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Efficient Algorithms for Computing the Parameter
Derivatives of k-hypergeometric Functions and
Their Extensions to Other Special Functions

Huizeng Qin, Nina Shang, Youmin Lu

Abstract—The k-hypergeometric functions are de-
fined as
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where (z),, = z(z + k)(z + 2k)---(z + (n — 1)k) is
the Pochhammer k-symbol. In this paper, efficient
recursive algorithms for computing the parameter
derivatives of the k-hypergeometric functions are de-
veloped. As the generalized hypergeometric functions
are special cases of this function and many special
functions can be expressed in terms of the generalized
hypergeometric functions, the algorithms can also be
extended to computing the parameter derivatives of
the hypergeometric functions and many other special
functions. The Bessel functions and modified Bessel
functions are presented as examples of such an appli-
cation. Theoretical analysis is worked out, some com-
putation using Mathematica is performed, and data
is provided to show the advantages of our algorithms.

Index Terms—Pochhammer k-symbol; k-
hypergeometric function; Hypergeometric function;
Parameter derivatives .

I. INTRODUCTION

HE generalized hypergeometric functions ,Fy have

been studied extensively from the mathematical
point of view([24,25]. They occur in a wide variety of prob-
lems in theoretical physics, applied mathematics, statis-
tics, and engineering sciences. For example, the confluent
hypergeometric Kummer function 1F; is closely related
to the two-body Coulomb problem [26,27]; the Gauss hy-
pergeometric function oF; is the solution of Schrédinger
equation when solving the Pdéschl-Teller, Wood—Saxon or
Hulthén potentials[28]. The derivatives of the hyperge-
ometric functions with respect to all parameters have
also been the subject of substantial research in recent
years[15-21,23-25,27] as they are widely employed in
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mathematics, physics, and other related science and engi-
neering fields. It should be noted that methods for finding
the parameter/order derivatives of the hypergeometric
functions can also be used to find the parameter/order
derivatives of many other related special functions, and
many authors[1-14] have strived to find the parame-
ter /order derivatives of various special functions in re-
cent years. Unfortunately, the existing methods based
on analytical properties are not suitable for efficient
computation.

This paper is mainly concerned about first devel-
oping efficient algorithms for computing the parame-
ter /order derivatives of the k-hypergeometric functions,
and then extending these methods to compute the pa-
rameter /order derivatives of the general hypergeometric
function and other related special functions. As many
Mathematica users know, the parameter/order deriva-
tives of the hypergeometric functions can be calculated
using both native Mathematica functions or by directly
using their series or integral expressions. However, these
methods cannot achieve the required precision or symbol-
ic expression when the derivatives are of high order due
to the limits of their computation efficiency. We can prove
that the algorithms discussed in this paper are much
more efficient analytically and also provide empirical
evidence to show that our algorithms are efficient enough
to qualitatively overcome existing computational hurdles.
It is well-known that many special functions can be ex-
pressed in terms of the hypergeometric functions. There-
fore, the parameter/order derivatives of these special
functions can be reduced to the parameter derivatives of
the hypergeometric functions. As a result, high-precision
fast calculation of parameter/order derivatives of many
other special functions can also be realized by using the
algorithms in this paper. For example, high-precision
fast calculation of the parameter/order derivatives of the
Bessel, Struve, and Legendre functions can be realized
with the application of our algorithms as they are directly
related to the hypergeometric functions. We emphasize
again that the order derivatives of the Bessel functions
are used in the study of the monotonicity, which in turn
has applications in quantum physics [29]. We use a large
portion of section IV to show how our algorithms can
be extended to efficiently compute the parameter/order
derivatives of the Bessel function and the modified Bessel
functions. Table 4 shows that the extension of our al-
gorithms is able to achieve the required precision when
algorithms using series and integral expressions directly
are not feasible.
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The classical hypergeometric function ,F,(a;b;z) is
defined as

e O

where a = (a1,a2, - ,ap), b = (b1,b2, -+ ,b,) and (z),
is the standard Pochhammer symbol. In [19], Ancarania
et. al study the parameter derivatives of the hypergeo-
metric functions and give the following results:
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It is clear that (4) is a hypergeometric function with
n+1 variables, and one can directly use formulas (2) and
(3) to compute 5%1 [pFy (a;b; 2)] and g;; [pFy (a;b; 2)]
respectively, but its time complexity is O(N ") with
N as the number of terms used, which clearly needs to
be improved. The hypergeometric functions are solutions
of hypergeometric equations. Therefore, the parameter
derivatives also play an important role in solving non-
homogeneous differential equations corresponding to spe-
cial functions. For example, the confluent hypergeometric
function F' = 1F} (a,b, z) satisfies the differential equa-
tion

