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Almost Periodicity in Shifts Delta(+/-) on Time
Scales and Its Application to Hopfield Neural
Networks

Meng Hu, and Lili Wang

Abstract—In this paper, we first give three definitions with the
aid of the shift operators J., that is, almost periodicity in shifts
0+, almost periodic function in shifts 6+ and A-almost periodic
function in shifts 61, then by using the theory of calculus on
time scales and some mathematical methods, the existence and
uniqueness theorem of solution of linear dynamic system on
almost periodic time scale in shifts §+ is obtained. Finally,
we applying the obtained results to study the existence and
exponential stability of the almost periodic solution in shifts
0+ of a class of Hopfield neural networks with delays, several
examples and numerical simulations are given to illustrate and
reinforce the main results.

Index Terms—Almost periodic time scale in shifts §.; Expo-
nential dichotomy; Hopfield neural networks; Almost periodic
solution in shifts 51 ; Global exponential stability.

I. INTRODUCTION

T is well known that almost periodicity plays an im-

portant role in dynamic systems both theoretical study
and practical applications, see [1-6]. In recent years, with
the development of the theory of time scales (see [7,8]),
the existence and stability of almost periodic solutions of
dynamic equations on time scales received many researchers’
special attention; see, for example, [9-12]. In these works,
the almost periodic time scale T satisfies the condition
“t + s € T,Vt € T, s is the translation constant”. Under
this condition all almost periodic time scales are unbounded
below and above. However, there are many time scales such
as g2 = {¢" : ¢ > 1 is constant and n € Z} U {0} which
is neither closed under the operation ¢ + s nor unbounded
below. Therefore, almost periodicity on time scales need to
be explored further.

In [13-16], Adivar et al. defined two shift operators, i.e.
0 (forward shift operator) and §_ (backward shift operator),
which does not oblige the time scale to be closed under the
operations t £ s. The applications of the shift operators d1
on time scales; see, for example, [17-19]. Motivated by the
above works, the main purpose of this paper is to define
a new almost periodicity concept with the aid of the shift
operators d. We first give three definitions, that is, almost
periodicity in shifts §1, almost periodic function in shifts
0+ and A-almost periodic function in shifts §.. Under the
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definitions and the properties of shifts d, some basic results
on almost periodic differential equations in shifts §+ on time
scales are established. Moreover, we applying the obtained
results to study a class of Hopfield neural networks on time
scales as follows

V) = —aOu(t) + X eyt (w(0)
+ 32 dyOf 0 (o)) + 1), P
yl(s) = QZ)I(S)?S € [5—(%7t0)7t0}'ﬂ7i S N7

where ¢t € T, T is an almost periodic time scale in shifts
0+, N = {1,2,...,n}, the integer n corresponds to the
number of units in (1); y;(¢) corresponds to the state of the
ith unit at time ¢; a;(t) > O represents the passive decay
rate; ¢;; and d;; weight the strength of jth unit on the ith
unit at time ¢; I;(¢) is the input to the ith unit at time ¢ from
outside the networks; g; and f; denote activation functions
of transmission; the function d_(-,¢) is a delay function
generated by the backward shift operator §_ on time scale
T, 74; corresponds to the signal transmission delay along the
axon of the jth unit which is nonnegative and bounded, and

7 = max{r;}.

II. ALMOST PERIODICITY IN SHIFTS 4

Let T is a nonempty closed subset (time scale) of R. The
forward and backward jump operators o,p : T — T and the
graininess i : T — RT are defined, respectively, by

o(t)=inf{seT:s>t},pt) =sup{s€T:s <t}
w(t) =o(t) —t.

A point t € T is called left-dense if ¢ > inf T and p(t) = ¢,
left-scattered if p(t) < ¢, right-dense if ¢ < sup T and o(t) =
t, and right-scattered if o(¢) > ¢. If T has a left-scattered
maximum m, then TF = T\{m}; otherwise T* = T. If
T has a right-scattered minimum m, then T) = T\{m};
otherwise Ty = T.

