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Parameter Estimation for Dothan Model Driven by
Small Symmetrical Noise Based on Discrete
Observation

Huiping Jiao, Piaopiao Zhou, Heling Li, Chao Wei

Abstract—In this paper, we consider the parameter estima-
tion problem for discretely observed Dothan model driven by
small symmetrical noise. The least square method is applied
to obtain the drift parameter estimators. The consistency and
asymptotic distribution of the estimators are derived when a
small dispersion coefficient ¢ — 0. Some simulations are made
to demonstrate the applicability of the results.

Index Terms—Dothan model; small symmetrical noise; least
square estimation; consistency; asymptotic distribution.

I. INTRODUCTION

Due to the widespread application of stochastic differential
equations in the field of financial economics, it has attracted a
large number of scholars to devote themselves to research in
this field ( [1], [3], [4], [23], [24], [26]). However, parameters
are always unknown. This seems to be a common problem
in stochastic model. In the past few decades, parameter
estimation problem for economical models has been studied
by many authors. For example, Rossi ( [16]) applied parti-
cle filters and maximum likelihood estimation to solve the
parameter estimation for Cox-Ingersoll-Ross model. Tunaru
and Zheng( [21]) used Bayesian method to discuss parameter
estimation risk in financial modelling. Wei et al.( [22])
utilized Gaussian estimation method to investigate the param-
eter estimation for discretely observed Cox-Ingersoll-Ross
model. Yang et al.( [25]) used a-path method to estimate
the unknown parameter of uncertain differential equation
from discretely sampled data. However, it is well-known
that many financial processes exhibit discontinuous sample
paths and heavy tailed properties (e.g. certain moments are
infinite). These features cannot be captured by Brownian
motion ( [6], [7], [11], [14], [17]). Therefore, it is natural
to replace the driving Brownian motion by Lévy noises. In
recent years, with the development of Lévy process theory
and its application in the fields of engineering systems,
economic systems and management systems, it has attract-
ed great attention from scholars. Therefore, some authors
considered parameter estimation for stochastic differential
equations driven by Lévy noises. For example, Li and Ma(
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[12]) discussed the asymptotic properties of estimators in
a stable Cox-Ingersoll-Ross model. Long ( [13]) analyzed
the least squares estimator for discretely observed Ornstein-
Uhlenbeck processes with small Lévy noises. Then, Long et
al. ( [15]) tackled the least squares estimators for discretely
observed stochastic processes driven by small Lévy noises.
Singh et al. ( [18]) utilized a randomized response model un-
der Poisson distribution to estimate a rare sensitive attribute
in two-stage sampling. There have been many applications of
small noise asymptotics to mathematical finance ( [2], [10],
[19]). From a practical point of view in parametric inference,
it is more realistic and interesting to consider asymptotic
estimation for diffusion processes with small noise based on
discrete observations.

The Dothan model is an interest rates model introduced
by Dothan in 1978 ( [5]). During the past few decades,
some authors have studied the parameter estimation problem
for Dothan model. For example, Treepongkaruna ( [20])
estimated the parameter of Dothan model by using Quasi-
maximum likelihood estimation. Khramov ( [9]) used gen-
eralized method of moments to estimate the parameter of
Dothan model and provided some simulations by real data.
However, there is few literature about parameter estimation
for Dothan model driven by non-Gauss noise. In this paper,
we consider the parameter estimation problem for Dothan
model driven by small symmetrical noise. The least square
method is utilized to obtain the drift parameter estimators.
The consistency and asymptotic distribution of the estimators
are derived when a small dispersion coefficient € — 0.

This paper is organized as follows. In Section 2, Dothan
model driven by small symmetrical noise is introduced and
the estimators are obtained. In Section 3, some lemmas are
given, the consistency and asymptotic distribution of the
estimators are provided. In Section 4, some simulations are
given. The conclusion is given in Section 5.

