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Robust Dual G-Frames

Qianping Guo, Jinsong Leng, and Houbiao Li

Abstract—In this paper, we give some characteristics of g-
frames for finite dimensional version which are counterpart
the frame theory. Moreover, we investigate their dual g-frames
that are optimal for erasures. For a given g-frame, we will give
some conditions under which the canonical dual is the unique
optimal dual g-frame for the erasure problem. We also discuss
some special conditions under which the canonical dual g-frame
is either not optimal or it is optimal dual but not unique one.

Index Terms—G-frames, Optimal dual g-frame, Linear
bounded operator, Erasure.

I. INTRODUCTION

RAMES, which was first introduced by Duffin and
Schaeffer [1] in 1952 to study the nonharmonic Fourier
series. After the fundamental paper by Daubechies, et.al [2]
in 1986 , frames were popularized from then on. Nowadays,
frames have been widely used in many fields, the readers are
referred to some references, e.g.[3], [4], [5], [6], [7], [8].
Let H be a Hilbert space. A sequence ® = {¢;}52, C H
is called a frame, if there exist positive constants A and B
such that,

AFIZ < D16 < BIFIP, Vf e
i=1
We call A, B the lower frame bound and upper frame bound
of frame @, respectively. If ® is a frame, then for any

f € H can be expressed as f = i (f, i) di, where {10,152,

denotes the dual frame of {¢; g’lil. For the frame study,
researchers are very interested in searching for optimal dual
frame from the coding theory viewpoint. For example, in [3],
the authors showed that uniform (length) tight frames are
optimal for one erasure and equiangular frames are optimal
for two erasures. In [4], [5], Han, Leng and Lopez considered
the question of finding optimal dual frame for decoding when
a frame has been preselected for encoding.

Recently, various generalizations of the frame have been
proposed and studied, such as fusion frames [9], oblique
frames [10] and pseudo-frames [11]. In [12], Sun introduced
a more general frame (g-frame), showed that g-frame include
the frames mentioned above and proved that many basic
properties of g-frame can be shared with classical frame

Manuscript received January 30, 2023; revised August 9, 2023. This work
was supported Supported by NSFC (No. 11271001, 61370147, 11101071),
the Outstanding Youth Science Foundation Project of Henan Province
(222300420022), the Doctoral Scientific Research Foundation of the Henan
University of Finance and Economics (800593).

Q. P. Guo is a lecturer of the Department of Mathematics and Infor-
mation Science, Henan University of Economics and Law, Zhengzhou,
Henan, 450046, P. R. China (corresponding author, e-mail: guogianpin-
glei@163.com).

J. S. Leng is a professor of School of Mathematical Sciences, University
of Electronic Science and Technology of China, Chengdu, Sichuan, 611731,
P. R. China(e-mail:lengjs @uestc.edu.cn).

H. B. Li is a professor of School of Mathematical Sciences, University of
Electronic Science and Technology of China, Chengdu, Sichuan, 611731,
P. R. China(e-mail:lihoubiao0189@163.com).

(see [13], [8]), but there also exist some different properties
between frames and g-frames. For example, exact frames
are equivalent to Riesz bases, but exact g-frames are not
equivalent to g-Riesz bases [12]. Whether the way of finding
optimal dual frame for any frames may be extended to any g-
frames for the erasure problem? In this paper, we investigate
this problem. Firstly, we focus on some characteristics of g-
frames in finite dimensional space. Then, by using the worst
case error [4], we set the problem studied in the context of
g-frames, i.e., the largest packet-lost operator norm among
all possible erasures gives some conditions under which the
canonical dual g-frame is the unique optimal dual g-frame
for the erasure problem.

Throughout this paper, let H be finite dimensional (real
or complex) Hilbert space, and {H; : ¢ € I} a sequence
of closed subspaces of H, where I = {1,2,---,m} is a
subset of integer set Z. B(#,#;) is denoted by the set of
all the linear bounded operators from H to H,;, if H = H;
then B(H,H,;) is abbreviated to B(H). Iy is the identical
operator of H. If A = {A;}2, is a finite g-frame, that is,
A with dim(H) = n < oo, dim(H;) = 1; < o0, @ € I,
where dim denotes the dimension of a Hilbert space. Also we
always let { = > I;. The analysis operator T for {A;}7, is

=1

anlxn matrixf For vectors on C™ we shall use the Euclidean

norm, but for matrix 7' € C™*", we shall use the Frobenius

norm ||T||% = tr (T*T) = 3. |T};|* which is induced by
1,5€1n

the inner product (A, B) = tr B*A, for A,B € C"*".

