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A LogTV Nonconvex Regularization Model for
Magnetic Resonance Imaging

Lirong Wang , Sayang Mohd Deni, and Zalina Zahid

Abstract—Magnetic resonance imaging (MRI) is one of the
essential elements in medical areas, particularly in diagnostic
procedures. However, due to the under-sampling process, the
reconstructed MR image leads to incomplete output, including
the edge being blurred and the noise remaining, which are
considered fundamental problems of MRI analysis and the
diagnosis procedure. The total variational (TV) regularization
technique is a standard method for MRI reconstruction. This
paper proposes a nonconvex regularization MR1 model (LogTV)
to construct a logarithm penalty function that could effectively
prevent the system due to underestimating characteristics.
Moreover, this study will offer an improved alternating
direction method of multipliers (ADMM) algorithm and the
algorithm's convergence in solving the new nonconvex model.
Finally, the numerical proposed model is expected to have a
better effect on MRI than similar models. That is, the value of
the peak signal-to-noise ratio (PSNR) is more significant, the
relative error (RE) is minor, and the structural similarity index
measurement (SSIM) is closer to 1 under the proposed model.

Index Terms—MRI reconstruction, LogTV regularization,
DC decomposition, ADMM

I. INTRODUCTION

T is known that MRI mainly relies on gradient magnetic
field and RF pulse to image tissue. With its excellent
performance, MRI occupies a pivotal position in modern
medicine [1]. However, the inherent time-consuming problem
of signal acquisition seriously limits the application of MRI
technology in clinical diagnosis. On the one hand, this defect
will bring discomfort to the tested patients and the inevitable
body movement, including heartbeat and gastrointestinal
peristalsis. Thus, this scenario will form motion artifacts in
the MR image, introduce noise and reduce the imaging quality,
which is very unfavorable for doctors to produce accurate
lesion information from the MR image and even lead to
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misdiagnosis or missed diagnosis. On the other hand, low
inspection efficiency will make expensive inspection costs,
which limits its further promotion and applications. Therefore,
the focus and difficulty of MRI research have been
eliminating redundancy, improving MRI acquisition
efficiency, speeding up signal acquisition, shortening imaging
time, reducing patient discomfort, accurately restoring images,
and improving diagnostic rate [1].

Compressed sensing (CS) [2-3] the theory can reconstruct
MRI images with a small amount of data and achieve good
reconstruction results by using the sparsity of image data [4-5].
In MRI combined with CS theory, constructing constraint
terms using the sparsity of images in a specific transform
domain is the most commonly used. In addition, TV
regularization also is popular with sparse regularization,
which is very effective in solving the problem of image
smoothing under noise [6]. It not only effectively suppresses
the noise but also in preserving the details, such as the texture
and edge of the image. Therefore, it is widely used in signal
processing, image denoising, image reconstruction, and other
fields [7-9]. The MRI method gradually develops based on
the total variation (TV) regularization transform.

The MRI images can be abstracted as underdetermined
linear models

where x € R" is the MRI to be reconstructed, ¢ is the noise,
y e R™ represents the K -space signal under-sampled by the

nuclear magnetic resonance coil, and its dimension is far
lower thanx. A=PxF ,P e R™" is the incomplete sampling
template, and the standard sampling template has radial
sampling, random sampling, Cartesian sampling, and so on.
FeR™ is a sparse Fourier transform operator. MRI
reconstruction aims to recover x from y according to the
model (1.1). In general, the simplest way to solve an
underdetermined equation (1.1) is to use ordinary least
squares estimation (OLSE), which is based on the maximum
likelihood estimation of statistics. However, the least square
method can not produce a simple model and cannot feature or
variable selection, so the effect of model prediction and
interpretability is inferior. In MRI problems, the dimension of
sampled data is much smaller than that of accurate data.
OLSE is wusually an underdetermined system or an
ill-conditioned issue. Therefore, we must use the
regularization technique to solve the sparse optimization
problem and get a suitable solution. MRI reconstruction
techniques based on CS often employ the TV or generalized
TV form as a convex regularization term to improve the
sparsity in gradient space. And the standard TV model is
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reconstructed as described below:

1
mxlnall y= Al +A1 Xy - (1.2

where ||x|l,, is the regularization term, actually means
|| Dx ||, ( D is gradient operator), and A >0 is called the

regularization parameter. Classical TV regularization is
convex, which involves L, =||{|, norm regularization [3,6,10].

