
 

 
Abstract—Given the complex structure of the wire rod of the 

stator end winding of a large turbine generator, this paper 
studies the equivalent method of the wire rod. We performed a 
three-point bending test on the wire rod structure using finite 
element software to obtain the bending stiffness and deflection 
of the wire rod. Then, the equivalent wire rod was established 
by a reasonable method. Moreover, the simplified wire rod is 
used to build the structure of turbogenerator end winding to 
reduce the calculation time. A mathematical model of the 
vibration of the stator end winding is developed by equating it 
to a composite shell to reflect its vibration characteristics. These 
research results will assist in designing and improving 
generator end structures. 
 

Index Terms—steam turbine generator; finite element; 
ansys；equivalent model 

 

I. INTRODUCTION 

HE stator winding is a crucial component of the 
turbogenerator and is pivotal in converting mechanical 

energy into electrical energy. The end extension of the 
generator stator winding exhibits a highly complex, 
non-linear and strongly spatially curved geometry. Given the 
intricate nature of the geometry and the material properties, it 
is significant to establish a reasonable 3D model of the stator 
end winding and to determine the material properties [1]-[2]. 

Generally, the stator winding of a large turbogenerator 
adopts a stacked winding. The end of the stator winding 
protrudes from the stator core and then slopes outward. 
Because stator winding is formed by bending and weaving on 
the conical surface along a cone angle of 30º or less 
double-layer basket structure, it is also called basket winding. 
As the generator capacity and voltage level continue to 
increase, the temperature rise generated by the stator winding, 
the main heat-generating component of the generator, also 
increases accordingly. Accidents caused by overheating 
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stator windings occur constantly, so efficient cooling 
measures such as reducing the heat generated by the stator 
winding can ensure the safe operation of the generator [3]-[5]. 
Most large turbogenerator end winding structures in China 
use water cooling for cooling.  

In addition, many solid and hollow flat copper wires are 
tightly woven on the stator wire rod, allowing the cooling 
water to flow through the hollow wires. The heat generated 
by the windings can be dissipated by the water flow, thus 
preventing accidents caused by winding insulation wear due 
to high temperatures. The ends of the upper and lower wire 
rods are evenly distributed along the cone surface, and their 
cross-sectional structure is shown in Fig. 1 [6].  

 

 
Fig. 1.  Unfolded and cross-section drawing of bars. 
 

The present study aims to investigate the vibration 
behavior of the equivalent structure of stator winding. The 
subsequent sections are organized as follows. In the next 
section, we establish the equivalent structure of the winding 
based on the theory of bending stiffness. In the third section, 
a mathematical model is developed to predict the vibration 
behavior of the equivalent structure. The results from this 
model are compared with finite element analysis to validate 
the model's accuracy. Moreover, we investigate the effect of 
the wire rod's material properties on the structure's intrinsic 
frequency. Finally, the fourth section summarises the 
findings. 

II. EQUIVALENT OF WIRE ROD 

A. Necessity of equivalence 

All the details of the wire rod are considered to establish a 
finite element model. Due to the hollow structure and the 
insulating layer, each wire rod needs to be divided into a large 
number of cells. A large number of meshes can lead to an 
increase in computational effort. Therefore, it is necessary to 
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carry out an equivalent to reduce the calculation scale. 

B. Equivalence principle of wire rod 

Based on the above reasons, a solid equivalent wire bar can 
be used instead of the actual wire bar. Whether the elliptical 
mode is of interest or the deformation under electromagnetic 
force during the running, the wire bar mainly shows bending 
deformation. When equating the wire rod, the bending 
stiffness in the height and width directions should be equal, in 
addition to the requirement that the mass of the equated 
model is equivalent to that of the model before equating. The 
equivalent mass of the equivalent bar and the actual bar can 
be achieved by modifying its density. 

 

 
Fig. 2.  Three-point bending test. 
 