II. PRELIMINARIES

We first recall the definitions and results of g-frames in
Hilbert spaces as formulated in [13], [8].

Definition 1.1.[13] A collection of the vector A =
{A;}ier € B(H,H;) is called a g-frame for H with respect
to {H;}icy, if there exist two positive constants A and B
such that

AP < SIASIP < BIFIZ, VfeH. )
il

We call A, B the lower frame bound and upper frame bound
of g-frame A, respectively.

We call A the tight g-frame if A = B and it is the Parseval
g-frame if A =B = 1.

We call A an exact g-frame if it ceases to be a g-frame
whenever any single element is removed from A.

We call A a g-frame sequence, if it is a g-frame for
span{ A} (M) }ier-

We call A g-complete, if {f : A;f = 0}ier = {0}. It is
easy to see that every g-frame is a g-complete family.

In the study of frame theory, analysis operator and frame
operator are the main tools. We give the operator theory of
g-frames as follows, for details see [8].
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The analysis and the synthesis operators in g-frames are
defined by

T+ H — @K, Ta(f) ={Aiftier, fEH,
T} : ®iclKi — H, Ti(f) =D _Aifi, fEH.
i€l
The g-frame operator S : H — H defined by
S(f)= Y _MAif, feH,
icl

which is a bounded, positive and invertible operator. The
canonical dual g-frame for A, defined by

A={A;= NS e,

is also a g-frame for H with respect to {#H;};c; with B~1
and A~! as its lower and upper g-frame bounds, respectively.
This leads to the generalized reconstruction formula

F=Y NAf=> KA,

icl el

feH. 2)

Next, we give the notion of dual g-frames:

Definition 1.2.[8] Two g-Bessel sequences A = {A;}ier
and I' = {T'; };c; for H with respect to {H;}icr-

1) We say that I is an alternate dual g-frame for g-frame

A if T§Th = Iy, or equivalently if f = > T'FA;f,
for every f € H. e

2) We denote by

D(A) (T € B(H. ) : Ti¥Tx = I},
the set of all dual g-frames for a fixed A C B(H,H,;).
Observe that D(A) # 0, since A € D(A).

Remark 1.1. Let A C B(H,#;). Then I' € D(A) if and
only if its synthesis operator 7171 is a pseudo-inverse of T .
Indeed,

I'e D(A) 54 TFTA = Iy.

It is easy to obtain that each g-frame has many dual g-frames.
For any g-frame {A;}[,, we also have the following results:
1) {A;}™, is a g-frame if and only if T} is full column
rank.
2) {A;}, is a parseval g-frame if and only if Ty is
column orthogonal (TXT\ = Iy).
3) {A;}™, is an orthonormal g-frame if and only if Tx
is an unitary matrix.

The first question arising is: How do you use all dual g-
frames? A comprehensive answer is provided by the follow-
ing result, which is particular case of classical frames in the
book [14].

Theorem 1.1. Let {A;};c; be a g-frame for H with
respect to {H;};c; with analysis operator T and g-frame
operator S. Then, the following conditions are equivalent:

(1) {T';}ier is a dual g-frame for {A;}icr.

(2) The analysis operator 77 of the sequence (I'; —
A;S™1);er satisfies ran Ty L ran Ty.

Proof: We set h; :=T; — A;S~! for all i € I, and note
that

SN f = Aj(hi + AS™H f

i€l i€l

=Y ANhif + f=T{Tf + f,
el

feH.

Hence, {T';};cs is a dual g-frame for {A;},cs if and only if
TRT: = 0, which is equivalent to (2). The conclusion holds.
We also obtain the following result, which gives a charac-
terization for all of the alternate dual g-frames of the given
g-frame.
Theorem 1.2. Every dual g-frame of {A;},cs is of the
form I'; = A; S~ + h;, where

zn:h;‘Aif:iAfhif:O, fen.
=1 =1

Proof: Let {I';};,c; be a dual g-frame for {A;};cs, and
define h; =T, — AiS_l.

Z h;kAlf = Z(Fl — AzS_l)*Azf
el el
— S TIAf - STARALS
el
_ f-r-o.

Conversely, assume {I';};cs is a set of vectors and T'; =
A; St + hy, where > hiA;f = 0. Then

il
TN = Y (ASTHH ) A f
iel iel
— S STLATALS 4 A
il

Thus, we obtain that {T';};cs satisfies the equation (2), and
it is a dual g-frame for {A;};c;.

The proof for Y Afh;f =0 is similar.

The next resulieslummarizes some basic, yet useful, prop-
erties of the g-frames.

Lemma 1.1. Let S : H — H be a linear operator, and
the set of vectors {A;S™1};cr has analysis operator Thg-1,
then Thg—1 f = TAS_lf.