A function f : T — R is right-dense continuous provided
it is continuous at right-dense point in T and its left-side
limits exist at left-dense points in T. If f is continuous at
each right-dense point and each left-dense point, then f is
said to be a continuous function on T.

A function p : T — R is called regressive provided 1 +
wu(t)p(t) # 0 for all ¢+ € T*. The set of all regressive and
rd-continuous functions p : T — R will be denoted by R =
R(T,R). We define the set Rt = RT(T,R) = {p € R :
14 u(t)p(t) > 0,Vt € T}.
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If r is a regressive function, then the generalized expo-
nential function e, is defined by

ertts) = { [ 0 (rirar]

for all s,t € T, with the cylinder transformation

M, it h+£0,
z, if h=0.

Let p,q: T — R are two regressive functions, define

p
TP e1=P @S9
Lemma 1. ([7]) Assume that p,q : T — R are two regressive
functions, then
(i) eo(t,s) =1 and e,(t,t) = 1;

(i) ep(0(t), s) = (14 u(t)p(t))ey(t, 5);

(iii) ep(t, s) = o7y = €op(s, b):

(iv) ep(t, s)ep(s r) =ep(t,7);

V) (eep(t 8)) = (©p)(t)eep(t, 5);

(vi) f p(t)ey(c,o(t))At = e,(c,a) — ey(c,b).

A comprehensive review on the shift operators d1 on time
scales can be found in [13-16].

Let T* is a non-empty subset of the time scale T and
to € T* is a fixed constant, define operators 04 : [tg, +00) X
T* — T*. The operators ;. and _ associated with ¢y € T*
(called the initial point) are said to be forward and backward
shift operators on the set T*, respectively. The variable s €
[to, +o0)T in 04(s,t) is called the shift size. The values
04 (s,t) and 0_(s,t) in T* indicate s units translation of the
term t € T* to the right and the left, respectively. The sets

Dy = {(S,t) S

are the domains of the shift operator §., respectively. Here-
after, T* is the largest subset of the time scale T such that
the shift operators 04 : [tg, +00) x T* — T* exist.

Next, we give three definitions with the aid of the shift
operators 0, that is, almost periodicity in shifts §.., almost
periodic function in shifts §+ and A-almost periodic function
in shifts d4.

pOe=p+q+upq,Op=—5—

[to, +OO)11‘ x T : 61(s,t) € T*}

Definition 1. (Almost periodicity in shifts 6+) Let T is a
time scale with the shift operators 6+ associated with the
initial point ty € T*. The time scale T is said to be almost
periodic in shifts 6+ if there exists p € (tg, +00)r+ such that
(p,t) € Dy for all t € T*, that is,

{p € (to, +00)r~ : (p,t) € Dy, Vt € T*} # 0.
Remark 1. In Definition 1, if
wr = inf{p € (tg, +00)+ : (p,t) € Dy, Vt € T*} # o,
then wr is called the period of the time scale T.

Definition 2. (Almost periodic function in shifts d+) Let T
is an almost periodic time scale in shifts 6. A real-valued
function f defined on T* is almost periodic in shifts 04 if
the e-translation set of f

Ele, f} ={(p.t) € D+ : [f(05(2)) —

is a relatively dense set in T* for all € > 0; that is, for
any given € > 0, there exists a constant l(g) > to, such

f@)| <eVeeT}

that in any interval of length 5“5 (+), there exists at least a
p € E{e, f} such that

[f(65(1)) —

where 0% := d4(p,t), p is called the e-translation constant
of f, l(e) is called the inclusion length of E{e, f}.

f@®)| <e,VteTr,

Remark 2. In Definition 2, if there exists a w € [wr, +00)~
and w € E{e, f} such that f(64(t)) = f(t), Vt € T*, the
smallest constant w is called the period of f.

Remark 3. If T = R or T = Z, then the operator 6", (t)) =
t £ p associated with the initial point to = 0, then Definition
2 is converted to the traditional definition of almost periodic
function on R or Z.

