
 

  

Abstract— This paper focuses on the thermal ( ) and 

solutal ( ) stratification on Magnetohydrodynamics (MHD) 

oil-based nanofluid. The local symmetry transformation is 

applied to convert the governing equations from partial 

differential equations (PDEs) into a set of non-Linear ordinary 

differential equations (ODEs). The fourth/fifth order Runge 

Kutta Fehlberg method with shooting scheme is applied for 

numerical simulation. Results obtained were plotted and 

analyzed. The Figures compared the reaction of both thermal 

stratification ( ) and solutal stratification 

( . The results show that there is significant 

positive correlation between them. It was gathered that the 

result of  is higher when compare to 

. Result indicates that thermal and solutal 

stratification temperature  and concentration  

increase as a result of increase in the thermophores parameter, 

, which is as result of the combine influences of the density 

and electric conductivity of the nanofluid. 

 
Index Terms— MHD, nanofluid, solutal stratification, 

thermal stratification 

I. INTRODUCTION 

HE roles of thermal and solutal stratification on heat 

and mass transfer analysis in the boundary layer 

nanofluid flow over a stretching surface has key impact 

in industrial and engineering applications. For examples 

include, drawing on stretching sheets through quiescent 

fluids, compact heat exchangers, solar power collectors, 

manufacturing of plastic and rubber sheets, annealing and 

thinning of copper wires, boundary layer along a liquid film 

condensation process, damage of crops due to freezing, 

desalination, refrigeration and air conditioning, human 

transpiration and many others [1], [2]. 

 

One of the paramount disciplines for thermal engineering 

is heat transfer. There are three mechanisms in heat transfer 
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[3]. This includes conduction (in solid), convection (in 

liquid and gas) and radiation (through penetrating objects). 

In thermal convection, heat is being transferred via a mass 

movement of liquid (oil and gas), which is the main focus of 

this paper. 

 

Therefore, it is paramount for researchers to explore more 

on the impacts of thermal conductivity that would supersede 

the traditional method. One of the mostly considered 

example of the traditional method is the theories of Maxwell 

[4]. The major drawback of  the Maxwell’s theories is that 

the cooling capacities is  low [5], [6], [7]. Also, its behavior 

is insufficient when compared to the nanoparticle thermal 

conductivity.  

 

Lately, several researches have been extensively done 

leading to the addition of based fluid [8]. In the late 

nineteenth century, Stephen U.S. Choi introduced a term 

called nanofluid [9]. This nanofluid comprises of a dispersal 

submicronic solid particle known as nanoparticle [10]. The 

main objective of the nanoparticle is to diffuse solid particle 

in fluid in order to boost thermal conductivity [11], [12], 

[13]. This approach has been further investigated and proved 

by several researchers [14] [15], [16], [17]. The 

nanoparticles can be obtained from metals such as  and 

, oxides such as  and single surface carbon 

nanotubes (SWCNTs). 

 

On the other hands, nanofluid can be described as a single 

stage composite of nanometer sized solid suspended 

particles and fibers in traditional base fluids. The frequently 

used based fluid are; oil, ethylene glycol mixture, toluene, 

etc. Nanofluids attempts many distinct assets in 

manufacturing employments such as; fuel cell, nuclear 

reactors, , transportation, microelectronics, and biomedicine 

[18], [19], [20] and [21].  

 

Recently, several researchers have investigated the 

nanoparticles with the connection to industrial and 

engineering application. Some of such investigations cover 

area of oscillatory enhancement [22], nanoparticle effects on 

copper [23], stead and unsteady squeeze flow[4] and lots 

more. More so, these approaches have been applied to 

different area of chemical production [24], engineering [25], 

power development of a power plant [26], automotive [27], 

beforehand nuclear systems [28]. 