The three-point bending test is shown in Fig. 2, where the 
formula for calculating the deflection of the midpoint at the 
bar is： 

3
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The formula of the bending stiffness of the wire rod is: 
3
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The formula for the conservation of mass is: 

1 1 2 2V V    (3) 
 

C. Equivalent model of wire rod 

The finite element method was used to simulate the 
three-point bending test of the straight section of the bar 
before the equivalent, and its deflection and bending stiffness 
were obtained. A hollow rectangular section bar model is 
established. The finite element model and the calculated 
deflection curve are shown in Fig. 3. The calculated 
deflection is given in Table I. 

 

 
Fig 3.  Deflection of equivalent front bar. 
 

TABLE I 
TNUMERICAL SIMULATION OF THREE-POINT BENDING DEFLECTION OF 

EQUIVALENT FRONT BAR 

Direction 
Deflection(mm) 

Load 5000N Load 8000N 

height 0.269 0.428 

width 0.521 0.834 

 

To make the bending stiffness of the equivalent bar 
constant, that is： 

3
10 45.128 10

12x

ab
EI E Mpa mm      (4) 

3
10 42.346 10

12y

ba
EI E MPa mm     (5) 

There are three unknown quantities in the above two 
equations. First, the equivalent cross-sectional dimensions a 
and b are the same as the actual dimensions. Then the value 
of the equivalent elastic modulus E can be obtained. This 
equal efficiency guarantees that its stiffness is the same as 
that of the equivalent front bar. 

The finite element was used to simulate the three-point 
bending test of the equivalent straight section of wire rod, and 
a solid rectangular section wire rod model was established. 
The finite element model and the calculated deflection curve 
are shown in Fig. 4. The deflections obtained from the 
equivalent front and rear wire rods are given in Table II. 

 

 
Fig 4. Deflection of the equivalent rear bar.  
 

TABLE Ⅱ 
COMPARISON OF NUMERICAL SIMULATION OF THREE-POINT BENDING 

DEFLECTION OF EQUIVALENT FRONT BAR AND EQUIVALENT BACK BAR 

Direction 

Deflection(mm) 

Load 5000N Load 8000N 

Before 
equivalent 

After 
equivalent 

 Before 
equivalent 

After 
equivalent 

height 0.269 0.267 0.428 0.427 

width 0.521 0.515 0.834 0.828 

 

III. DIGITAL EQUIVALENT MODEL OF THE END WINDING 

A. Modal analysis of a single wire rod 

In this study, the aim is to analyze the dynamic 
characteristics of the stator end windings of a turbogenerator.  
Modal analysis of the stator bar is conducted as a preliminary 
step to obtain the inherent vibration properties of the single 
bar.  

The modeling of the stator end winding bar is performed 
based on the method described in [7]. The validity of this 
equivalent method is verified by performing a modal analysis 
on the equivalent front and rear wire bars. Modal parameters 
such as modal frequencies and modal shapes are compared 
before and after equivalence. It is noted that the stator 
winding is embedded in the inner circle of the stator core, and 
all nodes of the straight section of the winding have full 
displacement constraints. The modal analysis is presented in 
Fig. 5. It can be seen that the natural frequency and mode 
errors of the equivalent front and rear bars are minor, 
indicating the accuracy of the equivalent method. 
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Fig 5.  Comparison of modal parameters equivalence of wire rod. 

B. The establishment of the vibration model 

This study aims to develop a mathematical model of the 
stator end winding structure and evaluate its accuracy. The 
effectiveness of the equivalent wire rod is verified by modal 
analysis, and then this structure is applied to the numerical 
refinement model. For mathematical modeling, this structure 
is used to reduce the modeling difficulty; for finite element 
modeling, this structure is used to improve computational 
efficiency. 

A mathematical model is deemed valuable to reflect the 
vibration characteristics of the stator end winding structure. 
However, the actual structure is complex, and a simplified 
approach is adopted to reduce the modeling difficulty, as 
described in [8]. The test results indicate that the vibration 
characteristics of the structure of stator end winding reflect 
good integrity and are similar to those of a complete 
continuous medium, providing a reliable basis for developing 
an approximate theoretical calculation model [9].  

