Dedekind product between (L1,U;) and {(Lq,Us),
(L1,U1y x {La,Us), is the Dedekind product between
(L1,Uy)y and {(Ls,Us). Hence {(L1,U;) x (Ly,Us) is a
Dedekind cut. Thus, by Theorem (L1,Ur)y x {La,Us)
is a Trans-Dedekind cut.

If (L1,U1) = (&, ) then, by item [d] of Lemma
(L1,Uy)y x {Lg,Us) is a Trans-Dedekind cut.

If (L1,U1) = (&, Q) then, by items [f} [g] [| and o] of
Lemma [51} (L1, U;) x (Lo, Us) is a Trans-Dedekind cut.

If (L1,U;) = {Q, ) then, by items b [d] [¢] and [d] of
Lemma 51} (L1, U1) x (Lo, Us) is a Trans-Dedekind cut. W

Proof of Theorem Let (L,U) be a Trans-
Dedekind cut. By Lemma (48| either (L,U) is a Dedekind
cut or (L, U) =, &) or (L, U) = {F, Q) or (L,U) =
@ ).

If (L, U) is a Dedekind cut then, by Theorem 21} (L, U x
<(—OO, 1), [17 )y = <L, U>

If (L,Uy = (&, &) then, by item [a of Lemma
<L’ U> x <(—OO, 1), [17 OO)> = <L> U>'

If (L,U) = (&,Q) then, by item [ of Lemma
<L7 U> X <(—OO, 1)7 [la OO)> = <L7 U>

If (L,U) = (Q,) then, by item [d of Lemma
(L,U) x {(=0,1),[1,0)) =L, U).

Therefore {(=00,1),[1,0)) is the iden-
tity element  of  the set of all  Trans-
Dedekind cuts with respect to x. ]

Lemma 52. It follows that:

a) {(=,0),[0,0))~" =<(Q, ).
b) (B, )" ={D, D).

¢) {Q.@)™" = {(~0,0),[0,0)).
d) {(F, Q)" = {(~,0),[0,0)).

Proof:

a) Let Ly = (—,0) and Uy = [0,00). It follows that
(La,Uyy™* = (L3, Us) where

Uf = (L n Q") = (-0,0) n Q") = &,

Ul ={zeQ; z=infUj}} = &,

Us =UiuU; =&,

Ly = (U20 Q)7 = ([0,0) nQ") ™ =QT,

Ly = —(Lyu Uz) v Ls=—(Q" v &) v Q" =Q\{0},
Ly = I(L5) = Z(Q\{0}) = Q.

Thus {((—0,0),[0,00))"! = (La,Us)™t = (L3,Us) =

(Q, D).
b) Let Ly = & and U = . It follows that (Lo, Us)~1 =
(L3, Us) where

Uy = (LanQN)'=(@nQ") ' =g,
Uy = {2eQ; z=infU;} =,

Us = U'OU, =g,

Ly = (UnQY) ' =(@nQh) ! =g,

Ly = —(Lzuly)uilz=—(Fud)v &=,
Ly = I(Ly) =I(D) = .

Thus (&, &)~' = (Lo, Uy~ = (L3, Us) = {F, D).

c) Let Ly = Q and Uy = . It follows that {Ly, Us)~! =
(L3, Us) where

Uy = (L:nQ*) ™' =(Q@n Q") =QF,
Ul ={zeQ; x=infU}}={z € Q; x=inf Q*}={0},
Us = Us uUs = {0} Q" = [0,00),
Ly=Un Q") = (@ nQN) ' =g,
Ly =—(LyulUz)uls=—-(uQh)v g=0Q,
Ly =Z(L%) =Z(Q7) =Q = (—x,0).
Thus (Q, )"t = (Ly, Uyt =
<(—O0,0), [07OO)>.
d) By item [d of Lemma 47} (&, Q) < {(—0,0), [0,%0)) =
0. Hence (&,Q)~! = —((—(&¥,Q@))~'). Thus
(2,07 = =((z.0)™)
=-(Q2)™"
= —{(=0,0),[0,%0))
= {(=,0),[0,2)).