However, L, the norm is not differentiable and will

underestimate the larger value in the sparse solution,
producing a biased estimate. The L =||{|,(0< p <1) normis

used as the regularization term to estimate the more
significant value in the sparse solution more effectively [11].
However, because the objective function itself is nonconvex,
the solution process is often complicated, which will fall into
the optimal local value. To overcome the shortcomings of the
L, and L, regularization, some nonconvex regularization

methods are proposed based on minimax-concave (MC),
smoothly clipped absolute deviation (SCAD), arctangent
(Atan) penalty functions, etc.

For example, Liu et al. [12] introduced MCTV
regularization terms with MC penalty function, and later Shen
et al. [13] constructed a novel MRI reconstruction model
(MCTV- L2) via L2 norm and MC penalty. Mehranian et al.
[14] and Luo et al. [15] introduced nonconvex SCAD
regularization for MRI or image denoising to improve the
performance of TV regularizations. Luo et al. [16]
constructed a nonconvex reconstruction model of MRI using
the arctangent function. In the document, Zhang et al. built a
new TV-Log nonconvex model for impulse noise denoising
[17]. Wang et al. considered introducing a logarithmic
transformation method to solve linear multiplicative
programming to improve the model [18].

Inspired by the above papers, in this paper, a Log penalty
function is used to replace the TV regularization term since
the Log penalty function also can overcome the
over-penalization associated with the norm. This LogTV
model can be written as

1
mxlnE” y—AX”; +2’” X”LogTVy (1.3)

where
n 1
” X ”LogTVé ch(DX) = Zi:l; LOg(l+ 7/||D| X"l) !

for more details, please see Section 2.

In the sparse reconstruction problem, an efficient sparse
reconstruction algorithm is the key to ensuring the wide
application of sparse reconstruction, and many algorithms
have been developed [19]. The ADMM is a simple and
effective convex optimization algorithm [20]. In essence, it is
a particular operator-splitting method. Its main idea is to
transform  unconstrained optimization problems into
constrained problems by splitting variables and then solving
them alternately, which is fast and easy to program. The
algorithm is widely used to solve high-dimensional and
complex sparse optimization models [13,20-25]. Based on the
advantages of this algorithm, this paper also considers using
ADMM to solve the newly proposed model.

This study focuses on the reconstruction model and

algorithm of MRI, which includes enhancing the nonconvex
MRI model to a higher degree, solving the LogTV model by
using an improved ADMM algorithm and verifying the
proposed algorithm through simulation and benchmark data.
Hence, the study is conducted and structured as follows. The
study design of this research is given in Figure 1, and the
explanation of the nonconvex LogTV MRI reconstruction
model is presented in Section 2. In the next section, the
improvement of the ADMM algorithm for solving the
nonconvex model is proposed. This is followed by Section 4,
where the analysis of convergence and its algorithm is
explained. In section 5, some experiments verify the
effectiveness of the new nonconvex model. Finally, some
conclusions are provided at the end of this manuscript.

Non-convex regularization term Data fitting term
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Fig. 1. The demonstration of the study design of this paper.

Il. LOGTV MRI MODEL

This section defines the Log-TV regularization term via a
Log-penalty function. The interpretation of the new
non-convex regularization model for MRI reconstruction is as
follows.

Firstly, some properties of the Log function are shown, and
let

¢y(s):%Log(1+7|s|), seR (2.1)

According to the definition of the function ¢, (s), in R", the
function ¢, (s) is continuously differentiable and concave.
Then, another function v, (s) is considered that is induced by

v, () dsl-4,s) 7>0. (@2
It is observed that y (s) is continuously differentiable and
convex in R". Figure 2 shows the curve of functions ¢, (s)
and y,(s), from which the estimation ¢ (s) is obtained,

which is suitable for fitting [s|, than [s]; .
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Fig.2. Illustration of functions |slo, s|, ¢,(s), v, (s)

The multivariate generalization of function w (s) and set

¥, :R" >R is given as follows

"PV(V) :ZWV(Vi)’ veR", y>0.

i=1
From [26-27], the following multivariate functions are defined
®,(v) [V, -¥,(v), veR" (2.4)
By replacing v by Dx in Equation 2.4, the following LogTV
regularization definition is obtained.
Definition 2.1. The nonconvex LogTV regularization:

Xl ogrv = @, (DX) =| Dx[|, =¥, (DX) .

