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Abstract—In this paper, we discuss the problem of global
fixed-time stabilization(FxTS) for a class of switched nonlinear
systems(SNSs) in p-normal form. The constructive design pro-
cedure for state feedback control is developed using the addition
of the time-varying scaling transform (TVST) and the common
Lyapunov function technique. The proposed controller is shown
that it drives the states of the closed-loop system (CLS) to
zero at any finite time under arbitrary switchings(ASs). Finally,
simulation results are given to confirm the effectiveness of the
proposed method.

Index Terms—Arbitrary switchings(ASs), fixed-time stabi-
lization(FxTS), SNSs in p-normal form, time-varying scaling
transform.

During the past years, switched systems have attracted
much attention by extensive applications in various fields,
such as, gene regulatory networks, multi-agent systems,
mechanical systems, robotic and switching power converters
[1]. Different properties, especially analysis and design of
switched systems, were considered under arbitrary or con-
strained switchings, for example refer to [2-4].

By comparison, the stability under ASs is more desir-
able for switching systems than stability under constrained
switchings because of its theoretical and practical impor-
tance. Although the existence of a common Lyapunov func-
tion for all subsystems is enough to ensure the asymptotic
stability of switch systems under ASs [5], finding a common
Lyapunov function for SNSs is often difficult and challeng-
ing. Fortunately, the typical system structures are sometimes
available. Recently, as the important kind of the SNSs, p-
normal SNSs has gained considerable attention [6–9].

On the flip side, the research on finite-time control has
proved to be popular recently because of the superior prop-
erties of finite-time stable system, such as fast response,
good robustness and disturbance rejection [10–17]. As for
SNSs under ASs, some remarkable results on finite-time
stabilization under ASs have been also reported [18–20].
However, the settling time function derived in the finite time
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control design depends on the initial state of the research
system, which prohibits the practical application to some
extent. Naturally, the following questions are raised. For
a SNS, is it possible to design a fixed-time stabilizing
controller? Under what conditions and how can we achieve
this object? To our best knowledge, these questions have not
been well-answered in the literature, which motivates our
present work.

Concretely, for a class of SNSs in p-normal form, we
first introduce a time-varying scaling transformation (TVST)
[21, 22] to converts the original FxTS problem into the
asymptotic stabilization problem of transformed system.
Then, by employing the based adding a power integrator
technique, we develop a common state feedback control
design procedure to render the states of CLS to zero in any
prescribed finite time under ASs.

Throughout this paper, the following notations are adopted.
R+ denotes the set of all nonnegative real numbers and Rn

denotes the real n-dimensional space. R≥1 :={p ∈ R+ ∩
[1, +∞). For any a ∈ R+ and x ∈ R, the function [x]a is
defined as [x]a = sign(x)|x|a.

I. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following SNSs in p-normal form

ẋi = [xi+1]
pi + fi,σ(t)(x̄i),

i = 1, . . . , n− 1,
ẋn = [uσ(t)]

pn + fn,σ(t)(x̄n),
(1)

where x = (x1, . . . , xn)
T ∈ Rn is the state vector,

x̄i = (x1, . . . , xi)
T , i = 1, . . . , n. σ(t): [0,+∞) → M =

{1, 2, . . . ,m} is the switching signal. pi ∈ R≥1, i = 1, . . . , n
are the power orders. For each k ∈ M, uk ∈ R is the
control input of the kth subsystem. For any k ∈ M and
i = 1, . . . , n, the functions fi,k:Ri → R are continuous
w.r.t. their arguments and satisfy f(0) = 0. Moreover, the
states of system (1) not jumping at the switching instants is
considered here.

The following assumptions are imposed on system (1),
which are commonly used in the literature (e.g., [19, 21, 23]).

Assumption 1: The switching signal σ(t) has finite num-
ber of switching on every bounded time interval.

Assumption 2: For i = 1, . . . , n, k ∈ M, there exist C1

functions φi,k(x̄i) ≥ 0 such that

|fi,k(x̄i)| ≤ φi,k(x̄i)
i∑

j=1

|xj |
ri+τ

rj , (2)

for τ > −1/(
∑n

l=1 p1 · · · pl−1) and ri’s defined as

r1 = 1, piri+1 = ri + τ, i = 1, . . . , n. (3)
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Definition 1: [23] Consider

ẋ = f(t, x), f(t, 0) = 0, x(0) = x0 ∈ Rn, (4)

where f : R+ × Rn → Rn. The origin of system (4) is
referred to be globally fixed-time stable if it is globally finite-
time stable and there exists a bounded settling-time function
T (x0) to make sure that the solution x(t, x0) of (4) satisfies
x(t, x0) = 0, ∀t ≥ T (x0).