The specific simplification and equivalence methods are 
described as follows. The lamellar tandem model in 
composite theory is used in the first step [10]. The equivalent 
wire rods are considered fibers, and the interlamellar rings 
are considered a matrix. Based on this assumption, a 
single-layer winding can be equivalent to a unidirectional 
fiber-reinforced material structure. Both upper and lower 
winding structures are so equated. A two-layer, truncated 
conical shell model is finally obtained by assuming that the 
upper and lower composite layers are closely fitted. The 
equivalent structure is shown in Fig. 6. The characteristic 
equation of the vibration of this equivalent shell is established 
based on the Rayleigh-Ritz method [11]-[13]. 

 

 
Fig 6. Equivalent shell structure schematic. 

 
Establish an orthogonal curve coordinate system(x,θ,z) at 

the intersection of composite layers. The x-coordinate is the 

direction along the bus of the cone shell surface; the 
z-coordinate is the direction along the vertical cone shell 
surface; and the θ-coordinate is the direction tangential to the 
radius of the cone shell. R1 is the radius of the small diameter 
end; R2 is the radius of the large diameter end; alpha is the 
number of half cone angles; L is the length of the bus bar; and 
H is the thickness of the shell. The boundary conditions are 
simulated by uniformly distributed artificial springs at the 
two end faces of the conical shell. ku, kv, kw, and kθ are the 
stiffnesses of the axial, circumferential, radial, and coiled 
springs, respectively. 

Based on the Reissner shell theory [13], the geometric 
equations of strain, curvature, and torsion at the intersection 
are divided as follows: 
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where the radius function of the circular cross-section is 
R(x)=R1+xsinα. 

The vibration displacements u, v, and w are expressed as 
the product of the circumferential displacement function and 
the axial mode [14]. The axial modes are expanded using a 
modified Fourier series [15], then 
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where M is the number of truncation levels, and ζ1(x), ζ2(x), 
ζ3(x), and ζ4(x) are the auxiliary functions. Theoretically, 
these auxiliary functions can be chosen in any desired form. 
The selection rules only need to satisfy the existence of 
first-order differentiation of u and v, the existence of 
third-order differentiation of w, and the continuity of any 
point on the cone shell. 

The kinetic energy of the shell can be expressed as: 

2

0 0

1
( )

2

L u v w
T H R x d dx

t t t


 

                           
   (8) 

The strain energy of the shell can be expressed as: 
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         (9) 

where the strain vector and the internal force vector are 
expressed as follows: 

   T

T 0 0 0 0 0 0=

x x x x

x xx x x

N N N M M M S

k k

   

       



    


 (10) 

where [S] is the intrinsic relationship of the structure, which 
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is derived from the laminated composite of the lamellar 
tandem model in the theory of composite materials and is not 
repeated in this paper. Refer to [16] for the derivation 
process.  

The potential energy of elastic boundary is as follows： 
22

2 2 2
0 0 0 1

0
0

22
2 2 2

1 1 1 1 2
0

1

2

1
    

2

b u v w

x

u v w

x L

w
V k u k v k w k R d

x

w
k u k v k w k R d

x

















           

           




  (11) 

In summary, the Lagrangian function of the system is 
expressed as： 

bL T V V    (12) 

Applying the Ritz method to derive the transformation 
yields the vibration characteristic equation of the structure 
as： 

    2- 0

 
    
 
  

U

K M V

W

 (13) 

where  T
0 1 2= ,..., , ,MA A a aU ,  T

0 1 2= ,..., , ,MB B b bV , and 

 T
0 1 2 3 4= ,..., , , , ,MC C c c c cW  are the vector coefficient. 

 K  and  M  are the stiffness matrix and the mass matrix 

respectively. 

C. Numerical calculation and modal analysis 

The equivalent wire rod is used to build the finite element 
model of the end winding to improve computational 
efficiency. The stator end winding includes the ends of the 
upper and lower conductor bars and the spacer between 
adjacent conductor bars. Moreover, there are inter-layer rings 
between the upper and lower conductor bars. The 3D solid 
finally is shown in Fig. 7. 