(2.3)

(2.5)

Now, we consider the following LogTV model to replace the

traditional TV model in MRI reconstruction
. 1
min A || Xl ogrv +5|I y—AXl . (2.6)

where 2 >0and |[X||4r : R" — R is given by the formula
(2.5). Since the function ¢, (s) is nonconvex, the model (2.6)

iS nonconvex.
Lemma 2.1. Let E:R" — R be the function

1
E() = A1 Xl ogrv +§|| y = Ax|l; 2.7)

where A >0 and |||, : R" =R is given by (2.5). If

the parameter y >0 such that 1yD'D< A" A then E(X) is

convex.
Proof: Firstly, from (2.7) and (2.5), we have

EX) =21 X hagry + 11y~ AXE

=20, (09 + [l yIE +1 AxIE -2y" Ax]

{1 I DXl +Z | A =y’ AxH;n A —»PV(Dx)}.
Then, the function E is convex if the last term [] is convex.
Hence, we define G:R" — R itas
(2.8)

1
G() = Il AxIE ~2¥, (D).

Now, we show the function G is convex and rewrite G it as

G(x)= %(u A} =2y || Dx ||§)+ﬂ(§|| Dx 2 —%(Dx)]. (2.9)

&0 A

Since AyD'D< AT A isgiven, itis evident that G, (x) is convex.
For the function G,(x), we can prove that it is a convex

function by referring to Proposition 1 in [27]. Hence, the
lemma is true.

I1l. PROPOSED ALGORITHM
This section presents the proposed solution algorithm of
the model (2.6). Firstly, the reformulation of the model from
Equation (2.7) is displayed below
1
E(X) =1 || X ”LogTV +§ ” y - AX ”;
1 (3.1)
:/1<Dy(Dx)+E|| y—Ax|?.
Due to the existence of nonconvex functions, it is difficult to
solve the problem (3.1). Inspired by reference [28], our

strategy is decomposing the equation into the difference of
convex (DC) components, i.e. E(x) =G(x)—H(x), where

1 n
G =5 lly-Ax I+l x5 +2 I Dxll,
i=1

H() =cllx[l; +2 I D[, — 2, (Dx)
i=1

The G(x)-H(x) called DC decomposition of the
function E(x) and ¢>0 is a parameter. To ensure that
functions G(x) and H(x) are strongly convex, this study will

propose the appropriate estimation by considering limiting the
parameter c to the function. In the design of the DC algorithm,

consider the following two sequence iterations {d*} and
{x},
{d" e 0H (x)

(3.2)
X" = argmin J (x,x") = argmin G (x) - (H (x) +(d*, x-x*))

For the sequence {X"},

1
X! = arg min > Iy —Ax|}; +cllx]l;

~20(x,x)+ (I DXl ~4(Dx, £q))

i=1
where £ =7 DXll, . __Dx
" LeylIDx I DX,
DX |,=0, then g =0. In fact,
i 2 q;
n

<dk,x>—20<xk,x> = Z<Dix,ﬂbfikqik >

3.3)

Note that, if

In solving the problem that arises in Equation (3.3), the
auxiliary variables z=Dx are introduced, and rewrite the
equation as follows
1 4
min |y = Ax |+l xI —26(x" )+ > (17 1l ~(z. 41a")). (3.4)
A i=1
st. z,=D,x
The corresponding augmented Lagrangian function of (3.4) is
given by
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1
L(z, X, W) =f|| y—AXE +c I X[} ~2c(x*,x)

+Z(|z||2 (7 1) (w2, -0+ 2 12,0 llzj

where w;, is the Lagrangian multiplier. The classical ADMM

(3.5)

framework (3.5) includes the following steps:

® stepl. z —Subproblem update
2 =argmin Y (Iz I, -(z, 2 ")
i=1

(3.6)
~(w*,z, DX )+ 12~ DX )
® step2. x —Subproblem update
x**! = argmin 1 ly—Ax|Z +c || x| —20<xk , x>
x 2
. (3.7)
+Z(<Wik ! Dix>+§ I Zik+l B Dix ”2}
i=1
@ step3. w — update
Wk+l — Wk _ﬁ5(z_k+1 _ D_Xk+1) (38)

1+\/_

For the Z-Subproblem (3.6),
closed-form solution as

where § € (0, ) is the step size.