Now, we give two examples to illustrate the Definition 2
is more generality.
Example 1. Let T = R and ¢( = 1. The operators

Lift>0
= P’ -7
5 (p,1) { p RS forpeltoo)
and
pt, if t >0,
5+(p,t)—{ t i< for p € [1,+00)
p? )

are backward and forward shift operators (on the set R* =
R — {0}) associated with the initial point ¢y = 1.
Consider the function
4
71') ,t € R*.

f(t) = cos (11]:(1|)

By direct computation,

+1\ s

» . flp™), if t >0,

f((si(t)) - { (t )’ ift<0

<1n|t|:|:1n >

— T

1

In|¢ >
= cos n|1|7ri (117)%.
Letl:p:QQ”,nEZ, for any given € > 0, then

|F(05.(1)) —

n |t|
In(3)

shifts 6. Moreover, cos (=
in shifts d4.

f)] =0<e,Vt e R".

Therefore, cos( ) is an almost periodic function in
In |¢|

In(3)

) is a 4-periodic function

Remark 4. The function f(t) = cos (11;1(|lt ‘)TF) is not almost
periodic in the sense of the definition Sf almost periodic
function which has been defined in [9], but is almost periodic

in shifts 1. See, Figurel,

Example 2. Let T = ¢Z, ¢% = {q"
and ty = 1. The operators

:n € Z,q > 1y U{0},

4
5_(p,t) = ];vfor pE [1,+OO)

and

5+ (pa t)

are backward and forward shift operators (on the set qu* =
q%) associated with the initial point ¢y = 1.

= pt, for p € [1,+00)
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Fig. 1. Graph of f(t) = cos (%ﬂ’)
2

Consider the function
f(t) = (-1t
= ¢*>",n € Z, then
FOL() =
and for any given € > 0,

[F(65(1)) —

Int

Therefore, (—1)™4 is an almost periodic function in shifts
Int
1. Moreover, (—1)™4 is a g-periodic function in shifts d...

€ ¢z

Letl=p

=
=

(_l)lnti2n _(_

In g

—
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ft)] =0 < eVt e g

Remark 5. The function f(t) = (71)11%3 is not almost
periodic in the sense of the definition of almost periodic
function which has been defined in [9], since there is not
any positive constant p such that f(t+p) = f(t) holds. But
f () is almost periodic in shifts 0+. See, Figure2,
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Fig. 2. Graph of f(t) = (— 1)1n — 9.

Definition 3. (A-almost periodic function in shifts 1) Let
T is an almost periodic time scale in shifts .. A real-valued
function f defined on T* is A-almost periodic in shifts 0+
if the e-translation set of f

EA{g,f} =

{(pt) € D« |F(55.(0)5E7(8) = f(1)] <.Vt € T*)

is a relatively dense set in T* for all ¢ > 0; that is, for
any given € > 0, there exists a constant l(e) > to, such

that in any interval of length ol E)( -), there exists at least a
p € EA{e, f} such that

[FOL(1)027 (1) —
where 6% := 04 (p,t), p is called the e-translation constant
of f, l(¢) is called the inclusion length of E*{e, f}.

Lemma 2. Let f € C(T,R) is an almost periodic function
in shifts 0, then f{(t) is bounded on T.

f@)] <e,VteT,

Proof: We only consider the forward shift operator J,
the other case is similar. For given ¢ < 1, there exists a
constant /, such that in any interval of length dﬂr(-), there
exists at least a p € E{e, f}, such that | f(67 (t)) — f(t)] <
e,vt € T. In addition, f € C(T,R), then in the limited
interval [to, &% (to)]r, there exists a constant M > 0, such
that |f(¢t)] < M. For any given ¢t € T, we can take p €

E{e, fN6-(t,to),6-(t, to + 1)]r, then we have &% (t) €
[to, &% (to)]r. Hence we can obtain |f(6% (t))] < M and
|f(5ﬁ_(t)) — f(t)] < 1. So for all t € T, we have |f(t)| <