[z%+(b—z)%fQ}F:0. (5)

and its derivatives satisfy the following non-homogeneous
differential equation [16]

[z% +(b— z)d—dz

where G(M) =
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As a sequence, expression (7) can certainly be used to
compute its value directly, but the complexity is O(N?3),
which is very inefficient again.
As an extension of the classical hypergeomet-
ric functions, the k—hypergeometric function [21]
F,(a,k;b,s;z) is defined as the formal power series

(ap)n,kpz"

Ganaent > (8)
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where a = (a1,a2,---,ap),k = (k1,k2, -+ ,kp),b =
(b1,ba, -+ ,bg), s = (81,82, -+ ,84) and (x), , is the
Pochhammer k-symbol [22] defined as '

(@) = 2(@ + k) (2 +2k) - (2 + (n = DE).  (9)

We can express the Pochhammer symbol (z), in terms
of the Gamma function
I'(z+n
(2), = ¥ (10)

or the Stirling number of the first kind

(@), = 2 aln.s) (=1 *a. (1)

Similarly, we can use the expression of the Pochhammer

k-symbol (z),, , [21]:
(@) = 5, (12)
where I'y(x) is the k—Gamma function defined as
nlk™(nk)% ! _
Ig(z) = lim ———— , x € C\kZ 13
(o) = Jim \ (13)

Fk(m)z/ Pl F = KET(E), Re() > 0. (14)
0

The classical hypergeometric functions are clearly special
cases of the k-hypergeometric functions as k = 1 and s=1,
therefore any algorithm for computing the parameter
derivatives with respect to a or b of ,F,(a, k;b, s;z) can
be applied to computing the parameter derivatives of
pFy(a;b; z). The k-hypergeometric function is a solution
of the equation

(xPP(D7a7 k) - Qq(Da ba 5)) y =0, (15)

where P,(\, a,k) = (k1A +a1) - - (kpA+ayp), Qq()\ b,s) =
A(s1A+b1—51) - (sgA+bg — 5¢) andex— Letting
p=2and g=11in (15), we have

(k1kox — s1) 2y”

1
+((k1k2+a2k1—|—a1k2)x—bl)y/+a1a2y:0. ( 6)

Letting ki,ko and s; = 1, (16) becomes the standard
hypergeometric differential equation. Although the k-
hypergeometric functions can be expressed in terms of
the classical hypergeometric functions in the following
form
oFyla, kb, s5x) =
(17)

a _ (ar az ... %) b _ (bL b2 .., be
wherek—(kl,k27 ’kp)’s_<51782’ ) sq 7and
Fekaok

bz _ 21P2 %% and one can directly use the right side of

tfllS exf)}sgssmn to perform computations of the parameter
derivative with respect to k or s of the k-hypergeometric
functions logically, it is indeed very difficult, especially
when the order of differentiation is high, due to the
fact that the parameters k and s appear in the de-
nominator of the generalized hypergeometric function.
That being said, we pay our attention to finding efficient
algorithms for computing the parameter derivatives of
the k-hypergeometric functions first. Our algorithms are
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especially efficient when the order of the derivatives is
high.

It should be pointed out that, although Mathematica
has native functions that can be used to compute the low-
er order symbolic parameter derivatives of the general-
ized hypergeometric functions, they are time-consuming
and sometimes cannot achieve the specified accuracy.
The following example gives comparison by providing
the Mathematlca code and tlme spent for comput-
ing 8a28b1 [2F1(a, k;b, s; 2)] and 8@2%2 [2F1(a, k; b, s;2)],
Za= Gk =G0 =4s =12
by using some Mathematica internal functions and our
algorithms in this paper, respectively.