II. PROBLEM FORMULATION AND PRELIMINARIES

A random variable 7 is said to have a stable distribu-
tion with index of stability @ € (0,2], scale parameter
o € (0,00), skewness parameter 5 € [—1,1] and location
parameter p € (—oo, 00) if it has the following characteristic
function:

On(u)
—o%u|*(1 — iBsgn(u) tan %) +ipu,ifa # 1,

2
—olu|(1+i8=sgn(u)log |u]) + ipu,ifa = 1.
™
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We denote n ~ S, (0,5, 1). When p = 0, we say 7 is
strictly a-stable, if in addition S = 0, we call n symmetrical
a-stable. Throughout this paper, it is assumed that a-stable
motion is strictly symmetrical and « € (1,2).

We investigate the parameter estimation problem for
Dothan model described by the following stochastic differ-
ential equation:

dX; (9 + ’}/Xt)dt +eXydZy, te [0, ].] )
Xo =zo,

where 6, v are unknown, Z is a strictly symmetric «-stable
motion. It is assumed that ¢ € (0, 1].

We assume that the process {X;,t > 0} can be observed
at discrete point {t; = iA,i = 0,1,2,...,n} with A > 0.
Consider the following contrast function:

0 = - |Xt1 - Xti—l B (0 + ’th'i—l)Ati_1|2
pn,e( /7) - Z EQXtQ Atz 1 )
i=1 i—1 -
Z )
where Ati_l = ti — ti—l = %
Then, we obtain
X —X
. Yo T
=1 1 1
i - Grm n )
1 1 n X=Xy,
521:1 X:, . Zi:l X,L B :
1 1 1 )
Pl (i X: )
X (3)

1
. Z’L 1 X2
TYn,e =
Zz 1X2 .
1 1
O o

TN 1
EZi:l th
i

ti—

1
I 1
(E Ez 1 X, 1)2

Xy, — X,

Z?:l ¢

1 ti—1

- (% Z?:l ﬁ)z

IITI. MAIN RESULTS AND PROOFS

Since
1 ti ti

Xy, — Xy, , =—0+ ’y/ X.ds + 5/ X dZ,. (4)
n t )

Substituting (4) into (3) , we have

=0+ 1 T
n Zz 1 X2 . B (% Z?:l ﬁ)Q

’75 Zi:l KZ? 1 tt,l ) Xt lds
TIYL - i x)

521 1ﬁ7 1 X); dZs
1 Zz 1 X2 . - (% Z?:l ﬁ)Q
5% > e ﬁ dica ft:,l Xf{ dZs
S SHNp S E) Y=

Q’-”)

1

-1

1 1 t

T 2?21 X2 Z:L 1 t; > Xe = ds

1 i i
Ez 1 X2 _, - (E Z:‘L:I X, )2
1 ti X,

Vo 2zt X,,l.f1 Yim i, X7, ds

PIL S AT

=~ p—
Tn,e =

el

nZle21 zltht dZ
1 1 1
I ;(;zz;l Sa—E

1 X,

€n > Xt@;] >ie 1ft7 1 X7, dZs

A O P
Consider the underlying ordinary differential equation:
dX? = (0 +yXD)dt, X = .

Firstly, we introduce some lemmas below.
Lemma 1: ([8]) Z is a strictly a-stable Lévy process and
¢ € LS, . Then,

t t t
/0¢(s)dZs:Z O/o ¢S (s)ds — Z 0/0 o%(s)ds, a.s.

If Z is symmetric, that is, 8 = 0, then, there exists some
p rd
a-stable Lévy process Z = Z, such that

t ) t
/ P(s)dZs = Z O/ lo(s)|%ds, a.s.
0 0

Lemma 2: When ¢ — 0 and n — oo, we have

sup |X; — X7 5o.

0<t<1
Proof: Since
t t
X, — X = 7/ (Xy— X0ds +¢ | X.dZ,, (5)
0 0
we have

X — X7

t t
< 272|/ (X, — X0)ds|? +252|/ XSdZS|2

< 2v%t /

Applying Gronwall’s inequality, we have

| X, — X22ds + 2¢% sup |
o<t<1 Jo

XdZ .

t
|X; — X?|? §252e272t2 sup |/ X,dZ,*.
o<t<1 Jo

Then,

t
- X7 < V2ze? sup | [ XsdZg|.