reference [22,23] has the

K Wik +ﬂ'fikqik
wk+ kgt 1
i i Ui ”2 ~=0

} D,x* + (3.9)
P e 4 MrARD
s

7" = max{|| D,x* +

For the x -subproblem (3.7), its closed-form solution is

Xt = [Zn;ﬁDIT D, + ATA+2cl j (Z":(ﬂD,T z* D/ wf) + AT + 2cx* j (3.10)
It is quite complicated to calculate (3.10) directly due to the
computational complexity of the inverse matrix is O(n®) . To

simplify the calculation of the subproblem (3.7),
linearization approximation technique will be used as

1

3 Iy —Ax|;

. . (3.11)

~ k _ 2 T kAT _ vk - _ vk )2

= I A =y I +{ATAX - ATy X=X+l X
Applying the above formula to (3.7), the following result will

be produced
X! = arg min%” AX -y} +<ATAxk - A y,x—xk>

X

1
o X=X |3+l x|} —2¢(x", x) (3.12)

+2(<wr.Dix>+§u zr*l—Dixnéj-

By considering the first-order optimality condition of (3.12), it
follows that

et :(DTD+1+ZCT|]A(DT [Zik+17W| ] 1+2cr X 1AT(AX )]’ (313)
B B) pr

where | isan identity matrix. Ref [26] points out that equation
(3.13) can be effectively solved by fast Fourier transform
(FFT). Now, the specific algorithm steps are given,

Algorithm LogTV

Initialization: Given A,b, Select
Ay, ¢ 1,6, B &, Nig -
Initialize x°,w°.
Main iteration loop:
for k=12,..,N__ do
Z - updating:
compute z** by using (3.9).
X- updating:
compute x*** by using (3.13) .
w- updating:
\Nik+1 _ \Nik _ﬁa(zik+l _ Dixk+l)
Exit criterion:

k+1:||x

max

k+l_Xk ||2

Il X I,
if £ <g, then
exit
end
end

where N__. represents the maximum number of iterations.

Note: According to the proximal operator definition
_ 2
prox ,; (x) = arg min M+ f(u),
u 22
set
R =|| Z ||2r P, = Z(<W| 1D|X> g” Zik+1 -D,x ||§] )
i=1

the LogTV method solution (3.5) can be regarded as a
proximity operator. And the Z— subproblem (3.6) and
X — subproblem (3.12) can be formulated as

k k ~ k
7, = prox (Dixk LW AL AT G J (3.14)
7 P

X! = prox

,P(xk—Hz AT(Axk—y)j (3.15)

1+2cr

respectively.

IV. CONVERGENCE ANALYSIS
This section demonstrates the analysis of the convergence
of the sequence {x“} , which is obtained by the LogTV

algorithm. Furthermore, to ensure the convergence of the
LogTV method, the limiting conditions of parameter selection
are proposed.

Proposition 4.1. If O<7<

, the sequence of

the LogTV method satisfies
L(Zk+1’ Xk+1’Wk) < L(Zk+l, Xk,Wk),
where w__ (A" A) is the Lipschitz constant.

Proof. Forany x e R", the Hesse matrix of quadratic term

Volume 31, Issue 2: June 2023



Engineering Letters, 31:2, EL._31 2 27

%||y—Ax||§ satisfies the Lipschitz condition, and the

following result will be obtained
1 1
EHy—AXMSEHy—Aﬂﬂi
(4.1)

Woe, (A" A)
e || x = x" I3,

+<ATAxk—ATy,x—xk>+ 5

Let
P() =c |l x| =2(x*,x)+

i=1

(<W|k ' DiX> +§ I Zik+l - DiX ||§ j,
thus
1
Xt =arg min > | Ax =y I3
* 4.2)

+(ATAX = ATy, X=X )+ || X=X |} +P(x).

1
2—T|
By comparing (4.2) with (3.7), combined with formula (4.1)
and x*** is the minimum of (4.2), the following inequality
will be produced

SIAK -y [ PO < 2| A -y I

w,, (A" A) (4.3)
2

+<ATAXk _AT y,x“—xk>+ ” Xk+1 _Xk ”5 +P(Xk+1)

1 11 R
<5l AX =y +P(Xk)—5(;—Wmax(ATA))II X=X

Then, comparing (4.2) with (3.11), thus
L(Zk+1Y Xk+1,Wk) < L(Zk+1, Xk ,Wk)_%(}_wmax (AT A)) ” Xk+1 _Xk ”g
T

the result holds.