Proof: TAS*lf = {Aisflf},;ej = TASilf.

Proposition 1.1. Let A = {A;}™, C B(H,H;) be a
parseval g-frame and P be an orthogonal projection on H.
Then {A;P*}™ | is a parseval g-frame for P(H).

Proof: The result follows from

5SS (APRY (A PF) = 35 (PF) AT A PE
i=1 i=1
m
= (P*)* 3 AfA;PF = Ply.
i=1

Definiton 1.3. Let {A;};c; and {T;};c; be two g-
frames. If there is a onto invertible operator 7" such that
A; = T,T (i € 1), then we say {A;}icr and {T';};cs are
similar. If T is unitary, then they are unitarily equivalent.

Theorem 1.3. Let {A;}”,, {I';}2, be two g-frames,
which are similar. If {I';}7” is an equal-norm tight frame,
then {A;S~2}™ is an equal-norm Parseval g-frame.

Proof: Given {A;S~2}7" | is Parseval g-frame [12]. Since
{T;}i*, is similar to {A;}I", obviously, {I';}/", is similar
to {A;S™2}7,. By Definition 1.3 we obtain {I;}/", =
{A;S~2T}™ . Suppose A be a frame bound for {I';}™,,
we have

It implies that 7" is onto and 7% 1S unitary.
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Next, we show that {A; 52},
val g-frame. Since

is an equal-norm Parse-

1A:52 |3 = |ITs 1||F = tr[(0T )" (T )]
= ur(T" DTN T = er(ATrir T
— (A1) = T3

Hence we obtain that {A,»S‘i ey
g-frame.

is an equal-norm Parseval

III. OpTIMAL DUAL G-FRAMES

In this section we mainly study dual g-frames which can
be used decode the signal from the receiver. Given a g-frame
{A;},, we can compute the frame coefficients {A;(f)}™,
of a signal f, some frame coefficients could get lost during
the data transmission, then we reconstruct (decoding) the
original signal f with the dual g-frames {I';}, of g-frame
{A;}7,. Obviously, we have the following 'reconstruction

formula f = > I'7A;(f).

As it was rrll_e;tioned in the introduction, our purpose is to
set the problem studied in the context of g-frames. That is,
for a fixed g-frame, the goal is to give some conditions under
which the canonical dual is the unique optimal dual g-frame
for the erasure problem. In [4], Han and Lopez gave some
results which imply the existence of the unique dual frame
that is optimal for the erasure of I-packet of coefficients.
In [3], [4], the authors obtained optimal alternate dual for r
erasures among those dual frames which are optimal for »—1
erasures. Therefore, we draw the following results that the
optimal dual for r erasures coincide with optimal dual for
one erasure. So, in this paper, we only consider one erasure
problem.

In order to describe the reconstruction error when an
arbitrary packet of coefficients of the g-frames is erased,
we consider the following notions which were adopted from
reference [15] for reconstruction systems. Let j € I and
M; € B(H) defined by

Mj((yi)iél) = (lj(i) “Yi)iel

where 1; : I — {0,1} denotes the characteristic function
of the set {j} C I. Similarly, we consider the packet-lost

operator
def

Ly = Mngy = I = M;.

In coding theory, a signal vector f € R™ is encoded as
Taf = {Aif}icr against a g-frame A and then Ty f is sent
to a receiver for decoding the original signal f. However,
some of the coefficients in the encoded data T f may be
lost in the transmission process. If the encoded information
Trf € H is altered according to the packet-lost operator
L;, our reconstructed vector will be f = T{ LTy f, where
I' = {T;}ier € D(A) is dual g-frame for A. Then the
reconstruction error will be

f=F=f=TELTaf = TEMTAf = T5A; f.
In this case, we will use the Frobenius norm ||-|| 7 to perform
the measure of the operator I'; A ;. Consider the m-tuple
Ev(AT) = (I = TrLiTall p)jer
= (|1TFM;Tallr)jer = (IT5 Al F)jer-

Notice that we can bound uniformly the reconstruction error
in terms of the entries of this vector for the erasure of one
packet of coefficients (for all m possible choices). In what
follows we shall consider the reconstruction error based on
E;(A,T), namely the (normalized) worst-case error.

Let A = {A;}™, be a g-frame. For ' = {T';}1™, € D(A),
we introduce the worst-case reconstruction error when one
packet is lost with respect to the Frobenius norm. Now, we
measure the error vector Eq(A,T") with the maximum of its
entries.

e1(A) = infrepeay [[E1 (A, T)loo
= infpeD(A) maX;ecy ||T;M1TA||F

= infpeD(A) maX;er ||F:<A2HF

We define the set of one loss optimal dual g-frame for A as

Dy(A) E{T € D(A) : | By(A,T)]|o = ex(A)}.