 

Result obtained in [29] considered the used of 

nanoparticles by avoiding overheat. [20] supported such and 

cited example of a computer system, where nanoparticles 

served as a coolant substance in heat transfers. The authors 

further explain that the presence of heat sink helps in 
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absorbing and cooling the heat generated from the system 

and thus, avoid being overheated. This is possible as a result 

of nanoparticle. Nanoparticle is  in diameter, 

which have impact in the liquid surface area properties. It 

has increase in the transfer of the heat when compare to 

micron-side particle [30]. 

 

[31] presented a paper on the two-non-dimensionless 

unsteady spill of a viscous MHD flow, which is in between 

two parallel infinite plate. The method of homotopy 

perturbation known as HPM has been used to obtain the 

velocity function for the parameter with a range of values. 

Furthermore, the effectiveness of HPM was demonstrated 

and the result obtained show that HPM has a significant 

advantage in the freedom of parameter selection. 

 

The shape (sphere, cylinder and laminar) effects of the 

nanoparticle were recently investigated on squeeze MHD 

spill of water based above a penetrable sensor apparent for 

Cu, Al2O3 and SWCNTs as materials for transfer of heat. 

The result indicated that the sphere and cylinder shapes 

nanoparticle are more favorable in the shadow of Cu and 

SWCNTs in the performance of transfer heat boosting over 

a sensor apparent [32]. 

 

In this paper, our focus is to extend the work in [33], where 

the influence of governing parameters such as temperature, 

nanofluid volume fraction and fluid velocity were analyzed. 

In this present work, effort has been made to compare the 

reaction of both thermal stratification ( ) and 

solutal stratification ( . The results show that 

there is significant positive correlation between them. Local 

symmetry transformation is adapted to convert the 

regulating PDEs into ODEs and then the numerical result of 

the problem is analyzed by utilizing Rung Kutta Fehlberg 

method of fourth or fifth order with shooting technique. 

 

II. MATHEMATICAL ANALYSIS 

In this paper, a steadier connective two-dimensional 

nanofluid flow with a solute thermal stratification is 

considered. Suppose -axis is placed along the porous 

vertical plate and -axis is assumed to be normal to the 

same plate. Let  be activated in the positive direction of 

the -axis. However, the ambient temperature along with 

the nanofluid concentration are considered to be 

 and  , respectively, where 

the body surface is kept at a constant rate with , and  

being the nanofluid concentration.  and  is the depth 

of stratification.  and  remain constant values. The 

coordinate system and the flow structure is displaced in Fig, 

1 [33]. Here, we follow  

 

1) Continuity equation  

 
(1) 

 

2) Momentum equation 

 

 

(2) 

 

 

 

3) Energy equation 

 

 

 

  (3) 

 

4) Diffusion equation 

 
(4) 

along with the boundary conditions 

 
 

   (5) 

Next, we have the local Rayleigh number along with the 

stream function , respectively 

 

,    (6) 

Using the similarity transformation discussed below, we 

transform the energy equation, momentum equation, and 

diffusion equation into system of differential equation.   

 

 

. 

 

 

(7) 

where  are constants.  

 

                              - Prandtl number 

         - Lewis number 

 - nanofluid buoyancy ratio, 

       - nanofluid buoyancy ratio, 

          -  Brownian motion parameter 

             -  thermal stratification 

parameter, 

             -  solutal stratification parameter 

                           - porous parameter, 

                         - magnetic parameter, 

 

However, the quantities parameters are; 

 

                         - skin friction coefficient, 

              - local Nusselt number,  

where and  are defined as; 

. 

                          - The local Reynolds numbers. 
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After much algebraic works, we solved simultaneously, 

using 2-dimensional boundary layer for the four 

fundamental fluid dynamics equations, which are; energy 

equation, continuity equation, diffusion equation, and 

momentum equation. In this study, the flow of the system is 

steady. 

, 
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1/22

2

3 1

4 2

u Rax Rax
f f

x x x
   −= −





,   

1

4 3 1

4 4

Rax
v f f

x




 
= − 

 
 . 