The wire rod uses the equivalent material, which density, 
elastic modulus, and Poisson’s ratio are shown in Table III. 
The physical parameters of the structure, geometric 
parameters, and boundary conditions are brought into the 
mathematical model to solve the analytical solution. The 
modal parameters are obtained by modal analysis of the stator 
end windings using finite element analysis. The comparison 
of the two inherent frequencies is shown in Table IV, and the 
comparison of the corresponding vibration modes is shown in 
Figs. 8-11. 

 

 
Fig7.  Stator end windings model. 

 
TABLE III 

PHYSICAL AND MECHANICAL PROPERTIES OF STATOR END WINDINGS 

COMPONENTS 

Member 
Young's modulus 

(Mpa) 
Poisson's ratio 

Density 
(kg/m3) 

Condutor 
bar 

38000 0.3 8800 

Space 
block 

23125 0.364 1798 

 
TABLE IV 

MODAL FREQUENCY DISTRIBUTION OF STATOR END WINDINGS 

Mode shape Shake Ellipse 
Three-l
obed 

Four-lob
ed 

Frequency/Hz 
(FEA) 

64.278 58.555 78.593 113.09 

64.295 58.582 78.727 113.35 

Frequency/Hz 
(Math Method) 

67.9486 63.5636 74.2289 106.0542 

 

 
Fig8.  Shake type. 
 

 
Fig9.  Ellipse type. 
 

 
Fig10.  Three-lobed. 
 

 
Fig11.  Four-lobed. 
 

It can be seen from the frequency distribution table that the 
natural frequencies comply with [17]. The frequency range of 
the ellipse shape natural frequency of the entire end should be 
avoided by "≤95Hz, ≥110Hz ". Furthermore, the data used 
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in the model refer to the data of a turbogenerator within a 
reasonable range and the results obtained from relevant 
literature. Thus, the model is correct and effective, and the 
modal analysis is also of the reference value.  

The comparison between Table IV and Figs. 8-11 
highlights the alignment between the two vibration patterns, 
with the maximum error in modal frequency not exceeding 
9%. The findings confirm the accuracy of the proposed 
equivalent model.  

The mathematical model established in this paper serves as 
the basis for this investigation. Based on the mathematical 
model, the present study investigates the influence of the 
physical parameters of the wire rod, a key component of the 
structure, on the modal frequency of the structure.  

Fig. 12 illustrates the variation in modal frequencies for 
different orders when Young's modulus of the wire rod is 
increased to 1.2E. The horizontal coordinates represent the 
modal orders, corresponding to order 1 to shake type, order 2 
to Ellipse type, order 3 to Three-lobed, and order 4 to 
Four-lobed. The vertical coordinates represent the change in 
modal frequency with the relative rate of change. The relative 
rate of change is positive for each order, indicating that the 
modal frequency increases with an increase in Young's 
modulus in each order. The rate of change is most significant 
in order three and lowest in order 1. The variation in inherent 
frequency increases with the order number. The structure's 
overall stiffness increases when Young's modulus of the wire 
rod increases, and therefore the inherent frequencies of each 
order increase. 

 

 
Fig12.  Effect of Young's modulus E on modal frequency. 
 

Fig. 13 illustrates the variations in the modal frequencies 
for each order as the wire rod density ρ is increased to 1.2ρ. 
The horizontal coordinates represent the modal orders, while 
the vertical coordinates represent the change in modal 
frequency as a relative rate of change. The relative rate of 
change for each order is close to -8.672%, indicating that the 
modal frequency decreases with the increase of the wire rod 
density. The influence of the wire rod density on each order is 
nearly the same. It can be inferred that the negative 
correlation between the intrinsic frequency and the density is 
consistent for each structure order. As the wire rod's density 
increases, the structure's overall mass increases, resulting in 
the decrease of the order frequencies. 

 

 
Fig13.  Effect of density ρ on modal frequency. 
 

Fig. 14 presents the variation of the modal frequencies for 
different orders with a change in Poisson's ratio μ to 1.2μ. The 
relative rate of change observed is positive and is within 1%, 
indicating that an increase in Poisson's ratio increases the 
inherent frequency of each structure order. The effect of 
Poisson's ratio on the inherent frequency of each structure 
order is found to be low.  