Lemma 1: [24] For any x, y ∈ R, and a constant a ≥ 1,
one has

|x+ y|a ≤ 2a−1|xa + ya|;

(|x|+ |y|)1/a ≤ |x|1/q + |y|1/a ≤ 2(a−1)/a(|x|+ |y|)1/a.

Lemma 2: [24] If c, d are positive constants, then for any
real-valued function δ(u, v) > 0, one has

|u|c|v|d ≤ c

c+ d
δ(u, v)|u|c+d +

d

c+ d
δ−c/d(u, v)|v|c+d.

Lemma 3: [25] If 0 < p ≤ 1 and a > 0, then for any
x, y ∈ R, one has

|[x]ap − [y]ap| ≤ 21−p|[x]a − [y]a|p.

II. GLOBAL FIXED-TIME STABILIZATION

In this section, we propose a constructive design mecha-
nism of state feedback controller which can stabilize system
(1) within any prescribed finite time T > 0. The design
procedure is proceeded in two cases: 0 ≤ t < T and t ≥ T .

Case 1: 0 ≤ t < T. Introduce the following TVST

zi = Lλixi, i = 1, . . . , n, (5)

where
L =

T

T − t

and

λi = 1 + piλi+1, i = 1, . . . , n− 1, λn = 1.

Then, switched system (1) is rewritten as

żi = L
(
[zi+1]

pi + f̃i,σ(t)(z̄i)
)
, i = 1, . . . , n− 1,

żn = L
(
[uσ(t)]

pn + f̃n,σ(t)(z̄n)
)
,

(6)

where

f̃i,σ(t)(z̄i) = λizi
L̇

L2
+ Lλi−1fi,σ(t)(x̄i), i = 1, . . . , n,

(7)
Note that L(0) = 1, L(T ) = +∞ and L(t) is monotoni-

cally increasing, we can check that for i = 1, . . . , n, k ∈ M,
there are smooth functions φ̃i,k(z̄i) ≥ 0 such that

|f̃i,k(z̄i)| ≤ φ̃i,k(z̄i)
i∑

j=1

|zj |
ri+τ

rj . (8)

Then, by choosing ρ ρ ≥ max1≤i≤n+1{ri}, we introduce

ξ1 = [z1]
ρ
r1 , z∗n+1 = u,

ξi = [zi]
ρ
ri − [z∗i ]

ρ
ri , i = 2, . . . , n,

(9)

where z∗i : Ri → R, i = 2, . . . , n + 1 are C0 functions
independent of k to be specified later.

With (5)–(9), a fixed-time state feedback stabilizing con-
troller will be developed for the case of 0 ≤ t < T .

Step 1. Choose a common Lyapunov function candidate
as follows:

V1(z1) = W1(z1) =
r1
2ρ

|z1|
2ρ
r1 . (10)

For every subsystem k of (6), a simple calculation based on
(8) gives

V̇1 ≤ L
(
[ξ1]

2ρ−r1
ρ ([z2]

p1 − [z∗2 ]
p1)

+ [ξ1]
2ρ−r1

ρ [z∗2 ]
p1 + |ξ1|

2ρ+τ
ρ φ̃1,k

)
.

(11)

It is clear that the virtual control

z∗2 = −β
r2
ρ

1 (z1)[ξ1]
r2
ρ , (12)

with β1(z1) ≥ maxk∈M(n+ φ̃1,k)
ρ/p1r2 being a C1 function

independent of k, renders

V̇1 ≤ −nL|ξ1|
2ρ+τ

ρ + L[ξ1]
2ρ−r1

ρ ([z2]
p1 − [z∗2 ]

p1) . (13)

Step i (i = 2, · · · , n). Assume that at step j − 1, there
exists a common C1 Lyapunov function Vi−1 that is positive
definite and proper, and a series of C0 virtual controllers
z∗2 , . . . , z

∗
i defined by (9) such that

V̇i−1 ≤ −(n− i+ 2)L
i−1∑
j=1

|ξj |
2ρ+τ

ρ

+L[ξi−1]
2ρ−ri−1

ρ ([zi]
pi−1 − [z∗i ]

pi−1) .