0<t<1 Jo

sup | X
0<t<1

For any given 6 > 0, when € — 0 and n — oo, we have

(|\[€e7 sup | X dZs|| > 9)
0<t<1
< 52 E[ sup | XSdZS|]

o<t<1 Jo

1

< 05*1\/556721@[(/ X%ds)#]
0

< 0571\/55672E[X]\[]

— 0,
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where C'is a constant and Xy = supg<; < { Xt}
Therefore,

sup | X, — X% 5 o. (6)
0<t<1
The proof is complete. ]

Lemma 3: When ¢ — 0 and n — oo,

1<~ 1 p (11
= S —dt
n;Xti—l 0 Xr?

Proof:

1 2": 1
nig X
It is easy to check that

e 1 p (11
EZXT% X—todt. (8)

i=1 “ti-1 0

n

e 1 1 1 1
==Yy ——+= —_— ). (D
n ;X? nZ(XtFl X,g’il)

i—1 i=1

According to Lemma 2, when ¢ — 0 and n — oo, we
have

" 1 1

I*Z(T X21)|
1, < X7,

:42 th 1X3 ) — |
sz\XO zll

|Xt1 1 |
sup | X7 —Xt|
o<e<1 | X XP|

0
— sup |X; — X
XN O§t§]| t t‘

IN

P
— 0,

where Xy = info<;<1{X:}.
Then, we obtain

1
— — —dt 9)
n i—1 Xt'i—l 0 Xw?

The proof is complete. ]

Remark 1: By using the method in Lemma 3, it is easy
1 L !
to check that 2 37 | X7 IN oz dt.
Now we introduce the main results.
Theorem 1: When & — 0, n — oo, and en!~=

— 0,
~ P ~ P
9n,5 — 9;771,5 — -

Proof: Observe that

I~ 1 1 1,
— — — (= 10
PO P A
1 1
P 1 1
— ——dt — (/ —dt)Q
/0 (XP)2 o X!
When € — 0 and n — oo, we have
noo 1
C X P / Xy
ds — ——dt (11)
;/til XtQi,l 0 (X0)2

e —0,n— oo, and en

and

1 n 1 n /ti )(g = /1 1
— —ds — —dt —dt
n;Xti—liXZ; ti—1 Xti—l 0 XO 0 XO
(12)
According to Lemma 2, we obtain
n t; n n t;
X, 1 1 X P
ds — — ds — 0.
(13)
Since
n t:
X
le / *dZ|
; ti—1 Xth 1
n 1 t;
SEZ‘Xz I X, dZ,)|
i=1 ti—1 ti—1
- 1 1 1
<e) (I |+ | )
; (X0 )% (X )? (XP_)?
t;
\ X,dZ,|
ti—1
<e \ I XdZg|
i=1 (X?z 1)2 ti—1
v [ ol [ xaz
€ sup — <A
o<t<1 (X¢)? C(X0)2 ta

By the Markov inequality, for any given § > 0, when

1 .
=3 — 0, we obtain

n 1 t;
P Il | ezl >

<4 eZ|X0 2|JE|/ X,dZ,|]

<206~ €Z|(X01 )Q\E[/Z (X,)°]%

ti—1 ti—1

<206 ten'~

— 0,

where C' is constant.

From Lemma 2, when ¢ — 0 and n — oo,

g sup |

1
o<t<1 (X¢)?

Thus, we have

EZ/ PO.

tzl

Then, it can be checked that
ti

p
EZ - th 1 — 0.

Then, we have

O 0.
According to Lemma 1, we obtain

RS

tllzl

th 1

1
P 1 Xt
—>’y/ ——=dt —=dt,
o (X2 Jo X7

Volume 30, Issue 4: December 2022

1 /ti P
—_— XdZs| = 0.
(XtO)Q || ti—1 ‘

(14)

15)

(16)

a7

(18)



Engineering Letters, 30:4, EL._ 30 4 04

and
ts
= ZXt z;/ Xi;;:ds (19)
5 vy ; X—todt
Together with Lemma 2, we have
Vi i ijfl i= 1ft1 L X, e ds
B P S 0
Vi D Xt:_ i= 1ft1 ! X)z’( 1d3 P
TISTE Onner e
Since
Er i ng_l i tt,l Xiil dZs
LSy Sy ey s e
and
5% Z?:l ﬁ Z?:l tt; . X)Z( - dZs
S Grmar W
Therefore, we obtain
Tne = 7. (24)
The proof is complete. ]
Theorem 2: When ¢ — 0, n — oo, and ne — 00,
e (e — 0)
fo 7)) 5o (1,0,0) = [y 5f5dtSa(1,0,0)

fo( byzdt — (Oxlodt) ’
6‘1(%5—7)
4 I dtS,(1,0,0)
fo X0)2 - fo ngt
&ywwuﬁwwﬁ&u@m
o oot — (o spdt)?