(L3,U3) =

Proof of Theorem Let (L,U) be a Trans-
Dedekind cut. By Lemma (48| either (L,U) is a Dedekind
cut or (L, U) =, &) or (L, U) = {F,Q) or (L,U) =
Q 2)-

If (L,U) is a Dedekind cut and (L,U) #
{(=0,0),[0,00)) then, by the Definitions [XXII| and
Theorem (L,UY~! is the multiplicative inverse of
(L,U). Hence, by Theorem (L,Uy~! is a Dedekind
cut. Thus, by Theorem @ (L,U)~1 is a Trans-Dedekind
cut.

If (L,U) = {(—0,0),[0,0)) then, by item [o] of Lemma
(L,U)~! is a Trans-Dedekind cut.

If (L,Uy = (&, ) then, by item [o| of Lemma
(L,U)~! is a Trans-Dedekind cut.
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If (L,U) (&,Q) then, by item [d of Lemma
(L,U)~! is a Trans-Dedekind cut.

If (L,U) = {Q,) then, by item [ of Lemma .
(L,U)~! is a Trans-Dedekind cut.

Proof of Theorem The result follows from theo-

rems XVTI and [XXIIT [

Proof of Theorem

a) The result is immediate since the order relation from
Definition [VII is identical to the order relation from
Definition [7]

b) The result is immediate since the addition from Definition
[XI is identical to the addition from Definition [I3]

¢) The result follows from Definition [XVI and Theorem [26]

d) The result is immediate since the subtraction from Defi-
nition [XVIl is identical to the subtraction from Definition
16

e) The result follows from Definition and Theorem

f) The result follows from Definition and Theorem [28]

g) The result is immediate since the division from Definition
[XXTIl is identical to the division from Definition

Proof of Theorem The results follows from
Lemma B8] and Theorem 4] and the Definition 311 [ ]

Proof of Theorem

a) The results follows from the Definition [31] and item [a] of
Lemma 47

b) The results follows from the Definition [31] and item [B] of
Lemma @7

¢) The results follows from the Definition [31] and Theorem
4] and item [d of Lemma &7]

d) The results follows from the Definition 31] and Theorem
and item [d| of Lemma 47

e) The results follows from the Definition 31] and item [a] of
Lemma

f) The results follows from the Definition [31] and item [b] of
Lemma

g) The results follows from the Definition 31 and item [c] of
Lemma [50)

h) The results follows from the Definition [31] and item [a] of
Lemma 52

i) The results follows from the Definition [31] and item [B] of
Lemma

j) The results follows from the Definition [31] and item [d] of
Lemma

k) The results follows from the Definition [31] and item [d] of
Lemma

1) The results follows from the Definition [31] and item [a] of

Lemma

The results follows from the Definition [31] and item [f] of

Lemma

n) The results follows from the Definition [31] and item [g] of
Lemma

0) The results follows from the Definition 3] and item [f] of
Lemma

p) The results follows from the Definition [31] and Theorem
4] and item [] of Lemma

q) The results follows from the Definition [31] and item [b] of
Lemma

r) The results follows from the Definition 31] and item [c] of
Lemma

s) The results follows from the Definition [31] and item [d] of
Lemma

t) The results follows from the Definition 31] and Theorem
and item g of Lemma

u) The results follows from the Definition [31] and item [a] of
Lemma 5]

v) The results follows from the Definition [31] and item [b] of

Lemma 3]

The results follows from the Definition [31] and item [c] of

Lemma [31]

x) The results follows from the Definition [31] and item [] of
Lemma [31]

y) The results follows from the Definition [31] and item [d] of
Lemma[51] = € RT such that 2 > 0.

z) The results follows from the Definition [31] and item [f] of
Lemma [31]

«) The results follows from the Definition [31] and item [g] of
Lemma [31]

B) The results follows from the Definition [31] and item [ of
Lemma 311

7) The results follows from the Definition [31] and item [h] of
Lemma 5]

Proof of Theorem 34 Let x,y € R where z > 0 and
y < 0. It follows that:

A z-0=2zx0"!=xx00=o0m,
b) y=0=yx0!' =y xo0=—00,
) 0+-0=0x0"1=0x00=2.
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