According to the Proposition 12 in [15], we have the
following lemma:

Lemma 2.1. Let A = {A;};cs be a g-frame with A; # 0
for all i. Then the set Dy (A) of one loss optimal dual g-frame
for A is non-empty, compact and convex.

Theorem 2.1. Let A = {A;};c; be a g-frame with frame

operator S. If

IST*AIAi||Fp=c, i€,

then the canonical dual g-frame A of A, is the unique one
loss optimal dual g-frame (and hence the r-loss optimal dual
g-frame for any 7).

Proof: By Lemma 2.1, we obtain T' = {T'; };c; € D1(A).
Then

max ||TFA; || r < max ||ST'ATA | F = c.
iel iel

Denote A;S™1 = C;, then ||TiA;||lp < ¢ = |CFA;||p for
every i € I. It is obvious that |[T}||r < ||CF||F for every
1 € I. Note that

T3l = 17 + (T = C7)II%

= CHII% + 75 = CFl|E + 2Re(tr[(T7 — C7)Ci)).

Then, |T} —C}||%+2Re(tr[(T; —C})C;i]) <O foralli € I.
Consequently,

D (T = C)C) = tr((Ty = Ts—1a)TaS™ '] =

i€l

Since both T" and S~ A are dual g-frames for A, we have

0< 2 IT; - Gl
1€
=2 IT; = 1% + X2 2Re(tr[(T; — C7)Ci)) <0,
el i€l

which implies that ' = {T';};er = {Ci}icr. Thus, we
conclude that the canonical dual is the unique optimal dual
g-frame of A for one erasure.

As a special case we have the following result:

Corollary 2.1. Let A = {A;};c; be a uniform tight g-
frame, then the canonical g-dual is the unique optimal dual
frame of A for r-erasures.

Proof: Assume that {A;};c; is a tight g-frame with frame
bound A. Then the frame operator of {A;};cr is S = Aly,
and HS_lA;kAzHF = %HA:KA'LHF Therefore, Hs_lAq*Az”F
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is a constant for all ¢ when {A;};c; is also uniform. The
consequence is implied from the above Theorem 2.1.

Next, we give a more general result than Theorem 2.1.

For a g-frame A = {A;}, let ¢ = max{||A;S71|[| A4 :
1<i<m},set I = {i:[[ASTH|||Ai]] = ¢} and I =
I\I, let H; = span{A;,i € I;}, (j = 1,2). We prove the
following results:

Theorem 2.2. Let A = {A;}, be a g-frame for H with
respect to {#H;}ics. Then the following are equivalent:

(1) The canonical dual {A;S~1}™ | is the unique optimal
dual for one erasure.

(2) Hy N Hy = {0} and {A;};cy, is linearly independent.

Proof: (1) = (2): If {A; }ic1, is linearly dependent, there
exist u; (¢ € I not all zero) in Hy such that

iu;{‘Aif:O,fGH,

i=1

when u; =0, i € I) and U = {u; };¢s is not zero sequence,
{A;S™Y +tu;bier, t # 0 is the dual g-frame of A, then

D (tw) Aof = tuiAif =0,

i€l i€l
and
[A:S™H + tui ||| Al = [ASTHIIAN = ¢, i € I,
||AiS_1H||Ai|| <ec, i €I,

36 > 0 and [t| < 0, + tui ||| fill < ¢, Vi € Is.
Then {A;S™' + tu;} 7, (t # 0) is also an optimal dual
for A, which is a contradiction. Hence {A;};cy, is linearly
independent.

Next, we show H; N Hy = {0}. If not, there exist linear
independent set A; A;,, i; € I and nonzero constants

PR
Ciys" "

, ¢, such that

1
Zc,—inj + Z ci\; =0, for some ¢; (i € I5).

j=1 icly

Since {A;; }221 is also linearly independent, we can find
h € H such that

<Ai_jsil,5ijh> = <CijA7;J.Sil,h> < 0.

Define u; = ¢;h, i € {i1,---,41} U, and u; =0, i €
Ii\{i1,---,4}. Then T,;;Tx = O for all scalars t.
Obviously, for all ¢ € I1\{41,---,%}, we have

1487 + tua || Aill = [A:STHII A = e,

AS™ + tus ||| A < ¢, i € I,

and
[A:S ™+ tuy ||| A |2
= [|ASTH? + [ltwi]l® 4 2t(A:S ™,
< i€ {i1,- -, 41}

ua)] || As|?