Proof: From the explicit decomposition for 6, ., we
derive that

X0)2

e One—0)
_ t; X
e Y, ft7~,_1 Xf_il ds
1 1 1 1
g -Gl

1
1,1\ 1 n t; X,
€Yy Yim X, >t ti1 X, ds
1IN 1
521':1 X2 1

—1

BT Sp—
z lft, 1 X2s dZs

+% Zi:l thi—l - (%ZL Xﬁ s )2

%Z?:l XtLI i= 1ft1 1 Xf le

T 1 1 1 :
T - GrLin )

When ¢ — 0, n — oo, and ne — oo, we have

572/ s
thzl

1
<e” < ||/ Xsds|
—_ t ti—1
1 1
<n ey} (| - |+ )
; (XtH)2 (Xp )2 (XP)?
sup | Xy
ti—1<t<t;
Eo.

Then, it is easy to check that

“hy= ZXt Z/ L0 @
Since
n t; XS
dZ
;‘/til Xt2i—1
L 1 1 1
= ( + VX dZ s
P »/t (XP_ )2 (X, )2 (XP )2
n t;
= Z/ L vz
- S S
i=1 Yti—1 (X?i—l)z
e 1 1
4 / ( _ )X, dZ,.
iZ:; ti—1 (Xti—1)2 (Xl?i_l)2

Together with Markov inequality and Lemma 2, for any

1
given § > 0, when € — 0, n — oo and n' =% — 0, we have

1
|Z/1 1 Xt (ngl)2

VXdZs| > 8)

i 1
< -1 E _ XdZ
s 0 Z:“/ VQAV M&f)ﬂsu
1 1

e -1 ]E

Z | ti1 th,_1 +Xg—1)

1 1
< 512114:“!/“ (g — — ) Xeldz
> . X ) Xti, XO
< 12 %

1 1
| Xt )X ‘dZ] )2
n ti 1 1 1
E Xs|“ds]~)?
12:;( [/157:—1|*th1 1 X?i—l) | dS] )
4 L n 2 1
< ICE[—)E S (E Xo = X))
S TGl 2E  e XFE)
4 1 3
< 6TOn! T (Bl ))F (B sup |Xo - XPP)®
X% 0<t<1

— 0
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Then, we obtain

n t:
¢ 1 1 P
( - )X dZs 0. (26)
;/t (Xt,.,)% (XD_)?
Since
n t;
‘ X,
O e
i=1 ti—1 (Xtifl)
1 n
X
= =1, 1(8)dZs
[ 2 e
1 n
X
° o5l i—1,ts (S))ad&
| St
' d
where 7 = Z.
According to Lemma 2, we obtain
1 n 1
X P 1
o5 Lt 1 ta (s))o‘ds%/ (= )%dt. (27)
/o ;Xg,l)? (time i o X7

From Lemma 1, we have

/ tLl

1
« P, ! 1 «
1(t7 L(8)%ds = Z O/ (5p0)%dt.
0 t

(28)
Then,
n t. 1
' Xs d 1 1
S [ s S G sa00,
i=1 tio1 i—1
(29)
Thus,
—Z Z/ X, % ~>/ otSa(1,0,0).
tim1 =1 Yt i
(30)
Therefore,
e (One — 0) 31
(o (p)dt) 5 S0 (1,0,0) — [ <L dtS,(1,0,0)
1 .
Ty et = (U
Since
1/~
€ (Yne =)

E—I,YL Z?:l X%I 2?21 t’j—l Xiiil ds
P e e
ey i thl Yot ttj,l Xf?(_l ds
RS>/ s g
%Zizl ﬁ i=1Jt; 4 Xi(_
m el X2
S

1 1 1 :
521‘:1 Xifl - (5 Z?:l X, )2

-1

dz,
1
e S
dZ,

—e v+

From above results, it can be checked that
1,1 1 X,
€ Y Dimt X7 > tl L X, 1d5
15 1 _ (1l 1 \2
n Zi:l th (n Z’i:l X, 1 )
i—1 1=
1.1 n 1 n t; X
Vi i1 Xt.71 Do fti_l Xfil ds

1
L S b S

£o.