where z =

Clear[aa} Clear[cc];k= {kls, 3} a—2 b:%; c—% s=
;Prec=32;ms={2,0};ns={1};Clear[aal;Clear[cc];
al {a b};bl= {c} s1={s};
Timing[D[D[Hypergeometric2F1[ 1w, k[FQH 52 w],
{aa,ms[[1]]}]/.aa— a,{cc, ns[[l]]}]/ cc—> ¢,Prec]]
Timing[Hypergeometricab[x,al,k,b1,s1,2,1,ms,ns]
ns={2};Clear[aa];Clear[cc];
Timing[D[D[Hypergeometric2F1[ﬁ, k[&”, Csc,w]
{aa,ms[1]]}]/.aa— a,{cc,ns[[1]]}]/.cc— c,Prec]]
Timing[Hypergeometricab[x,al,k,b1,s1,2,1,ms,ns|
{0.156250,-0.17105873358670190610911461781888 }
{0.,-0.1710587335867019061091146178188814303285}
{0.703125,0.311619134384}
{0.,0.311619134383516381576850914082862448071}

7 5

where
D[D[Hypergeometric2F1]a, b, c, z]]]
is a Mathematica internal function and
Hypergeometricab|z, a, k,b, s, p, q, ms, ns|

is our function for computing
am,l+7n2+-~-+mp+n1+n2+4~+nq

™y D) TP 0,11 .12 g
da; '0ay ---0a, ¥ Oby T Ob, 2 ---0by

[pFy(a, k;b,s; 2)]

in this paper. This example shows that our function is

much more efficient and can achieve better accuracy.

When the order of the derivative is getting higher, the

Mathematica internal functions do not work well and

our algorithm still works very efficiently. Here is another

example:
Prec=16;Clear|a];Clear[b];Clear[a2];Clear[b2];a={2,2/3};
b={1/2,3}k={1,1};s={1,1};x=1/3;
Timing[N[D[D[HypergeometricPFQ[{2,a2},{1/2,b2}x],
{a2,1}]/.a2— 2/3,{b2,1}]/.b2— 3,Prec|]
Hypergeometricab[x,a,k,b,s,2,2,{0,1},{0,1}]
Timing[N[D[D[HypergeometricPFQ[{2,a2},{1/2,b2}x],
{a2,3}]/.a2— 2/3,{b2,3}]/.b2— 3,Prec|]
Hypergeometricab[x,a,k,b,s,2,2,{0,3},{0,3}]
{0.015625,-0.2069231935716211}
{0.,-0.2069231935716211044}

{0.062500,HypergeometriCPFQ{O’S}‘{0’3} 0) [}
{0.,-0.011331765835823066706 }

»

where means that the contents of some square
brackets are omitted. Using the Mathematica internal
function,

da28b2 [ Fa({2, 3} {2’3}’ 2)]
is calculated, whereas
6
ﬁ [2F2({27 %}7 {%a 3}’ %)]

is not. Again, our function is much more efficient and can
achieve much better accuracy.

II. EXPLICIT FORMULAS FOR THE PARAMETER
DERIVATIVES OF K-HYPERGEOMETRIC FUNCTION

Using expression (11), one can get an expression for
the derivatives of the Pochhammer symbol

s _ n! i ( ) (—=1)™Ks(m, k)ak

n=12. - ,m,
O,n:m+1,m+2,---

(18)

and the following expression for the parameter deriva-
tives of the confluent hypergeometric function

Ba" Z

1)m—ks(m k)ak TIZTVL
(b)mm' :
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G = aa"

[1F1 (a,b,2)] =
(19)

m
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The time complexity of using (19) to compute G
directly would be O(N?), which is clearly a great im-
provement of the result in reference [16].

In [21], the authors give the following proposition
about the Pochhammer k-symbol.

Proposition 2.1 The following identities hold.

1).
(%) 1 = 7;201 e M (1,2, — Dklanl, (20)

2). 7
5 (@) s = nill(xh,k (@ + 4+ Dk)n-1-16,  (21)

)

=0
yTn) = > Tiy * - T
1<ip < <is<n
Following the idea of (18), we can give the following
proposition that can be proved by using (12) and the
expression (z),, ; = k" (%)n
Proposition 2.2 The following identities hold.

where e (x1, za,

1).
(@)1, = 22 (=1)"s(n, "t
not (22)
= > (=D)is(n,n — Dklan—t.
=0
2).
= l
ml > s(n, D) (=k)r~tal—m
Aknm(x)— l_:m( m)
m=1,2,---,n,
0,m > n.
(23)
3).
n—1
l (=)l s(n,n—0)az" "t
m! Z e
Bt = { (0 Iy