M + 1. This completes the proof.
Definition 4. ([9]) Let x € R™, and A(t) is an n X n rd-

continuous matrix function on T, the linear system
zB(t) = A(t)x(t), te T, ©)

is said to admit an exponential dichotomy on T if there exist
positive constant k,«, projection P and the fundamental
solution matrix X (t) of (2),satisfying

[ X(&)PX ™ (a(s)lo < keaalt,o(s)),

s,t € T,t > o(s),

X = P)X (o)l < heoa(o(s),1)

s, t €Tt <o(s),
where | - |o is the Euclidean norm.
Definition 5. The solution x* = (z%,2%,--,25)T of a
system is said to be exponentially stable, if there exists a
positive o such that for any £ € [6_(70,t0), tolT, 70 > to,
there exists N = N(&) > 1 such that for any solution
= (z1,29, -+ ,2n)7 satisfying

HJ? - JZ*H < NHSO - x*”eea(tvg)v te [tO’ +OO)T’

where  is the initial condition, and

lpi(§) —

0]) If the following conditions

; (6)]-

lo—z'l= max  sup
L<i<n ee[5_ (7o,t0),to]r

Lemma 3. ([2
(1) DFad(t) < Zam >+ji1bm<t>,te to, +00),
t,j=1,2,---,n,
whereaijZO( #7), bi; >0, Z i(to) >0, Z;(t) =
).

and 19 > 0 zs a constant;

sup  x(s

sfg[zs,(ro,t),t]qr
(2) M := —(aij + bij)nxn is an M-matrix;
hold, then there exists a constant v; > 0, a > 0, such that
the solutions of inequality (1) satisfies

<7 < Zi; fj(to)) ecal(l, to),

VtE(to,—‘rOO)T, 1=1,2,---.,n
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Consider the following almost periodic system in shifts J
v2(t) = A(t)x(t) + f(t), t €T, (3)

where A(t) is an almost periodic matrix function in shifts
d+, f(t) is a A-almost periodic vector function in shifts d,
and 62 (-, ) are bounded.

Let A(t) = (aij(t))nxm A" = (sup(aij(t)))nxn, 1<
i,7 <n, teT.

Theorem 1. If the linear system (2) admits exponential
dichotomy, and — A" is an M-matrix, then system (3) has a
unique almost periodic solution in shifts d+, which is globally
exponentially stable. And the solution

+oo
- / eatt)(I - P)es (o(s)f(s) s, ()

ea(t)Pey (0(s))f(s)As

where e A(t) is the fundamental solution matrix of (2).

Proof: First, we prove that z(t) is a bounded almost
periodic solution in shifts 1 of system (3). In fact,

() — A(t)z(t)
_ (t)/ Pes'(0(s))f (s)As
+ea(o(t)Pey (o(t)) f(t)

+o0o
_eﬁ(t)/t (I - P)e!(o(s))f(s)As
+ea(o(t))(I — P)eyt (U(t))f(t)

tea(t / Pe (a(s))f(s)As

FA(bea(t) / (I - P)e3 (0(s)) f(s)As

= ealo(®)(P+1—Pley (a(t)f(1)
= [

By Lemma 1, Lemma 2 and Definition 4,

[ o

- / ea(t)(I - P)ey!

(/_too eca(t,o(s))As

+/t+°° e@a(a(s)J)AS)kﬂo

1 1
< (2=
>~ (O{ 604) ‘f|07

that is, z(¢) is a bounded solution of system (3).
Furthermore,

/aim
— 0o

/_ X (% (6)PX " (0(6%(5)) £ (5% (3))627 () As;

+oo
X(0LM)(I = P)X™
oL (1)

(t)Pez (o(s))f(s)As

|z[o

(a(s))f(s)As

0

IA

X (6L ()PX ™ (o(s))f(s)As

Ho(s)f(s)As

+oo
- X(3()(I - p)X~

x f(0%(5))657 (5) As,

and f(t) is a A-almost periodic function in shifts d, then
we can check that () is an almost periodic solution in shifts
04 of system (3).