Based on Proposition 4.1, where the parameter satisfies
certain conditions, the solution generated from the LogTV
method showed descending direction of the x-subproblem.

Theorem 4.1. Assume that the parameter r satisfies
Proposition 4.1, then the sequence {x*} generated from the

LogTV method satisfies lim]| X —x*],=0 .

Proof. To prove the theorem's conclusion, we first analyze
that the sequence {E(x*)}is monotonically decreasing and
the sequence {x*} is bounded.

Firstly, from the definition of function E(x)
following function is obtained

+ 1 1 +
E(x)-E(X" l)=§|I AX -y 3 —EIIAXk =yl

in (3.7), the

+23 (4,01 DX* Il,) - ¢, (I DX 11,) )
i=1

As x ! is the iterative solution of the ADMM framework
(3.6-3.8) for the sub-problem (3.5), then

1 n

A Z v IR +c | X< R — dk‘Xk+1_Xk ) DiXkA

A y I +e X —( ) ;(u I,) 44

< I =y [E el ~(d X -t ) 4 2 (1 DX 1)

i=1

Combined with the concept of subgradient, the following
equation is obtained

H(x) > H(x")+<dk,x —Xk>,VXeR”

In particular,

n

1 n
(12X ) +ell X =3 log(1+7 DX )
i=1

Zzn:(” D, x¢ ||2)+c|| x* |2 +<dk’Xk+1_Xk>
i1

Subtracting (4.4) from (4.5) and comparing it with (4.4), we
have

i=1

(4.5)

E(x*)—E(xX*") >0.
Secondly, since the sequence {E(x*)} is monotonically
decreasing, for all k>0, it is resulted as E(x*) < E(x°).
Since the function E(x) is level-boundedness, then it is noted
that the sequence {x*} is bounded.

Now, we prove that i!im||xk+1—xk |,L=0 . For the

convenience of discussion, the || Dx |3 item is expanded as
follows
Il Dix 7 = Il Dy (x = x*) + Dix“ I3
= DX I} +11 D, (x=x*) [l; +2(x—x*)" D Dx"

kT T k 112
2” DiXk ”5 +|| (X_)|(| é I::i“zl:)iX ||2 +2(X_Xk)T DiT DiXk (4'6)
iX 2
T K |I?
=D, +(x—x) T DO
I DX I,
It is much easier to observe from (4.6) that
D."D x*
” DiX”Z _” DiXk ||22(X_Xk)T;aVX (4-7)
[l DX“ I,

Then, from the inequality properties of logarithmic functions

( 1Iog(1+ yt)<t, Vte R, y>0)and (4.7), it is obtained as
v

1 1
(” Dix |l _;IOg(l"'?/” DiX||z)j_(” DiXk Il, _;IOg(l"']/” DiXK ”2))

7(IlDxll, ~ [ D" ||2)]

1
:” DiX ”2 _” Dixk “2 _yIOQ{l“'

1+ 7 DX,
[ Dx I, =1 DX |
Z” DiX ”2 - ” DiXK ”2 _2—kz
1+ Dx* |l
_ 71X I (DXl ~ DX 1) | y(x—x*)" D D"
L7 DX, ~ L+7IDXl,

Then, for all xe R" , and is noted as

HO) =cll x| + 21 Dxll, - @, (Dx)

i=1

: 1 y(x=x*) D Dx"
> cf| x|} +Z[|| DXl = logl 71D )+ S

1+ 711D I,

i=1

J(4.8)
=c X} +ellx=x* [E +2¢(x*, x=x* )+ Y[ Dx]l,
1 y(x—x*)" DD x*
—-® (D LA 7 TV T
AP0 6,

=H) +(d x=x )+l x—x" |}
From the inequality (4.8) and the definition of (3.2), obtained
as

E(Xk+1) — G(Xk+l) _ H (Xk+1)

S —{H (X) +{d* X" =X )+ ce | X=X B}
=J (Xk+1, Xk ) —-c ” Xk+1 _ XK ”2

SE(X) -l X =x" Il

Adding both sides of (4.13) from k =0 to o,

(4.9)
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Y [ X =x E< E(X°) —E(X"!) <0
k=0

Because ¢ > 0, of the above relationship and the properties of
the series, it is noted that lim | XX |,=0.