Remark Comparing the above propositions, one can
find e (1,2,--- ,n— 1) = (=1)'s(n,n - 1).
Using (23) and (24), we can get the following theorem.
Theorem 2.1 For m=1,2,--- |
aii[ Fy(a,k;b,s;2)]

Akl n,m(a1)(a2)n kg
(b1)n,sq (b2)n s
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and o
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we give the following proposition for

Similarly,
Ck n, m(x) ddlm ﬁ] and Dk n m( ) 58km ﬁ

Proposition 2.3 The following identities hold.
1).

n—1
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Using (23),(24),(27) and (28), one can have the fol-
lowing theorem about the parameter derivatives of the
k-hypergeometric functions.

Theorem 2.2 For m; = 0,1,2,--- ,1 =
and nj:031727"' 7j:1727"' y 45

mi+mot-dmptngdngtotn
a : 7 [pFa(a, k3 b, s; 2)]

aa;'“aaz -8a, P b1 Oby 2+ Oby
. Z H H Aki‘n,,m,i(ai)ckj,n‘mj (bj)z" (29)
- =1 n!

where Mp = max{mi,---,mp} and

m1+ma+--dmptngtngt--+n

8k(?"118km22~~8km1;’891”1 ai;?...az;q [pFa(a; ks b, s;2)]
_ Z I, TT Bki,n,mxai)%,n,mj(bj)z” (30)
- n!

where Akhn’m(ai) and By, nm(a;)(i = 1,2,---,p) are

defined by (23) and (24) respectively, and C, n.m(a;) and
Dy, nm(a;)(i =1,2,--- ,p) are defined by (27) and (28),
respectively.

III. RECURSIVE FORMULAS FOR THE PARAMETER
DERIVATIVES OF THE POCHHAMMER K-SYMBOL, ITS
RECIPROCAL AND THEIR EFFICIENCY ANALYSIS

Some explicit formulas of Agnm(x), Ben,m(x),
Crknm(z) and Dy m(xz) are given in the previous
section. In this section, we establish some recursive
algorithms for them and apply the algorithms to
the computation of the parameter derivatives of the
k-hypergeometric functions. First, using the fact that
(@)1 = (@)1 (x+ (n—1)k), we can get the following
lemma and corresponding recursive algorithms.

Lemma 3.1 For integers n,m > 0 and real number
k > 0, the following recursive formulas hold:

Ak,n,m(x) = ((E + nk — k)Ak‘,n-l,m(fL‘) (31)
+ mAk:,n—l,m—l(x)
and
Binm(z) = (£ +nk — k) B n-1,m(x) (32)
+ (n — l)mBk)n_l)m_l (J,‘)
Algorithm of Ay, m(x) and By, m(x)
Ak,O,O(x) = 17Ak,0,l(x) = 07l = 17 27 s, M,
Ak-,n,O(fE) = (1‘ + nk — k)Ak7n_1,0($),
Akm,l(x) = (I +nk — ]C)Ak7n_17l(x) (33)
+HlAg po11(2),
[=12,--- mn=1,2,---.
and
Bk)070(.’1,‘) 1 Ble( ):Ol 2,-~-,m,
Bk,n,O(x) (l‘ +nk — k‘)B kon-1 O(JJ),
Bkm,l(z) (I + nk — k) ,n-lyl( ) (34)
+(TL )lBk n-1,1- 1(1[,’),
[=12,--- , mn=1,2,---
Similarly, using the fact that o 1 - = Itgf)hi)k,
n—1, /n

one can also get the following lemma and the recursive
algorithms for the reciprocal of the Pochhammer k-
symbol.

Lemma 3.2 For integers n,m > 0 and real number
k > 0, the following recursive formulas are true.