Thus the canonical dual is not the only optimal dual, which
leads to contradiction. Therefore H; N Hy = {0}.

(2) = (1): Suppose {A;S~! + u;}™, is optimal dual
g-frame for one erasure, by Theorem 12 we know that

ST Afuif =0, f € H, that is
el

S OAuif+ Y Auif =0,
i€l 1€l
by the assumption (2), which implies that
> Auif =0, > Ajuif =0.
i€l i€l
Since {A;};cy, is linear independent, then
uzf = 07

Also, by the previous lemma, we get

i € Iy, ie., u; =0, i € Is.

n

> (A;STuif =0,

i€l

we only need to show that u; = 0 for all ¢ € I;. In fact,
according to

[A:S™ +ull[All < e = [AS™HJwill, i€ I,

we get

2<AZ‘S_1,'LLZ'> + ||’U/ZH2 <0, for i € I;.

Summing up the right hand side, we get

23 (A5 ) + 3 —0+Z|\uz||2 <0,

i€l i€l

and hence Z lus||* = 0, since > (A;S7!
i€y

implies that ul = 0 for all ¢ € I, and therefore {A; S+
u; }™, is the canonical dual.

We also give the result that the canonical dual is an optimal
dual g-frame but not the only optimal dual for one erasure.

Theorem 2.3. Let A = {A;}", be a g-frame for H
with respect to {H;}ics. Assume that H; N Hy = {0} and
{A;}ier, is linearly independent. Especially, A = {A;}",
is linearly dependent Parseval g-frame. Then {A;S~1}™ , is
an optimal dual g-frame but not the only optimal for one
erasure.

Proof: Suppose {A;S™! + u;}™ is the dual g-frames
of the g-frame A, by Theorem 1.1, we have

u;) = 0. This

zn:Afuifzo, VfEH,

icl

that is

i€l i€l
Given H; N Hy = {0}, thus
n n
S O Auif=0, > Ajuif =0,
el i€ly

since {A;};cr, is linear independent, we obtain

uif = 0)

i1 €1y, ie.,u; =0, 7 €Iy,
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which implies that

max{[[A; ST + || Aill : 1 < i <m}
> max{[|[A;ST! || Aill si € i}

max{[|A;STH[[[Aql 2i € I}

max{[|A;STH|[[Aqf : 1 <4 < m}.

So the canonical dual is an optimal dual g-frame.

Because of £ > m, we can find a dual g-frame ' =
{A:S™Y 4w}, with w; # 0 for some i € Io. Let t > 0 be
small enough such that [|A;S™1 + tu,||||As]| < ¢ for i € L.
Then

||AiS_1 + tuz||||Az|| =c, for i € I,

and

1A:S™Y + tug || Al| < ¢, for i € I,

when ¢ is small enough. Thus, ||A;S™! + tu;||;es is also an
optimal dual g-frame for one erasure.

Next, we investigate condition for the canonical dual is
not optimal for one erasure.

Theorem 2.4. Let A = {A;}*, be a g-frame for H.
Assume that {A;},¢;, is linearly independent, and there exist
a sequence of scalar {c;};c; such that > ¢;A; = 0, and

i€l

c; # 0 for all i € I. Then {A;S~'};cs is not optimal dual
g-frame for one erasure.

Proof: Since {A;};cyr, is also linearly independent, we
can find h € H such that

<A2‘S_1,Eih> = <CiA¢S_1,h> <0, 1 € 1.

Define u; = ¢;h, for all 4. Then T3, Ty = 0 for all scalars ¢.
Let £ > 0 be small enough such that

[AGS ™1+ tug ||| As]|?
= [[[ASTHI? + [[tug ]| + 26(A:S ™, i) ]| Ag]?
< 62, 1€ 1y,

and

||Al'Sil +tul||||Al|| <egc, for ¢ € I.
Then we have
max{||A;S™ + tuy|[|[As] : 1< i < n} <,

i.e., the canonical dual is not optimal.

Corollary 2.2. Let A = {A;};cr be a g-frame for H
with respect to {H;}ics. Assume that & = n + 1, I; has
only one element, and {A; };cy, is linearly independent. Then
{A;S —1}i€ 7 is not optimal dual g-frame for one erasure.

Proof: We can assume that I; = {1}. Since {A;}7H is
linearly dependent, there exist ¢; (not all zero) such that

ClAl + Z Cz'Ai =0.
i€ly

Given ¢; # 0 and {A;};cz, is linearly independent. There-
fore, by Theorem 2.4, ||[A;S™1 + tu;||;e; is not optimal for
one erasure.
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