Next, we show that the solution z(t) is globally exponen-
tially stable and uniqueness.

Let z* = (a%,25,---,2%)T is a solution of (3), and
r = (xlaan"' 7xn)T

is an arbitrary solution of (3). From
system (3), we have

(x(t) — " (t)® = A(t)a(t) — A(t)z*(t). Q)
Assume that the initial condition of (3) is
d)(s) = (d)l(s)a T 7¢n(s))T7
then the initial condition of (5) is
d(s) = ¢(s) — z*, 5 € [6_(70, o), to)r-
Let V(t) = |z(t) — *(t)|, the upper right derivative
D+VA(t) along the solutions of system (5) is as follows
DYVA(t) = sign(x(t) —a*(t))(2(t) — =" (1)>
< A"W(t)+ OV (1),

o (0%(5)))

CES [5,(7'0,150),750]'[,7'0 > 0,

where O is an n X n-matrix with all its elements are zeros,
“<” denotes the relationship between the components of
vectors of the two sides, respectively.

Since —(A + O) = —A is an M-matrix, according to
Lemma 3, then there exist constants « > 0, o > 0, for any
¢ e [(57 (To, to), to]']r,

i (t) — 2 (¢)]

IN

|9:(§)

Yo |: sup
£€[d—(70,t0),tolT

- xz@)@ coaltso)

0 { sup
eca(t0,€) L ecls_ (ro.to) tolr

t € [to, +00)T.

6u(6) xf(f)@ coalt,),

Then, there exists a positive constant 7 > M

that

, such

[ = 2% < Ni¢ = 2% lecalt,€), t € [to, +o0)r,  (6)
where N = N(&§) = o

> 1, and |jz|| =

eca(to,§)
max  sup |z (t)].
1<7'<7'f€[t0 +OO)']]‘
By Definition 5, the solution z* = (z%, 25, ,2%)T is

globally exponentially stable, that is, the solution of system
(3) is globally exponentially stable.

In inequality (6), let t — +oo, then egn(t,&) — 0, so we
can get x = zx*. Hence, system (3) has a unique solution.
This completes the proof.

Lemma 4. ([9]) Let ¢;(t) is an almost periodic function in
shifts 1. on T, where c¢;(t) > 0, —¢;(t) € R*, V¢t € T and

min {inf ¢;(t)} =m >0,

1<i<n " teT

then the linear system
B (t) = diag( — c1(t), —ca(t), - -

admits an exponential dichotomy on T.

= (t)z(t)  (7)
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By Lemma 4 and Theorem 1, we can obtain the following
result.

Corollary 1. In system (3), if
A(t) = diag(—aq(t), —aa(t), -+, —an(t)),

and min {mf a; )} = a > 0, then the system (3) has a

1<i<n
unique almost perlodic solution in shifts 6+, which is defined

in (4).

III. AN APPLICATION

In this section, by using the definitions and the results
developed in Section 2, we shall study the existence and
exponential stability of almost periodic solution in shifts J1
of system (1).

Firstly, we make the following assumptions

(H1) ai(t),cij(t),dij(t), I;(t) are almost periodic functions

in shifts 4 defined on T, 4,5 € N.

fi»9; € C(R,R) and satisfy f;(0) = 0, ¢;(0) = 0,

respectively. Moreover, there exists positive constants

LY, L9 such that | f; () — f;(y)| < Ljle—yl, |g;(x)—
o) < Lile—yl. j EN

(H2)

(Hg))\ mln{lnfal )} >0, and 1—p(t)a;(t) >0, Vit €
T, ¢ E N
(Hy) 5:%(-, t) are bounded functions on T.

By Lemma 2, we know that all almost periodic functions
in shifts 4 are bounded. For convenience, we denote a =

sup la(t)|, a = gqu'a(t)‘ for any a(t) € APS(T), where
teT
APS(T) is a set of all almost periodic functions in shifts

0+ on the time scale T.