Crin1.m(@)—mCr n.m—_1(x
Ck,",m(x) i a(c—i-)(n—l))}é N (35)
and
Di p—1.m(x n—1)mDg n m—_1(x
D () = Pt mBramaf) - (36)
Algorithm of Cy ., m(x) and Dy p m(2)
Cro,0(z) = 170k70,lEx)) =0(l=12,---,m),
Crmolr) = Crn-1,0(z 7
kol = O i@ (37
Ok,’n,l(x) = ’ ’a;-&-(n—l)}fy ’
[=12,--- mn=1,2,---.
and
Dk:,(LO(x) = 17Dk>,0,lgx)) =0 (l = 1727 e 7m) )
— Dkn—1,0(x)
Dk:,mO(l‘) - D:r+(n71()xk;7’(n71)lD () (38)
Dk‘,’fhl(x) = Rt z+(n—1)k S ?
l=1,2, ,mmn=1,2,---

Since Ag n,m (), Bin,m(x), Crnm(z) and Dy pm(2)
in the preceding section are in explicit form, we
don’t need to compute Ag;;(x), B ;(x),Cri(x)
and Dy (x) for i = 0,1,--;n—1,57 = 0,1,---;m — 1
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intuitively if we use them to perform computation of
(29) and (30). If we perform the computation of

omitmetetmy
my ma Mp
Oay"™" 0ay™? - - - Oayp

[qu(aak§b7352”

and
8m1 +mat-tmy

KT Ok - Ok

by using (33), (34), (37) and (38), we must com-
pute all Ag;;(x), Bi,j(z),Cry(x) and Dy (z) for
Il =01---n—-1,7 = 0,1,--- ,m — 1. However, the
recursive ones are more efficient because we need to
take the sum of the first N terms of the series (de-
pending on the accuracy of the calculation and it-
s relevant properties) when the explicit formulas are
used. The total amount of time spent on computing
Akhnami(a’i)(Bkian7mi(a’i))(i = 1,---pn = m,m +

N, m = ;mp}) is O(NimZ') if
recursive algorithm (33)((34)) is used, and the ltirlne spent

on Computlng Cs]-,n,ni(ai)(Dsj,n,nj (al))(Z = 1727”.7p?
q
0,1,2,---,N) is O(N > n;
i=1
gorithm (37)((38)) is used. Hlowever, the time spent
on computing Aki,n,mi(al)(Bk“nm(az))(i = 1,2, p,
m,m—+1,-- N) is O NQEmz
(23)((24)) is used, and the time spent on Ck“n m,; (a;)
(Dki,n,m(al))(z - 1a21 P, = m7m+17 aN) IS at
q
least the order of O ( N2 > n; | if formula (28) ((29))

is used. Therefore, the fo;r;lllllas in section Il are much
slower than the recursive algorithms in this section. We
performed experiment by using Mathematica and the
actual time spent by the two different sets of algorithms
is recorded in the following table.

[pFy(a, k;b,s; 2)]

min{my, - - -
if recursive al-

n =

n = if formula

Table I. Comparison of efficiency between the explicit
formula and the recursive algorithm

ALGO z,k,m, N, Time z,k,m, N, Time
2 o QR 3w, fL
(51 £ 400 oo §3:6.400 Jigire
(5 335100 Gonsos 535400 Cirson
G 555100 Ghiat 555400 ghee

The data in Table I shows that the advantage of the
recursive algorithm over the explicit formulas becomes
more significant as N increases. As N increases from 100
to 400, the recursive algorithm is from 2-10 to 310-1500
times as fast as the explicit formula.

IV. ALGORITHMS AND APPLICATIONS OF THE
PARAMETER DERIVATIVES OF THE HYPERGEOMETRIC
FUNCTIONS TO BESSEL FUNCTIONS

In this section we develop our algorithms for com-
puting the parameter derivatives of the hypergeometric
functions and apply them to computing the parameter
derivatives of the Bessel and modified Bessel functions.
Using the recursive algorithm in section 3, we can also
get recursive algorithms for (12) and (13). Similar to the

usual approach [21], a standard algorithm for computing
the k-hypergeometric functions is as follows:
So=1,Co=1,a=1;b=1,
Ifp>0a=][" (al—l-j*k)
§=
Ifg>0b=[]_, (br+ixs1)
S +CJ+17]':O71727"' )

(39)

Cjr1 = b(Jfl)’ 1=
where C represents the j 4 1st term of the power series
(8), and S; represents the sum of the first j + 1 terms.
It follows (33) that only a two-dimensional array
A (l=0,1,---,m;,i = 1,2,--- ,p) is needed for stor-
ing and completing the calculation of the [-derivative
of (a;)n,r with respect to variable a;. Similarly, two
two-dimensional arrays C1,;,C2;;(I = 0,1,--- ,n;,j =
1,2,--- ,q) are needed for completing the calculation the
[-derivative of ﬁ with respect to variable b;. Now we
can improve Algorithms (33) and (37) and can give the
following algorithm for computing the expression (29):