 

 

(8) 

, and  

 

 

(9) 

 

Along the -axis and -axis, we consider  and  as the 

velocity components respectively, while  and  are the 

pressure and density. The system of the equation is partially 

differential equations (PDEs) which are converted into the 

ODEs via similarity transformation. Furthermore, the PDE 

governing equation is converted into the following form of 

ODE. In the following section, we present the process of 

obtaining the ODEs from PDEs.  

 

Momentum equation 

Recall that; , 
1
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 . 

which follows that 

 
and 

 
Next is to show that the momentum equation is reduced to 

the following ODE. 
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The above expression can be simply obtained as follows 
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Using the similarity transformation  

 
 

 
We have 

 
 

 
 

Substituting the value  for  

 
 

we obtain 

 
and after some simplification become 
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Also, recall here Nr 
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is the nanofluid buoyancy ratio. Substituting this value will 

give 

( )( )  ,0 ,0 ,0

3
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where 
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And this becomes  
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Also, recall that 
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By simplification, we obtain  
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Therefore, employing the similarity transformation, the 

momentum equation, which is in the form of PDE is reduced 

to the following ODE; 

( )( ) ( )
23

0
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Energy equation 

Next, we also need to show how the energy equation is 

reduced to the ODE. 
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Differentiating with respect to , we have 
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Differentiating the above equation, we obtain 

 

 
 

and factorising gives 
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Factorising the above will lead to   
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where 

 
 

Eq. (11) is the solution of energy equation from PDE into 

ODE 

 

Diffusion equation 

 

In this subsection, we reduce our given diffusion equation 

into the ODE. In this case, we shall solve each part 

separately as usual 
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Solving the above equation will give 
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After simplification, it becomes 
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which is reduced to 

21
0

4 4

f
Lef Lef Lef

Nb

  
  

 
 +  − − + =    (12) 

where 

2
2

4

4

B B

m m


 =  =  and 

B

Le
D


=  

Therefore, eq. (12) gives the solution of diffusion equation 

into ODE 

III. NUMERICAL TECHNIQUE 

The solved energy, momentum, and diffusion equations 

are transformed from its third-order equation to the first-
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order equation, and then, from second-order equation to the 

first-order equation respectively, as given in (13-15), 

 

 

(13) 

 

(14) 

 

(15) 

 

 
Fig 1: Flow structure and coordinate system 

IV. RESULTS AND DISCUSSION 

In this section, the numerical simulation is illustrated and 

discussed. The result was analyzed with certain nanofluid 

flows. The Runge Kutta Fehnerg technique of fourth/fifth 

order was applied together with the shooting method. The 

software used in the analysis was Maple 18 platform. Three 

Figures are displayed for each including and concentration 

, temperature , and velocity . The effect that 

involves in the magnetic field, radiation, heat source, heat 

sink, suction, injection, porous and volume fraction is being 

analyzed at each section. 

The parameters (  are numerically 

executed for governing equations (ODEs) along with 

boundary conditions in equation. In this regard, the shooting 

technique is employed to solved the ODEs along with the 

conditions. This shooting technique was introduced by 

Runge Kutta in the nineteen century and has been recently 

studied by many researchers [34]–[36].  

We set the parameter to use. The analysis reports the 

parameters’ effects on the thermal and solutal stratification 

on MHD oil based nanofluid (Crude oil, Pr = 1490.51). The 

parameters and its value include: 

1. Magnetic field, : 0.0, 1.0, 2.0, 3.0. 

2. Thermal porous, : 0.0, 0.5, 1.0, 3.0. 

3. Buoyancy, : 0.0, 0.3, 0.6, 0.8. 

4. Brownian motion, Nb: 0.1, 0.3, 0.5, 0.9. 

5. Suction, : 0.0, 0.5, 1.0, 2.0. 

6. Thermophoresis, : 0.0, 0.2, 0.5, 0.8. 

 

Fig 2: Comparison of the magnetic effects profile of velocity, temperature, and concentration of current work  

with Fig, 9 in [33] 

 

M=3.0 

M=2.0 

M=1.0 

M=0.0 

M=0.0 
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Fig 3 Comparison of magnetic strength on velocity and temperature profiles with Fig, 6 in [33] 

 

In order to validate our results, Fig, 2-3. display the 

comparison result of the thermal ( ) and solutal ( ) 

stratification on magnetic effects profile for both the 

velocity and the temperature. The obtained results are in 

excellent agreement with those obtained in [33]. 