(14)

Then, for step i choose

Vi(z̄i) = Vi−1(z̄i−1) +Wi(z̄i), (15)

where

Wi(z̄i) =

∫ zi

z∗
i

[
[s]

ρ
ri − [z∗i ]

ρ
ri

] 2ρ−ri
ρ

ds. (16)

It can be shown that Vi(z̄i) is C1, positive definite and proper
[24]. Furthermore, from (14) we have

V̇i ≤ −(n− i+ 2)L
i−1∑
j=1

|ξj |
2ρ+τ

ρ + L[ξi]
2ρ−ri

ρ [zi+1]
pi

+L[ξi−1]
2ρ−ri−1

ρ ([zi]
pi−1 − [z∗i ]

pi−1)

+L[ξi]
2ρ−ri

ρ fi,k + L

i−1∑
j=1

∂Wi

∂zj
([zj+1]

pj + fj,k) .

(17)
To continue, the following estimates are needed.
First, one derives from Lemmas 2 and 3 that

[ξi−1]
2ρ−ri−1

ρ ([zi]
pi−1 − [z∗i ]

pi−1)

≤ 1

3
|ξi−1|

2ρ+τ
ρ + |ξi|

2ρ+τ
ρ ci,1,

(18)

where ci,1 is a positive constant.
Second, from Lemmas 1 and 2, one has

[ξi]
2ρ−ri

ρ fi,k ≤ 1

3

i−1∑
j=1

|ξj |
2ρ+τ

ρ + |ξi|
2ρ+τ

ρ ci,2,k, (19)

where ci,2,k ≥ 0 are C1 functions.
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Finally, after some tedious but simple calculations based
Lemmas 1-3, there holds

[ξi]
2ρ−ri

ρ fi,k +

i−1∑
j=1

∂Wi

∂zj
([zj+1]

pj + fj,k)

≤ 1

3

i−1∑
j=1

|ξj |
2ρ+τ

ρ + |ξi|
2ρ+τ

ρ ci,3,k,

(20)

for C1 functions ci,3,k ≥ 0.
By substituting (18) and (20) into (17), one has

V̇i ≤ −(n− i+ 1)L

i−1∑
j=1

|ξj |
2ρ+τ

ρ + L[ξi]
2ρ−ri

ρ [z∗i+1]
pi

+L[ξi]
2ρ−ri

ρ
(
[zi+1]

pi − [z∗i+1]
pi
)

+L|ξi|
2ρ+τ

ρ (ci,1 + ci,2,k ++ci,3,k).
(21)

Therefore, design the common controller z∗i+1 as

z∗i+1 = −β
ri+1

ρ

i (z̄i)[ξi]
ri+1

ρ , (22)

where the function βi(z̄i) is C1 independent of k and satisfies

βi(z̄i) ≥ max
k∈M

(n− i+ 1 + ci,1 + ci,2,k ++ci,3,k)
ρ

piri+1 .

(23)
It is obtained that

V̇i ≤ −(n− i+ 1)L
i∑

j=1

|ξj |
2ρ+τ

ρ

+L[ξi]
2ρ−ri

ρ
(
[zi+1]

pi − [z∗i+1]
pi
)
.

(24)

Step n. Take

Vn(z) =
n∑

j=1

Wj(z̄j)

=
r1
2ρ

|z1|
2ρ
r1 +

n∑
j=2

∫ zj

z∗
j

[
[s]

ρ
rj − [z∗j ]

ρ
rj

] 2ρ−rj
ρ

ds.

(25)
Following the above inductive steps, at this step there exists
a continuous common state feedback controller

u = z∗n+1 = −β
rn+1

ρ
n (z̄n)[ξn]

rn+1
ρ , (26)

such that

V̇n ≤ −L
n∑

j=1

|ξj |
2ρ+τ

ρ ≤ −
n∑

j=1

|ξj |
2ρ+τ

ρ . (27)

Thus, it is completed the controller design for the case of
0 ≤ t < T .

Case 2: t ≥ T. The common state feedback controller u
can be simply taken as u = 0.

Theorem 1: For SNS (1) with Assumptions 1 and 2, there
exists a switched common state feedback controller of form

u =

{
−β

rn+1
ρ

n (z̄n)[ξn]
rn+1

ρ , 0 ≤ t < T,
0, t ≥ T,

(28)

such that the origin of the CLS is globally fixed-time stable
under ASs within given finite settling time T .