Theorem 2. Assume that (Hy) — (Hy) hold, and

RS

then system (1) has a unique almost periodic solution in
shifts 04 in ||z — zol| < {252, where

([ canltotnnas. .

[fm@deQ

and wy = maX{I }
ieN a@;

T

Proof: Let B = {z|z = (¢1,v2,-- ,¥y)" }, where z
is a continuous almost periodic function in shifts 61 on time
scale T with the norm

= S . t
21l = mas { sup [i(0)]}

As},

then B is a Banach space.
For any z € B, consider the solution ¥, (¢) of the nonlinear
almost periodic dynamic system in shifts

yz‘A(t) = +Zdw )15 (6-(7i5,1)))

j=1

+ Z cij(t)g;(;(t)) +

_az

L(t),ieN. (8

Since miél {infa;(t)} > 0, according to Corollary 1, the
1€

uniqueness solution of system (8) can be expressed as the
following form

y(t) =

([ et

()£ (13 (0-(715,5)))

+;c1j(5)gj(”¢fj($)) Jr[l(s)]As,... ,
/_tooe an(t:0( {de (8); (10 (6_(Tnj, 5)))

# 3 ens(9105(0) + 1n(5)| s . ©)

Define a mapping ¢ : B — B, and
O(2)(t) = y=(t), V 2z € B.
Set

wLw
B*:{z|zeB,||z—zo||< — }
“ o

then B* is a closed convex subset of B. According to the
definition of the norm on B, we have

t
llz0l] = max{sup/ 6_,11,(15,0(5))],;(5)A5}
1eN teT —00
< maxs§ — p = Wa.
ieN | a;
Therefore,

()
1—

First, we show that the mapping ® is a self-mapping from
B* to B*. In fact, for any z € B*, we have

1(2) — 2ol

- s {| [ ettt
4;%@mwamm»

n Zj; Cij(s)gj(wj(s))} As }

12l < Iz = 2ol + ll20ll =

t
< r?eal\)li?el?rp{/ooeai(t’a(S))
[Zd”L |¢j 7—137 ))|
3 a0 o)
j=1
t
< nlaeainlelTp{/ooe—ai(t,U(S))

[Zde + chLg} As}||z||
+Z%]%z

IN
58
ZK

—N
B |-
| — |
Mﬁ
&\
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which implies that ®(z)(¢) € B*. Therefore, the mapping ®
is a self-mapping from B* to B*.

Next, we show that the mapping ® is a contraction
mapping of B*. In fact, in view of (H;) — (Hy), for any

z,Z € B,
= (1/J17¢2,"' 7’(/}n)Ta zZ= (1/;171/;27"' 71/;n)T7
we have
[®(z) — @(2)||

- w{| [
{Zdw )5 (%5(6- (75, 5)))

_fj(w]( (7-137 )))]
+Z% )19 (W (s >>—gj<zzj<s>>]}m

%Xiz%{/ i
[Dd” (55— (735, 5)))

~F (56 )
+Zlcza ()15 (5 (s ))—gjwj(s))@m}

t
maxsup{/
1N ¢eT 00

[Zdn L5 (ri 8)) = 56 (ri )

—M)}As}

€—a;(t,0(s))

a;(t,0(s))

|

IN

€—a;(t,0(s))

IN

€—a;(t,0(s))

+25z’jL?|¢j(5)
=1

t
maxsup{/
1€EN 4T .

x{§:£5L§+-§:5Uzg]As}|z—z|
j=1 j=1

1 _
rf =~ 19 _ 3
m{[z ily+ 2 C”Lj””"” &
v =1 Jj=1
= wllz—Z|.

IN

IN

This implies that the mapping ® is a contraction mapping.
Hence, ® has exactly one fixed point z* in B* such that
O(2*) = z*, that is, system (1) has a unique almost periodic
solution in shifts d+ in B*. This completes the proof.

Theorem 3. Assume that (Hy) —
of Theorem 2 hold. Furthermore, if A — (CLY + DLY)
is an M-matrix, where A = diag(a;,as," - ,a,), C =
(Cz])nxna D= (Jij)nxn; LY = dlag(Lélla Lga t aL%),Lf =
dlag(Ll,LQ, -« L), then the almost periodic solution in
shifts 04 of system (1) is globally exponentially stable.