Initializing

Ai,O: 1,1=1,2,---,p,n=0,
Cljo=1,j=1,2,¢,C2=C1,Cy=1,a=1,b=1,
ma = max{mi,ma, - ,mp},nb = max{ni,na, - ,ng},

If ma+nb>0 Sp=0 else Sp=1
loop body
If p>0
Aj = (a;+(n — 1) xk;)A
(l=m; ,m—1,---,1)
Aia= (a+(n ) DA
1=1,2,---,p,
p
a= Hi:l Aimys
If ¢g>0
CQJ"():

l+l * Aiylfl

Clj0
bi+(n—1)s;
S NS N
bij+(n—1)s;
JI=12,.q
023 lH Clj,l(l =12,
b=T1"_, Cjm;»

Cn= ”nl*z,sn: Sp_14+abCpn=1,2,- .

7nj7j:]-727'“ 7q)7

(40)
To improve Algorithms (34) and (38), all we have to do
is to replace

A= (a +(n—1)*xk)A, FlxA; 1,
{ 2, = Cpa =2 ’ (41)
bj+(n—1)s;
by
A= (a;+(n— 1) xk)A, 1 +(n—DixA,; 4,
O, = Cra—(n= DIxC25 1 ’ (42)
G bj+(n—1)s; :

The computational time of (40) is clearly Z m; + Z n;

times of the computational time of (39). The ePﬁc1ency
of algorithms (39) and (40) is verified by the following
numerical results using Mathematica. By using (17), we
can compare them using the following internal functions
in Mathematica:

qu(a7 k;b, s; CE) = HypergeometricPFQ[% é Sp ],

where Kp = ]Clk'g s
results are as follows:

Table II. The time of (39),(40) and (29)
{m;,my,ms},

(43)

kp,Sp = 5182+ 5p. The numerical

ALGO n, 05 }x Timess Timegy Timeiog
(43) {0,0,0}, 0.01562 0.01562 0.01562
(39) {0,0},2/3 0.00000 0.01562 0.01562
(40) {1,2,2}, 0.01562  0.01562  0.03125
(29) {2,3},2/3 0.04687 0.12500 0.68750
(40) {4,2,3}, 0.01562 0.03125 0.04687
(29) {4,3},2/3 0.04687 0.14062 0.59375
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where a = {3,322}k = {3,2,1}b = {3,3},s =
{1,4}, and (29) is computed by using exphclt formulas
(23) and (27). As one can see from Table II, explicit
formula (29) is much slower than (40), especially when

the number of terms in a series is large.
By (17) and

ltb 1(1 tc b— 1dt, (44)

2F1(a, bc; 2) = (i- zt)"

T(b) F(c b) f

we have

X JlAB I B (1 = bakazg gy
where a = {a1,a2}, k = {khk?} e Zi» Zi > 0.

am+n+T a7n+n+7‘

Bamob" der [2F1 (a,b,c,z} ’ Damobn Her 12 [ Fl (aab7k17k2;C7S;Z]

can certainly be calculated by using the derivative
law of parametric variables with integrals (44) and
(45) directly, but it is very complicated and time-

consuming. It is even more difficult to calculate

%[ Fi(a,b, k1, ko c, s;2] by using (45). For ex-
ample
1
geaf1(a kb, 52) = _ﬁ%,g) Jo Ru(t,s)dt
ark zl"(g) 1
_ Szp(%iwfo Ry(t, s)dt (46)
or(2) (v(2)-v(t-22)) 1
B S2T(2)r(2-32) f Rs(t, s)dt
where
Ry(ts) =15 (1- 6)F BT - ka2 T I (1),
Ry(ts) = 15 (1 )7 7571 (1 — btz =5,
Ry(t,s) = t7 (1 — )2 R 71 (1 — lukazg) =i

However, we can rewrite (45) using our algorithm:

fol Rg(t,S)dt:B(%,g — 2)2l(a, kb, s;2)  (47)
and
Jiy Ra(t,s)In™(1 — t) In™ (1-21k2z 1) gt
m X n % a
= (—k1) Z:o ( ; > s B(],i(k*zvy”y:gf% (48)

m-+41i
% [2F1(a7 k7 ba S3 Z)] )
where By ;(x,y) = aa—?;Bo,n(x,y) and B(z,y) is a Beta
function. We can also use the following recursive algo-
rithm [11] for By ;(z,y):

Buglo) = 5 (G ) 0 ) Bos (o). (9)

where ¥ ®) (z,y) = ") (y) — ) (x + y). Let (48)r be
the numerical result on the right-side of (48) and (48),
be the integral on the left-side of (48) in Mathematica.