TABLE 1. The rate of skin friction, rate of heat transfers 

and transfer of mass with the impact of Magnetic Field M, 

based upon thermal and solutal stratification boundary 

M 
   

Remark 

0.0 0.466315 0.468629 3.396999  

 

 

1.0 0.375512 0.454320 3.330739 

2.0 0.323670 0.446329 3.296400 

3.0 0.288670 0.441046 3.274743 

0.0 0.371685 0.431175 3.465930  

 
1.0 0.303292 0.413191 3.448117 
2.0 0.262400 0.403268 3.437767 

3.0 0.234258 0.396843 3.430857 

 

Table 1. above indicates that when magnetic field, M, is 

increasing, the skin friction is reducing. The value for the 

concentration,  is considered quite low when 

compared to the temperature. In the case of solutal 

stratification parameter , temperature,  and 

concentration  reduce as the magnetic field 

increases. 

 

TABLE 2. The rate of skin friction, rate of heat transfers 

and transfer of mass with the impact of Brownian motion 

Nb, based upon thermal and solutal stratification boundary 

M 
   

Remark 

0.1 0.254288 0.606220 0.908983  

 

 

0.3 0.351042 0.531251 2.939696 

0.5 0.375512 0.454320 3.330739 

0.8 0.399739 0.328111 3.575632 

0.1 0.223049 0.561986 0.526862  

0.3 0.312361 0.509835 2.481040 

0.5 0.334367 0.447280 2.868760 
 

0.8 0.355274 0.339364 3.120368 

 

 

In Table 2., the result displayed that thermal stratification 

parameter at , when Brownian motion. Nb, is 

increasing, the skin friction , is also increasing. the 

rate of heat transfer,  is increasing also. Moreover, 

the Brownian motion. Nb increase as a result of increase in 

the concentration, . The movement of the 

nanoparticle is associated with the concentration, ). 

 

TABLE 3. The rate of skin friction, rate of heat transfers 

and transfer of mass with the impact of Buoyancy Nr, based 

upon thermal and solutal stratification boundary 

M 
   

Remark 

0.0 0.4830015 0.459488 3.350874  

 

 

0.3 0.418704 0.456422 3.338936 

0.6 0.353817 0.453251 3.326564 

0.9 0.327822 0.300080 3.592864 

0.0 0.413510 0.451165 2.891033  

 0.3 0.366230 0.448868 2.877904 

0.6 0.318324 0.444646 2.864060 

0.9 0.269724 0.443952 2.849395 

 

Table 3. indicates that when Buoyancy, , increase as a 

result of decrease in the skin friction, , is decreasing, 

while, the heat transfer rate,  barely increase. Also, as 

the Buoyancy,  increase, the concentration,  are 

increase. There is increase in value for the thermal 

stratification, which indicated that the heat transfers mostly 

from the surface to the fluid.  

 

 

M=0.0 
M=1.0 

M=2.0 

M=3.0 

M=0.0 

M=1.0 

M=2.0 

M=3.0 
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Fig 4: Magnetic field M, on velocity , and temperature  profiles 

 

For the thermal stratification ( ), the velocity , 

increase with decrease in the magnetic strength. The 

temperature increases as result of increase in the magnetic 

straight. Whereas, for the solutal stratification. , the 

nanofluids velocity decrease as a result of increase in the 

magnetic strength. The temperature, , of heat transfer  

 

 

 

rate , increase with increase in thermal magnetic power 

for solutal, which is due to the Lorentz force falls down the 

motion of the fluid and to enhance the temperature profiles. 

the result of  is higher when compare 

to . 
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Fig 5: porous,  on velocity , and temperature  profiles 

 

Figiure5: Discussion of porous parameter .  