 

 
Fig14.  Effect of Poisson's ratio μ on modal frequency. 
 

The influence of individual physical parameters of the wire 
rod on the modal frequencies of each structure order is 
illustrated in Figs. 15-17. Fig. 15 demonstrates the positive 
correlation between each structure order's inherent frequency 
and Young's wire rod modulus, with a lower slope of the 
curve observed for the mode shake type than the other three 
modes. Fig. 16 depicts the negative correlation between the 
intrinsic frequency of each structure order and the density of 
the wire rod, with a nearly uniform slope of the curve for each 
mode order. Fig. 17 highlights the positive correlation 
between each structure order's inherent frequency and 
Poisson's ratio of the wire rod. However, the correlation is 
weak, indicating a limited effect of Poisson's ratio on the 
inherent frequency of the structure. 
 

 
Fig15.  Influence of  Young's modulus E on modal. 
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Fig16.  Influence of  density ρ on modal. 
 

 
Fig17.  Influence of  Poisson's ratio μ on modal. 

 
Based on Figs. 12-17, the primary physical parameters 

influencing the modal frequency of the structure are Young's 
modulus and the density of the wire rod. The correlation 
between Young's modulus and the modal frequency is 
positive. However, it differs for each order of frequency. It is 
demonstrated that the overall mass and stiffness of a structure 
is affected by adjusting the Young's modulus and density, 
which adjusts the inherent frequency of the structure 
accordingly. This conclusion provides valuable insight for 
optimizing the stator end winding structure. 

The physical properties of the wire rod, specifically 
Young's modulus and density, were deemed to be the most 
crucial factors affecting the inherent frequency of the 
winding equivalent structure. In order to assess the effect of 
these properties on the intrinsic frequency, a bivariate 
experiment was designed. The change in frequency at each 
order was investigated in this study by modifying the values 
of Young's modulus and density, as shown in Figs. 18-21. 

 

 
Fig18.  The effect of E and ρ on the frequency of the shake type of structure. 
 

 
Fig19. The effect of E and ρ on the frequency of the ellipse type of structure. 

 
Fig20.  The effect of E and ρ on the frequency of the three-lobed of structure. 
 

 
Fig21.  The effect of E and ρ on the frequency of the four-lobed of structure. 
 

Figs. 18-21 depicts the relationship between the frequency 
of each vibration order and the material's physical properties. 
The graph reveals a decline in frequency as Young's modulus 
increases and density decreases. The consistency in the 
surface type for each order of vibration suggests that the 
intrinsic frequency of the material exhibits a similar pattern 
of variation with changes in both Young's modulus and 
density. Further analysis of the curvature of the surfaces 
indicates that the influence of Young's modulus on intrinsic 
frequency is more pronounced than the effect of density. 
 

IV. CONCLUSION 

The complexity of the end winding poses a challenge for 
its full consideration in the finite element model and digital 
model. An equivalent model of the wire bar based on a 
three-point bending test was employed to address this issue. 
Young's modulus and density of the equivalent wire rod can 
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be obtained by keeping the wire's mass, section length, and 
section width of the wire. Thus, the equivalence model of the 
wire bar can be obtained.  

We then applied the equivalent wire rod to develop a 
digital mechanism model. This study simplified the helical 
structure to a composite shell structure, and its characteristic 
vibration equations are established using the energy method. 
A comparison with the finite element analysis shows the 
correctness of the digital mechanism model. The influence of 
the material parameters of the main components on the modal 
frequencies was investigated through mathematical modeling, 
revealing that Young's modulus and the wire rod density had 
positive and negative correlations with the inherent 
frequencies at each order, respectively. On the other hand, 
Poisson's ratio was found to have a weak impact on the 
inherent frequencies.  

This study's results can aid in optimizing the stator end 
winding structure of the turbine generator. The equivalence 
model proposed in this paper can also assist in digital 
modeling for big data applications.  
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