(Hy) and the conditions

Proof: According to Theorem 2, system (1) has
an almost periodic solution in shifts Jy, denote it as
x*(t) = (25(t),25(t),...,25(t))T. Assume that z(t) =
(x1(t), 22(t),...,2,(t))T is an arbitrary solution of (1).

Let u(t) = x(t) — z*(t), then for ¢ € N, the system (1)

can be written as

uBt) = )+ 3 e (Dpy (1))
+3 " dij (1)q; (wi (6-(7i5,1)),  (10)
j=1
where
pj(ui(t)) = gj(z;(t)) — g5(z; (1)), qj(u; (6 (735, 1)))
= Fi(@; (- (rigs 1)) = F3(@3 (8- (i3, 1))

The initial condition of system (10) is ¥(s)

From (Hj), we have

= w(s)_x*a 5 €

I (u)] < LYJu;l, |gj (ug)| < L |uy], j € N.

Let V;(t) = |u;(¢)|, calculating the upper right derivative
D+VA(t) along the solutions of system (10),

DTVA(t)
= sign(u;(t))ud (t)

a;lui(t H’ZCZJL Juj (t ‘+Zd’bJLf|uJ )|
Jj=1
< +§:QﬂLV iid LIV, (t)

that is
DYVA(1)

IN

< (A+CLOV(t)+ DLV (t), t €T,

where “<” denotes the relationship between the components
of vectors of the two sides, respectively.

Since A — (CLY + DLY) is an M-matrix, according to
Lemma 3, there exist constants g > 0, r > 0, such that

Vi(t) = |ui(@)]
< v osup o [4i(Q) — 2t (Q)lecp(t to), i €N,
CE[6—(7,t0),tolr
that is
|2i(t) — 7 (1)
< v osup o [(Q) — 27 (()leeu(t to)
ce[é (%,t0),tolr
x*|lesu(t,€), i € N.
eeu(to, )H¢ || 9}4( C)
LetN:N(C): m ,then
|z = 2*[| < Nl — 2% lecn(t, €), t € T.
From Definition 5, the solution z* = (z%,z3%,--- ,z%)T of

system (1) is globally exponentially stable. This completes
the proof.

IV. NUMERICAL SIMULATIONS

Consider the following system

A = —aOut) + 21 (09 (5 (1)
2 ’ (11)
+ 30 diy (0005 (0 (75,1)) + Fi0),
yi(s) = ¢i(s),s €[6_(7,t0),to]r,i = 1,2.
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The first two cases. Let T = R and ¢y = 1, the operators

d+(p,t) = 6% (¢), which have been defined in Example 1.
Case I. Almost periodic solution in shifts d1. Let
diag(as(t), ax(t))
[ 2+ sin(lf(gl)ﬂ) 0
B 0 2— cos(f:(lﬂ)w) ’
- 2
(cij(t))2x2
T 0 0.5 sin \/E(I‘Ij‘('%t')n)
|03 sin(lf('j‘)w) 0 ’
- 2
(dij ())2x2 N ‘ ‘ ‘
— 04 Sin 2( llril(‘ltl) 7T) O 0 50 1(30 150 200
— 2
0 0.5sin \/i(lllj‘(‘j')w) ’
- 2
; 3sin \/5(11n(|£‘) )
i(t = : )
Ti®)21 3c082(1111(|f?)7r)
2

fi(y;(0-(7ij, 1)) = tanh(y;(t)),
1
95(y;(#) = 51y (&) + 1] = ly; (t) — 1))
By direct computation, we can obtain
LI=1Y=1i,j ENA=1>0,Q0=09<1,

and

A—(CLY+D Lf ) = { _()(')63 _0055 :| 2 50 100 150 200

is an M -matrix. 5
According to Theorem 2 and Theorem 3, we can conclude
that (11) has an almost periodic solution in shifts d., and
the solution is exponential stability. See Figure 3.
Case II. Periodic solution in shifts 4. Let

diag(aq(t), az(t))