Both thermal stratification ( ), and stratification ( ), 

velocity , increase as a result of decrease in the porous 

parameter, . Whereas the temperature increases as result of 

increase in the porous parameters. This is because of the 

Lorentz force falls down the motion of the fluid and as a 

result it boosts the temperature profiles. This is due to the 

mixed effect of permeability of the porous medium and the 

kinematic viscosity of the nanofluid. 

 

 

 

Fig 6: Buoyancy, , on temperature, , and concentration,  profiles 
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Figure 6: Discussion buoyancy parameter, .  

Fig,4 indicated that the thermal stratification at  is 

higher than when it is fixed at . Both the on 

temperature, , and concentration,  profiles 

increase  

buoyancy parameter,  increase with a major significant. 

This is as obtained as a result of join influence of the 

nanoparticle mass density and thermal coefficient reaction 

of the crude oil-based fluid with the Lorentz force, which 

play a dominant role on the nanofluid flow field. 

 

 

Fig 7: Brownian motion. Nb, on velocity, , and concentration,  profiles 

Figure 7: Discussion of Brownian motion parameter Nb.  

It shows the Figure of , and  circulation in the 

presence of solutal and thermal stratification . 

Both thermal and solutal stratification velocity , 

increase as a result of the increase in the Brownian motion. 

Also, it indicated temperature decreased which subsequently 

increased the temperature when the Brownian motion is 

increasing. This is due to movement rate of nanoparticles 

which is associated with the viscosity and concentration of 

the nanofluid. 

 

Table 4. Effects of the thermophores, Nt, on solutal and 

thermal stratification parameter in the presence of heat 

Nt  at   at  

0.0 0.556255 0.493900 

0.2 0.512135 0.459223 

0.5 0.454320 0.413191 

0.8 0.269487 0.246228  

Table 5. Effects of the thermophores, Nt, on thermal and 

solutal stratification parameter in the presence of mass 

transfer 

Nt  at   at  

0.0 3.692660 3.794515 

0.2 3.524618 3.637558 

0.5 3.330739 3.448117 

0.8 3.579769 3.662381  
 

Tables 4-5 displays the reaction of thermophoresis, Nt, the 

reaction indicated that the increase in thermophores effect 

the increase in both the bottom layer and higher layer, the 

temperature will increase and the concentration increasing 

also. The thermal stratification parameter layer shows more 

significant effect on the thermophores than the solutal 

stratification parameter. 
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Fig 8: Thermophores, Nt, on temperature,  and concentration,  for  and  profiles 

 

Figure 8: Discussion of thermophores parameter .  

Both the temperature  and concentration  increase 

as a result of increase in the thermophores parameter,  

circulation in the presence of both thermal stratification 

 and solutal stratification . 

Also, it indicated that the thermophores parameters 

 effect with high electric field, as 

result of the combine influence of the density and electric 

conductivity of the nanofluid. This implies that the 

thermophore is dominate on the transfer of heat. 

 

Table 6. Effects of the Suction/injection, S, on solutal and 

thermal stratification parameter in the presence of heat 

S  at   at  

0.0 -0.159999 -0.63395 

0.5 -0.290917 -1.883656 

1.0 -0.454320 -3.330739 

2.0 -0.832201 -6.381059 

 

Table 7. Effects of the Suction/injection, S, on solutal and 

thermal stratification parameter in the presence of mass 

transfer 

S  at   at  

0.0 -0.156539 -0.502096 

0.5 -0.272142 -1.853734 

1.0 -0.413191 -3.448118 

2.0 -0.740355 -6.780016 

 

Tables 6-7 displays the reaction of Suction/injection, S. The 

tables give the different values of magnetic strength in the 

presence of injection  and with uniform 

Prandtl number . Due to the injection with 

uniform Prandtl number , both the 

temperature and concentration of the nanofluid firstly 

decreases as a result of decrease in the Suction parameters. 