Proposition 4.2. For any Vx € R", we have a property for the
subgradient of @ (Dx),

a(Dy(DX) = a(i” D;x ||2J_a(i” Dixl, _(Dy(DX)]'

Proof. The set D.x = (X, X, ) is the gradient at pixel i, and

ix, Ny

g(xix,xiy) = \[ Xizx + Xizy
¢~/(«/Xi2x, +X2) = %Iog(l+ yA(Xe 4% ),5>0.

Then we obtain

@, (Dx) =11, 0¢, (‘/xfxl +X5)

&3 (1D, x1L) =TT, 39 (%, ,)

a(Z(n D,xl,) —cb,V(Dx»j =T1,0( 904 %,) =4, (5. +3) )
The functions g,¢ and (g-¢) are discontinuous at the point

(0,0). It is noted that the proof proposition 4.2 is supposed to
be estimated at the point (0,0). For a detailed analysis, please
refer to [28]; the proofs are omitted.

Theorem 4.2. According to Proposition 4.2, any limit point
x" of {x*} satisfies the weak first-order optimality condition

of the E(X) , i.e.

0c a(iu DX ||2j—a(iu DX Il —A@,(Dx*)jw (AX -y)

i=1

Proof. It follows from the Bolzano-Weierstrass theorem and
Theorem 4.1 that there exists a subsequence {x*} < {x"},

such that x* — x". Then,
0e AT (A  —y)+2¢c(xf —x* 1)

+8[ZII D, x* IIZJ—/IZ(DiT fi ™)
i=1 i=1

From the definition of f*,g* in (3.9) and
Proposition 4.2,

D"t "q k"1=8(Z(II DX IIZ)—M%(DXK”I)}
i=1

(4.10)

For x* — X", is obtained as
X —x4T 50, Dx* — Dx’,
and,
DT ¥ kn—lq bl _y DT £
Then,
0 e@(i” DX’ ||2j—a[i|| DX |, —ACDy(Dx*)J+AT(AX*— v).

This completes the proof.

V. NUMERICAL EXPERIMENTS

This section demonstrates the numerical results to show the
effectiveness of the proposed LogTV method and the

comparison to traditional TV [21]. In addition, the most
recent proposed nonconvex methods MCTV [12] and
AtanTV [16], are also presented. All experiments are
conducted using Windows 10 and MATLAB R2015a on the
PC (Intel(R) Core(TM) i5-5200U CPU @ 2.20GHZ, 8.00G
RAM).

In this study, the peak signal-to-noise ratio (PSNR), the
relative error (RE), and the structural similarity index
measurement (SSIM) are used to evaluate the quality and
accuracy of image reconstruction, which are respectively
defined as

2 k_ 2
PSNR:10|g[%} re= X — 44l
X = e, 11z [l x|

2y - pry +C (20, +Cy)

SSIM(x, x¢) =

(1 + 1,2 +C)(0, +0, 7 +Cy)
where x represents the original MRI data, , is the mean of

value x,k represents the number of iterations of the

algorithm, x* is the restored image, . represents the mean

of x¥, o2 denotes the variance of x, zek denotes the value

X<, Ok denotes the covariance of x and x*, C,, C, are

stabilization parameters. Among the three quantitative
evaluation index, the smaller the RE, the better the effect of
model reconstruction. For the PSNR, the larger the value, the
better the reconstruction effect. Moreover, the SSIM value
lies in the range of [0,1], with a value closer to one indicating
better structure preservation. In visual effect evaluation, the
reconstruction effects of different models and the difference
image between the reconstructed image and the observed
image are given for each MRI observation image to compare
better and analyze the results.

In Figure 3-7, five MR images are chosen, which include
(Shepp Logan (256>256), Brain (256>256), Brain
angiography (256>256), Shepp Logan (512>612), and Brain
(512>512)). For the image reconstruction experiment, three
different sample models will be used to evaluate the
performance of the proposed LogTV model. Moreover,
comparing the results of four reconstruction models (TV,
MCTYV, AtanTV, and LogTV) will be evaluated using three
sampling templates (radial, Cartesian, and random sampling).
In the experiments, the parameters are defined as
A=0.001, p=40, y=10.