Some numerical results are as follows.

Table III. Some numerical results and time spent of (48)

ALGO m,n Timesa, Err Timegq, Err
(48)1, 30 0.0781,10~27 0.2343,1021
(48)r ’ 0.0156,10~31 0.0312,10~63

Integral value: — 5.25633666184117304892560440937 - - -

ALGO m,n Timess, Err Timegs, Err
(48)r, 19 0.0781,1024 0.2656,1018
(48)r ’ 0.0312,10—31 0.0781,1063

Integral value: — 99.0080456625546349331907776519 - - -

ALGO m,n Timess, Err Timegq, Err
(48)r, 9.9 0.0781,1024 0.2500,10~18
(48)r 0.0468, 1031 0.0937,10—63

Integral value: 134.30455302556773469630042838747 - - -

ALGO m,n Timess, Err Timegq, Err
(48)r, 39 0.0781,10~24 0.2500,10~18
(48)r 0.0468,1031 0.1093,10~63

Integral value: — 182.935226648018003047959972182 - - -

where {aha?}:{;lg? }{k17k2} {275}b_7 :gaZZ%Q

Table IV. Some numerical results and time spent of (48)

ALGO m,n Timess, Err Timegq, Err
(48)r, 20 0.0781,10~11 0.1406, 1014
(48)r ’ 0.0156,10~31 0.0312,10-63

Integral value: — 7.1888336144179851500597011593579 - - -

ALGO m,n Timess, Err Timegq, Err
(48)r, 19 0.0937,1011 0.1562, 1011
(48)r ’ 0.0156,10~31 0.0468,1064

Integral value: — 1760.5868975396014633077075809639 - - -

ALGO m,n Timess, Err Timegq, Err
(48), 5 9 0.0781,10~° 0.1562,10~11
(48)r 0.0312,10~32 0.0468,10~64

Integra valuel: 1453.18907504451195656055365326318 - - -

ALGO m,n Timess, Err Timegq, Err
(48)r, > 0.0781,10° 0.1562,10~11
(48) 0.0312,10—31 0.0468,10~93

Integral value: — 1199.7182932950773803479765506986 - - -

where {a1, a2}={1,2},{k1, k2}={3,8} b=1,s=8 z=2.

Table IIT and IV show that (48)g can always achieve
the specified precision, and the efficiency is also much
better. However, the numerical integration (48); can-
not achieve the specified precision, and even the high
precision (64-bit) results are worse than those under
the specified precision of 32-bit. This is because the
accumulation error of improper integral affects the true
value in integral calculation.

Now we can apply our algorithms to the computation
of the parameter derivatives of Bessel functions because
the Bessel functions can be expressed in terms of the
generalized hypergeometric series as

Ja(@) =T(a+1) (£)" oFi(a+1,72), (50)
where [(a + 1) = ﬁ In [1] the author discusses
the higher order derivatives of J, (z) with respect to the
parameter. For example, the author gives

sl
- S e £ 0 (71 (51)

p | TP (—0)

(1-04,0)Qur () }

@2 (o )R+t

etvm (ln s+ m)

X )
_ ,—iuT z
e In z

— T

X 5]6’01—‘(1) + 1) { }]Z((j))

where I, (z) is the modified Bessel function, and Q(z) =
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0:k+1;0 U U,y 22 22
F1k+10 < 2:U+1,’U—|—1,"-7V—|—1;—; + 47:':4)7

o ( (a):(B); (c0);

FPar (ap):(bq); " w, z

st ( (ds):(e); (fu); (52)
o i i [ap]j+k[bq}j[c7']k w? ZF
- =0 k=0 [ds]jJrk[et]j[fu]k Jlk!

is the Kampé Fériet function, where (a,) = a1, a2, ,ap

H€:1(ai)k-

It is very complicated to compute %Ja(x) using
formula (51). To use our recursive algorithms, we express
it in terms of the hypergeometric function:

and [a,], =

forn=1,2,---, where LA/J = —1(a). The Bessel functions
Jo(z) have many integral representations, for example

Jol(w) = 242

m fo 1 t2 a_§ COS (xt) dt (56)
and

Jo(z) =1L fo cos(xsinf — af)df (57)

_ sinam f e 7 sinh t— at

0

So %Ja(m) has the integral representation

8{1:':" = %fOTFG cos(af — xsinf + 5T)do
- ( m Y e s, (59

Expression (51) is not suitable for numerical calculations.
Although numerical calculation for (58) is possible, it is

not nearly as fast as (53).