Lorentz force low down the movement of the fluid and to 

increase the temperature profiles. 
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Fig 9: Suction/injection, S, on temperature,  and concentration,  for  and  profiles 

 

Fig 9, discussion of thermophores parameter,   

The figure presents the temperature and concentration for 

different values of magnetic strength in the presence of 

injection  and with uniform Prandtl 

number . Due to the injection with uniform 

Prandtl number , both the temperature and 

concentration of the nanofluid firstly decreases as a result of 

decrease in the Suction parameters. Lorentz force low down 

the movement of the fluid and to increase the temperature 

profiles. 

V. RESULTS AND DISCUSSION 

The paper presented the thermal ( ) and solutal ( ) 

stratification on Magnetohydrodynamics (MHD) oil-based 

nanofluid. The local symmetry transformation is applied to 

convert the governing equations from PDEs into a set of  

 

non-Linear ordinary differential equations ODEs. The 

fourth/fifth order Runge Kutta Fehlberg method with 

shooting scheme was applied for numerical simulation. 

Results obtained were plotted and analyzed. The Figures 

compared the reaction of both thermal stratification 

( ) and solutal stratification ( .  

 

 

The results show that there is significant positive 

correlation between them.  

Various variable of the parameters were handled and 

manipulated as the constant variable. Some of the reactions 

are given as follows: 

1. The result of  is higher when 

compare to .  

2. The thermal and solutal stratification temperature 

 and concentration  increase as a result of 

increase in the thermophores parameter, , which 

is as result of the combine influences of the 

density. and electric conductivity of the nanofluid. 

3. Both the temperature  and concentration  

increase as a result of increase in the thermophores 

parameter,  parameters 

4. It indicated temperature decreased which 

subsequently increased the temperature when the 

Brownian motion is increasing. This is as a result 

of the rate of movement of nanoparticles, which is 

associated with the viscosity and concentration of 

the nanofluid. 

5. It shows the Fig, of velocity , and temperature 

 circulation in the presence of solutal and 
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thermal stratification. ,0.9 and 

 respectively.  

6. It also indicates that different values of magnetic 

strength in the presence of injection 

 and with uniform Prandtl 

number . 
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NOMENCLATURE 

B0 Flux density for the magnetic   Greek symbols and subscripts 

 

Non-negative constant   α Thermal diffusivity ,  

C Volume fraction of the nanoparticle ,  β Thermal expansion coefficient 

Cw Volume fraction of the wall nanoparticle , K-1 Density of the base fluid, , 

C∞ Volume fraction far away from the wall nanoparticle ,  ρ Heat capacitance of the nanofluid  

C∞,0 Volume fraction due to stratification of the nanoparticle 

, 

ρcp Electrical conductivity  

cp Specific heat at constant pressure ,  σ Dynamic viscosity of the base fluid 

 

DB Specific diffusivity ,a μ Thermal stratification parameter, 

 

DT Thermophoresis diffusion coefficient, , 
 

Solutal stratification parameter,  

 

 

Permeability of the porous medium ,  
 Porous parameter,  

 

Thermal conductivity of the base fluid   v Dynamic viscosity, m2s-1  

 Lewis number,   λ Porous parameter,   

 Magnetic parameter,   

Resistance ,  

 

Brownian motion parameter 

 

Ψ Dimensionless stream function 

 Buoyancy ratio,  
η Similarity variable 

 

Thermophoresis parameter, 

 

f Dimensionless stream function  

 Prandtl number ) θ, φ Dimensionless stream function 

 

Temperature of the fluid , γ Volume fraction 

Tw Temperature of the wall ,    

T∞ The temperature of the fluid far away from the wall    

T∞,0 The temperature of the fluid due to stratification ,    

x; y Stream wise coordinate and cross-stream coordinate ,    

u; v Velocity components in x and y direction ,    

V0 Velocity of suction/injection ,   
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