In Figs 3-5, the Shepp Logan (256) / Brain (256)/ Brain
angiography (256) are chosen to evaluate the performance of
the LogTV method. The comparison is conducted separately
for the four reconstruction models (TV, MCTV, AtanTV, and
LogTV) proposed above under radial, Cartesian, and random
sampling. Firstly, from the visual effect, the MR images effect
reconstructed by the new LogTV model is better than the
other three models. Furthermore, it is obviously seen that the
reconstructed images of the LogTV model are much more
precise. In addition, from the specific numerical results, it is
observed that the LogTV method can reconstruct Shepp
Logan(256) PSNR~=45.2533, which is much higher than TV,
MCTV, and AtanTV methods at least 4.6%; Brain(256)
PSNR~=37.8437, Brain angiography (256) PSNR~=38.0511
are also higher than the other three methods.
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TV, PSNR=26.9663 MCTV, PSNR=30.6109 AtanTV, PSNR=43.6376 LogTV, PSNR=45.2533

LogTV, RE=0.0221797

Shepp Logan (256)

TV, RE=0.182099 MCTV, RE=0.119695  AtanTV, RE=0.0267141

Radial sampling

Fig.3. Reconstruction results of four methods for Shepp Logan (256) data with a radial sampling rate of 3%

Brain (256) TV, PSNR=35.0527 MCTV, PSNR=36.7415 AtanTV, PSNR=37.1394 LogTV, PSNR=37.8437

Cartesian sampling TV, RE=0.0620011 MCTV, RE=0.0510461 AtanTV, RE=0.04876 LogTV, RE=0.0449625

Fig.4. Reconstruction results of four methods for Brain (256) data with a Cartesian sampling rate of 34%
Brain angiography(256) TV, PSNR=34.5794 MCTV, PSNR=36.3036 AtanTV, PSNR=37.3434 LogTV, PSNR=38.0511

Random sampling TV, RE=0.0941278 MCTV, RE=0.0771805 AtanTV, RE=0.0684723 LogTV, RE=0.0631151

Fig.5. Reconstruction results of four methods for Brain angiography (256) data with a random sampling rate of 20%
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At the same time, the RE of reconstruction with the LogTV
model is observed to be very small under different sampling.
For example, it is noted that the RE of Shepp Logan (256) is
0.02217, Brain (256) 's is 0.04496, and Brain angiography
(256) 's is 0.06311 which all of these values showed much
lower than TV, MCTV, and AtanTV. As a result, intuitively,
from the reconstructed images in Figs 3-5, it is obvious that
the LogTV model's reconstructed images are much more
precise than others.
From the previous results combined with Table 1, it could
be concluded as follows:
® Under the three common undersampling templates, the
reconstruction results obtained by the nonconvex
method are better than the traditional TV method in
overall quality;

® Among SIMM, PSNR, and RE, the LogTV method
proposed in this paper is superior to the other three
methods.

® Both the LogTV and the traditional TV methods show
good CPU time performance. In 256 data, the traditional
TV method has a slight advantage, but in 512 data, the
LogTV is better.

® In comparing three different nonconvex methods
(MCTV, AtanTV, LogTV), the LogTV model has
advantages in reconstruction quality and CPU time. The
MCTYV is the most time-consuming CPU method among
the four methods

Without losing generality, the 512 MRI data is selected
to test the new method's performance. In Figs 6-7, the test on
the performance of the LogTV method on MRI data of size
512 (Shepp Logan (512) and Brain (512)) is conducted.
Similarly, a comparison of the four modes (TV, MCTV,
AtanTV, and LogTV) under random and radial sampling,
respectively. The images with higher reconstruction accuracy
through numerical experiments are obtained. The PSNR of
LogTV is 73.3411 and 35.5977 under random sampling and
radial sampling, which is higher than TV, MCTV, and
AtanTV by 1.4% to 35%. And the RE of reconstruction with
the LogTV model is also very small (0.00087/0.06948) and
almost close to 0, which is lower than TV, MCTV, and
AtanTV. In the residual comparison in Fig 6, we used 100
times residual to display the image and intuitively compare the
differences between the four methods.