Table V. Numerical results and time spent
for computing E?T";Ja(x)

ALGO z,a,m Timess, Err Timegq, Err
(58) 147, 00625102 0.2187,10~63
(33) 3% 0.0,10—33 0.0156, 1066

Integral value: 0.40812913683842034037286730580 - - -

ALGO T,a,m Timess, Err Timegq, Err
(58) 17 16 N 0.0468,10~26 0.1250, 1062
(53) 40737 0.0,10—32 0.0156,10~ 9
Integral value: — 0.005366802486446309837207649 - - -
ALGO z,a,m Timess, Err Timegq, Err
(58) 7 4 g 0.0781,10~32 0.1718,10~64
(53) 3 0.0,1033 0.0156,10—66
Integral value: — 0.389864144512303879299266271 - - -

ALGO T, a,m Timess, Err Timegq, Err

(60), u -1y, 0.1093,10~10 0.1718,10~ 14

(60)g 3’73 0.0,10733 0.0156,10—66
Integral value: — 4278.386924357320400812464127 - - -
ALGO T, a,m Timess, Err Timegq, Err
(60)r, 35 1, 0.0781,10~32 0.2031,10~65
(60)r 3’3 0.0,10—34 0.0,10-66
Integral value: — 11.46781035988221326684265462 - - -
ALGO T,o,m Timess, Err Timegq, Err
(60)r, 25 3 5 0.0625,10~32 0.1718,10—965
(60)g T @ 0.0156,10—34 0.0156,10—66

Integral value:14.80981216018528406723583503919 - - -
Using (56) and (50), we have

fol(l — #2)*~3 cos (xt) dt

2 (59)
=3B(3,a+ 5)oF(a+1,%)

for a > ,l, S0

2 [1(1-
:Z( 1 )Bm—l(§7a+ )81 OFl(OC“FL 4) .
1=0

t2)a7§ cos (zt) In™ (1 — t2)dt

(60)

Table V shows that (60)r can always achieve the
specified precision, and the calculation speed is also fast.
However, when « approaches —% from the right, numer-
ical calculation of (60); can not achieve the specified
precision.

V. CONCLUSION

In this article, we first establish recursive represen-
tations of the Stirling numbers of the first kind for

Pochhammer k-symbol (z),, k(ﬁ) and its derivatives

Ak (2)(Clon,m () and By m (2)(Dg n,m (x)) with re-
spect to x and k. Thus formulas for

omitmet-Amptnitnet-+ng
0a" 9al? - - - Day " ObY ObY? - - - Obg*

[qu(a»k§b’5§Z)]

and
omitmet-Amptnitnet-+4ng

Ok Oy - Ok P Os Osh? - - Oy

[qu(a,k;b,s;z)]

for feasible computations are obtained. This is an es-
sential progress over the multiple series mentioned in
the introduction. These results, however, do not allow
efficient computations. In order to improve the efficiency
further, recursive algorithms for the derivatives of (z),, ,
and ﬁ with respect to x and k, and the parameter
derivatives
a'ml+7n2+~~~+7er+n1+n2+~~~+7Lq

da" 9al'? - - - Day " ObY ObY? - - - Dby *

[pFy(a, k;b,s; )]
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and

omitmetAmptnitnet-+4ng

Ok Ok - - Oky' ™ 0811 Osh? - - - Dsq”

[qu(a»k§b’5§Z)]

are developed. As an example, the algorithms are also
extended to the computation of the parameter derivatives
of the Bessel functions and the modified Bessel functions.
To illustrate the advantages and rationality of our results,
numerical calculations in Mathematica are performed
and data are provided. Numerical results show that
the advantages are obvious in both of computational
accuracy and efficiency. Some special integrals are also
calculated by using the relationship between the integrals
and their related special functions, and the advantages
of accuracy and calculation efficiency are also obvious.
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