Proof. From (9), Lemma 4.3 in [26] and the fact that Vn(z)
is positive definite and proper, one knows that K∞-class
functions π1, π2 and π3 exist such that

π1(|z|) ≤ Vn(z) ≤ π2(|z|), (29)

V̇n ≤ −π3(|z|). (30)

which indicate that z(t) is asymptotically convergent and is
bounded on [0, T ).

On the other hand, the TVST (5) gives

xi(t) = L−λi(t)zi(t) =

(
T − t

T

)λi

zi(t), i = 1, . . . , n.

(31)
Consequently, it is obtained that

lim
t→T

xi(t) = lim
t→T

(
T − t

T

)λi

zi(t) = 0, i = 1, . . . , n.

(32)
By the solution properties of existence and continuation,

one has x(T ) = 0. Furthermore, by fi,k’s vanishing at the
origin and u(t) = 0, ∀ t ≥ T , it is concluded that x(t) = 0
∀ t ≥ T and{

|x(t)| ≤ |z(t)| ≤ |z(0)| = |x(0)|, 0 ≤ t < T,
0 = |x(t)| ≤ |x(0)|, t ≥ T.

(33)

From Definition 1, it is obvious that the origin of the CLS
is globally fixed-time stable under ASs within given finite
settling time T . Therefore, the proof is completed.

III. SIMULATION STUDY

Consider a CSTR system with two modes feed stream as
in [27], whose dynamic can be described as

ĊA =
qσ
V

(CAfσ − CA) + a0 exp

(
− E

RT

)
CA,

Ṫ =
qσ
V

(Tfσ − T ) + a1 exp

(
− E

RT

)
CA + a1(Tc − T ),

(34)
where σ(t) : [0,+∞) → {1, 2} and the physical meaning
of the parameters for this system can be referred to [27].
Letting x1 = CA−C∗

A and x2 = T −T ∗, after some simple
calculations, the system can be expressed as

ẋ1 = x2 + f1,σ(t)(x1), ẋ2 = u, (35)

with f1,1(x1) = 0.5x1 and f1,2(x1) = 2x1. For the above
system, it is readily verified that all the assumptions are satis-
fied with τ = 0, φ1,1 = 0.5, φ1,2 = 2 and r1 = r2 = r3 = 1.
By introducing the TVST z1 = L2x1 and z2 = Lx2, the
system (35) is transformed into

ż1 = L
(
z2 + f̃i,σ(t)(z1)

)
, ż2 = Lu, (36)

where f̃1,σ(t)(z1) = 2z1L̇/L
2+Lf1,σ(t)(x1), which satisfies

(8) with φ̃1,1 = (2/T ) + 0.5, and φ̃1,2 = (2/T ) + 2. Taking
ρ = 1, by the design procedure in Section III, we can design
a switched common fixed-time controller for system (35) as

u =

{
−β2(z̄2)ξ2, 0 ≤ t < T,
0, t ≥ T,

(37)

where ξ2 = z2 + β1z1, β1 = (3.1 + 2/T ) and β2 = 0.1 +
β1 + 0.5β2

1(1 + φ̃2
1,2).

By setting the prescribed time T = 2 and three cas-
es of initial conditions: (i) (x1(0), x2(0)) = (−1, 2), (i-
i) (x1(0), x2(0)) = (−5, 10) and (iii) (x1(0), x2(0)) =
(−10, 20), Fig. 1 is obtained to exhibit the state responses of
the CLS. From this Figure, we can clearly observe that the
CSTR system can be stabilized in a given prescribed time
independently of the initial conditions, which demonstrates
the effectiveness of the control method proposed in this
paper.
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IV. CONCLUSION

In this paper, a novel TVST has been found to convert the
original fixed-time stabilization problem into the asymptotic
stabilization problem of transformed one, and a constructive
solution to fixed-time stabilization of SNSs in p-normal form
has also been provided. Some related problems remain open,
e.g., for system (1), whether an output feedback stabilizing
controller can be designed? For system (1) with state or
input delay, can a stabilizing controller be designed under the
similar assumptions? Recently, the time-varying powers case
has been investigated for non-switched nonlinear systems.
Thereupon, a naturally arose issue is to address the fixed-
time stabilization when the SNSs contain the time-varying
powers.
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