2+ sin( {24l 7) 0 ' -
2
0 2— cos(llél(‘il)ﬂ) ’ of
2
In |t]
(cij(t))2x2 [ 0.3si (Oln|t| ) O5sm(01n(§)7r) 1 ) B
3sin( )™ 5 ‘
0.4 sin( ln(‘fl)ﬂ') 0 R y1 P e
In(3
(dU (t))2><2 - [ 0 : 0 5Sin( In If\ 77) ’ Fig. 3. Dynamic behaviors of system (11), the parameters are given in
' In(3) Case 1.
I SSln(II;‘(El)W)
(Li(t))2x1 = SCos(lln(lf‘)W) ’ Case III. Almost periodic solution. Let
niz
B . 24 sint 0
(y; (6_(745,t))) = tanh(y;(t)), =
f](yj( ( j ))) (y ( )) dlag(a1(t),az(t)) l: 0 92 _ cost :| )

30 (0)) = 515 (0) + 1] = s (6) — 1]). 0., 5]

. - o . (cig(t))2x2 = { 0.3 sint 0
Then system (11) is a 4-periodic system in shifts J. Simi-

larly to the computation of Case I, according to Theorem 2 (dij (£))axz = [ 0.4sin 2t .0 } 7
and Theorem 3, we can conclude that (11) has a 4-periodic 0 0.5sin /2t
solution in shifts d, and the solution is exponential stability. (L(1))ax1 = [ 3sin /5t }
See Figure 4. AL T 302t |

The following two cases. Let T = R and ¢y = 0, the Fi(y; (6_(7i;,t))) = tanh(y; (1)),
operators 64 (p,t) =t — p, then system (11) is deduced into 1
the traditional almost periodic system. 9i(y; (1)) = §(|yj(t) + 1 = [y;(t) — 1))
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Fig. 4. Dynamic behaviors of system (11), the parameters are given in
Case 1II.

Similarly to the computation of Case I, according to Theorem
2 and Theorem 3, we can conclude that (11) has an almost
periodic solution, and the solution is exponential stability.

See Figure 5.

Case IV. Periodic solution. Let

diag(ay(t), as(t)) = [

(ess0)ana = |
(dij(t))2x2 = [

0
0.3sint

0.4sint
0

2+ sint
0 2 —cost

0.5sint
0

0
0.5sint

0

|\
|\

|\

0 10 20 30 40 50

10 20 30 40 50

y2

—16.1)

1+

yl

Fig. 5.

Dynamic behaviors of system (11), the parameters are given in
Case IIL
3sint

(Li®)2x1 = [ 3cost } ’

[i(yj(6—(7ij, 1)) = tanh(y:(t)),

9103 (1)) = 5 (s (0) + 11~ lys (6) — 1)),
Similarly to the computation of Case I, according to Theorem

2 and Theorem 3, we can conclude that (11) has a periodic

solution, and the solution is exponential stability. See Figure
6.

V. CONCLUSION

From the examples and numerical simulations in Section
IV, the coefficients of the first two cases are almost periodic

Volume 29, Issue 3: September 2021



Engineering Letters, 29:3, EL._29 3 06

y2
N

—61)

Fig. 6.
Case IV.

Dynamic behaviors of system (11), the parameters are given in

functions in shifts 4, but not almost periodic functions; and
if we choose suitable shift operators, almost periodic function
in shifts 01 will be deduced into almost periodic function,
see cases III and IV; that is, almost periodic function which
has been defined in [9] is a special case of almost periodic
function in shifts 4. Moreover, we can study the existence
of almost periodic solution in shifts . on more general time
scales, even the time scale is not satisfy additivity or the time
scale is bounded. Therefore, the obtained results in this paper
improve and supplement that of the previous studies.

We would like to point out here that the obtained results in
this paper can be used to study many other dynamic systems;
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