Table 1: Comparison of SIMM, PSNR, RE, and CPU time values for the four methods

Image Template Method SIMM PSNR(dB) RE% CPU time(s)
TV 0.6532 26.9663 18.21% 6.314958
Shepp Radial MCTV 0.8445 30.6109 11.97% 31.821030
Logan(256) sampling AtanTV 0.8732 43.6376 2.67% 13.338544
LogTV 0.9018 45.2533 2.22% 6.748855
TV 0.8818 35.0527 6.20% 5.102444
) Cartesian MCTV 0.9276 36.7415 5.10% 27.952286
Brain (256) )
sampling AtanTV 0.9273 37.1394 4.88% 12.878166
LogTV 0.9289 37.8437 4.50% 5777371
TV 0.9398 34.5794 9.41% 5.307055
Brain
] Random MCTV 0.9555 36.3036 7.72% 28.194166
angiography )
(256) sampling AtanTV 0.9538 37.3434 6.85% 12.741378
LogTV 0.9617 38.0511 6.31% 5.464318
TV 0.9816 54.9544 0.72% 33.535037
Shepp Random MCTV 0.9856 56.2440 0.62% 209.093998
Logan(512) sampling AtanTV 0.9987 66.8811 0.18% 63.806695
LogTV 0.9997 73.3411 0.09% 32.341778
TV 0.9081 34.5786 7.81% 32.152920
) Radial MCTV 0.9294 34.0809 8.27% 209.583115
Brain (512) )
sampling AtanTV 0.9752 35.1145 7.35% 64.890815
LogTV 0.9799 35.5977 6.95% 31.541220
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Shepp Logan (512) TV, PSNR=54.9544

Random sampling TV, RE=0.00723939

MCTV, PSNR=56.244

MCTV, RE=0.00624051

AtanTV, PSNR=66.8811 LogTV, PSNR=73.3411

AtanTV, RE=0.00183386 LogTV, RE=0.000871698

Fig.6. Reconstruction results of four methods for Shepp Logan (512) data with a random sampling rate of 30%

Brain (512)

TV, PSNR=34.5786

MCTV, PSNR=34.0809 AtanTV, PSNR=35.1145 LogTV, PSNR=35.5977

pseudo-radial masks TV, RE=0.0781362

MCTV, RE=0.0827441

AtanTV, RE=0.073461 LogTV, RE=0.0694863

Fig.7. Reconstruction results of four methods for Brain (512) data with a pseudo-radial sampling rate of 17%

The advantages of the new model and algorithm are
reflected in PSNR and RE, as well as the speed of image
reconstruction and the similarity between the actual and
original images. Further comparison of reconstruction results
is shown in Table I. From Table I, it can be seen that the
image reconstruction speed of the LogTV method is faster.
For example, 512 high-dimensional image reconstruction
only takes about 30 seconds, nearly 6 times faster than the
MCTV method. Furthermore, images with higher PNSR and
smaller RE are reconstructed at close speed compared with
TV. In addition, it also can be seen that the SSIM
values(0.9018, 0.9289, 0.9617, 0.9997, 0.9799) under the
LogTV model all are higher and close to 1 from the
simulation results, and always higher than other models in all
experiments.

Figs 8-9 show the effects of the sampling rate and the
number of iterations on MR image reconstruction results. As
can be seen from Figs 8-9, the comparison results of the
relative error values between the reconstructed model images
and the original images are obtained by changing the
sampling rate and the number of iterations. Under different
sampling rates and different numbers of iterations, the
relative error between the reconstructed image and the

original image of the LogTV model is lower than that
between the reconstructed image and the original image of
the other two models, and the higher the sampling rate or the
increasing number of iteration, the lower the relative error
between the reconstructed image and the original image,
which is closer to the original image in visual effect.
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Fig.8. Comparison of RE and number of iterations on Brain (256).

Volume 31, Issue 2: June 2023



Engineering Letters, 31:2, EL._31 2 27

v
30 X N MCTV
[ \ ——em—— |
\ LogTV
\ R —

RE%

NN ]
O~ Il

? I hl-.:v .-----.\ ______ '3 T &
0.2 0.25 0.3 0.35 0.4 0.45 0.5
sampling rate

Fig.9. Comparison of RE and sampling rates on Brain (256) with
different reconstruction models

The experimental results show that the LogTV model has
an excellent reconstruction effect, consistent with the

theoretical inference.

VI. CONCLUSION

In this paper, a nonconvex regularization model for MRI
reconstruction is constructed by the logarithmic penalty
function. Compared with the traditional TV model, this model
can effectively improve the fitting performance of the system.
In the solution of the new model, the objective function is
decomposed with the help of the convex difference technique,
and then the ADMM algorithm is used to solve the
sub-problem. Theoretical analysis and numerical experiments
demonstrate the convergence and effectiveness of the
algorithm, respectively. In the future, the LogTV model
should be tested for more sparse systems such as video
processing, dynamic MRI, etc. In addition, in recent years,
with the deep integration of nonconvex models in deep
learning, machine learning, and other fields, how to apply the
new methods proposed in this paper to these fields is the focus
of later research.
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