Moreover,
Tl Tk, wdz,
P - Grm )
LY e S e, edz,
B T E S e
a 1f01 @dtsa(ll,o,m
In ﬁdt— (fy %dt )2
f dt fo XO )dt) = Sa(1,0,0)
- fo ngt)z

fo W
Therefore,
e (Ane =)
o Jo TEEdtSa(1,0,0)-
Jo et = (Jy gpdt)?
Jo sty (5)7dt) > Sa(1,0,0)
o ot — (Rt

The proof is complete. ]

IV. SIMULATION

We use the discrete sample (X4,)i=0,1,...n to compute the
estimator ¢,, . and 7, . In Tables 1 and 2, we let zp = 0.2,
a = 1.6. In Tables 3 and 4, we let zg = 0.1, « = 0.8. In
Tables 1 and 3, ¢ = 0.1, the size is increasing from 1000
to 5000. In Tables 2 and 4, £ = 0.05, the size is increasing
from 10000 to 50000. We provide the value of least squares
e/:\stimator “On.e”, “Yn,e”, and the absolute errors (AE)“|60
an,er’? “|7 - :Y\n,e| .

According to the simulation results, when n is large
enough and ¢ is small enough, the estimator is very close to
the true parameter value. If we let n converge to the infinity
and ¢ converge to zero, the estimator will converge to the
true value.

V. CONCLUSION

The aim of this paper is to estimate the parameters
of Dothan model driven by small symmetrical noise from
discrete observation. The least squares estimation has been
used to obtain the parameter estimators. The consistency and
asymptotic distribution of the estimators have been derived as
well. Further research tops will include parameter estimation
for partially observed stochastic differential equation driven
by small Lévy noise.
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TABLE 1
LEAST SQUARES ESTIMATOR SIMULATION RESULTS OF 6 AND 7y

TABLE III
LEAST SQUARES ESTIMATOR SIMULATION RESULTS OF 6 AND 7y

True Aver AE
(6,7)  Sizen  Op. Fe 1Bne—  Pne—
ol |
1000 1.1623 11536 0.1623  0.1536
() 2000 10857  1.0815  0.0857  0.0815
5000  1.0046  1.0039  0.0046  0.0039
1000 21735  3.1625 01735  0.1625
@3 2000 20937 3.0817  0.0937  0.0817
5000 20051  3.0045  0.0051  0.0045
TABLE 1I

LEAST SQUARES ESTIMATOR SIMULATION RESULTS OF € AND Y

True Aver AE
0.v)  Sizen  Ope FAne  |fne—  Fne-
ol 7l
1000 1.1035 11126 01035  0.1126
LD 2000 10639 1.0702 00639  0.0702
5000  1.0028  1.0017  0.0028  0.0017
1000 21169  3.1014 01169  0.1014
@3 2000 20531  3.0681  0.0531  0.0681
5000 20026  3.0019  0.0026  0.0019
TABLE IV

LEAST SQUARES ESTIMATOR SIMULATION RESULTS OF 6 AND Y

True Aver AE
6,7)  Sizen  One  Ane  |One—  [Ane—
0| 7

10000 1.0734  1.0849  0.0734  0.0849

LD 20000 10265  1.0206  0.0265  0.0206
50000  1.0006  1.0008  0.0006  0.0008
10000 20827 30713 00827  0.0713

@3 20000  2.0134  3.0201 00134  0.0201
50000 2.0011  3.0007  0.0011  0.0007

True Aver AE
(0,7)  Sizen  On. T One—  [Fne—
0| 7l

10000  1.1206  1.1028  0.1206  0.1028

LD 20000  1.0227 10169  0.0227  0.0169
50000  1.0008  1.0007  0.0008  0.0007
10000 21135  3.0946  0.1135  0.0946

@3 20000 20218  3.0176  0.0218  0.0176
50000  2.0010  3.0005  0.0010  0.0005
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