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Global Asymptotic Stability and Asymptotically
Periodic Oscillation in Fractional-Order Fuzzy
Cohen-Grossberg Neural Networks with Delays

Shaobin Rao and Tianwei Zhang

Abstract—This paper focuses on the S-asymptotically co-
periodic oscillation for a type of fractional-order fuzzy Cohen-
Grossberg neural networks (CGNNs) by employing some prop-
erties of Mittag-Leffler mappings and fixed point theorems.
Further, the global asymptotic stability of CGNNs is received.
For CGNNs, our works in this paper not only enrich its
theoretical achievements, but also expand its application scope.

Index Terms—Cohen-Grossberg, Mittag-Leffler function,
global stability, asymptotic periodicity.

I. INTRODUCTION

OHEN and Grossberg in 1983[1] produced Cohen-
Grossberg neural networks (CGNNs), which are of in-
terest to numerous academics by virtue of its prospective ap-
plications. These manipulations are reliant on the networks’
dynamics. Therefore, learning the above dynamics is the
prerequisite required for the programming of the operation
to neural networks. As well known, an optimization problem
is strictly related to their equilibriums, so neural networks
are commonly adopted to tackle optimization problems. It
is not surprising, in these contexts, that we should place a
high value on their equilibriums. There are also findings
of the neural dynamical systems that address more than
just stability, as well as many other dynamical behaviors,
such as periodicity, see [2—4]. Lately, several monographs are
related to the aforementioned features of equilibrium points
in CGNNS, also other dynamical behaviors, see [5—8].
Fractional calculus [9-14] has a history of over three hun-
dred years. The wonderful of the derivative one is nonlocal,
the other is its future state relies on both present and past
states, which makes it more accurate to describe the problem
compared to the classical derivative. Fractional equations
have been employed to characterize lots of realistic problems
in the present day, for instance, heat conduction [ 5], neural
network [16], biological systems []7], robots[]8]. Remark-
ably, fractional-order neural networks (FONNs) have a piv-
otal position in neural networks due to it provides an efficient
method memory and genetic properties [10]. The utilization
of FONNSs is remarkable and dynamic characteristics have
become very important research objects in recent years, such
as synchronization [16], approximate periodicity [19, 1,
Hopf bifurcation [2 1], stability [22, 23] and chaos [24], etc.

Manuscript received May 7, 2023; revised October 12, 2023. This work
was supported in part by the National Natural Science Foundation of China
under grant number 11961078.

Shaobin Rao is a lecturer of Applied Technology College of Soochow
University, Suzhou 215325, China (e-mail: jxsbrao@163.com).

Tianwei Zhang is a lecturer of Department of Mathematics, Yunnan Uni-
versity, Kunming, Yunnan 650091, China (Corresponding author to provide
e-mail: zhang @kust.edu.cn).

Zadeh [25] in 1965 offered fuzzy logic, which takes into
account uncertainty and ambiguity, and is one of the most
widespread and critical problems in realistic modeling. Yang
and Yang[26] then introduced a novel cellular neural net-
works involved fuzzy logic. It is a fuzzy neural network
features fuzzy logic towards template inputs and/or outputs.
Lately, with its advantages in the areas of picture processing,
etc., fuzzy neural networks have drawn an increasing amount
of attention, see [27-30].

The two principal motivations for the work in this paper,
with the above discussion in mind, are as follows. First of all,
the periodically movement in real-world applications is an in-
triguing and important dynamic property of neural networks,
given that numerous living and cognitive activities are regular
repetitions of actions such as heartbeat, movement, memory,
etc. In this regard, there is an importance of examining
the periodicity of neural networks to find out how they
works. Up to now, various researchers have discussed the
periodicity or almost periodicity of classical CGNNs [29, 31—

]. However, there are few literatures dealing with periodic
oscillations to fractional-order neural networks (FONN&s), re-
sulting from the non-periodicity of fractional-order differ-
ential equations (FODEs) [37], which exhibit asymptotic pe-
riodicity alone, see [38—40]. Secondly, some literatures [38—

] have studied the Mittag-Leffler stability for FONNs free
of time lag. It is important to note that, according to same
methods as articles [38—42], the result that FONNs with time
variable lags is the Mittag-Leffler stable cannot be yielded.
Therefore, this article focuses on asymptotic periodicity and
global asymptotic stability of fractional-order fuzzy CGNNs
involved time-varying lags (FOCGNNS).

The remainders of this article are arranged below. Some
useful preliminaries for fractional-order calculus and Mittag-
Leffler function are reviewed in section 2. section 3 discusses
that FOCGNNSs (1) admits a sole S-asymptotical to-periodic
oscillation (S-APO,). In section 4, the global asymptotic
stability of the FOCGNNS (1) is acquired in accordance with
Laplace transform, the comparison principle and the stability
theorem. In section 5, a numerical example is presented
to illustrate the validity and feasibility of our work. We
conclude the findings of this paper and look forward to the
future work in section 6.

II. PREVIOUS PREPARATIONS

Notations: R™ stands for the family of real vectors in n-
dimension, Z = {...,—2,-1,0,1,2,...}, Z* = {1,2,.. .},
C is complex set and C™ (€2, R™) is a collection consisting of
continuous and differentiable functions up to order n: 2 C
R™ — R™.
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A. Model description
For simplicity, let

mer— (o) = L s with A(0) —
MQLJM%@)_A e with (0) = 0

A7 (pi(t)) = Api(t) — ai (P} (1))

and h; ! stand for the inverse function of %; for A > 0,
i1=1,2,...,n
This article considers the following nonlocal CGNNss:

Dipi(t) = —Api(t) + AL (pi(t))

+ Z bij(t)g; (p] (¢

n
+\/ Vi, (0 (¢ —
j=1

+ /\ Vijg;j p]
j=1

+ N\ HijBi + Ji(t),

j=1

a;(t)))
a;(t)))

\/ T8

t>0, (1)

with initial conditions

pi(s) =

in which 0 = maxi<j<, sup,- o;(t), “DJ denotes Caputo
frctional derivative of the order v € (0,1], p; is the ith

vi(s), s¢€[—0,0],

state, d; > 0 shows an amplification function, a;(0) = 0, (H3)

g; denotes the neuronal function, b;; represents the 7jth
strength, J; is the input, 9,5, v;;, FP;;, H;; are the operating
elements of fuzzy models, 7,57 =1,2,...,n.

)

In terms of the discussion in our previous work [30], if
v =1 in CGNNs (1), then it is equivalent to
dx;(t)
(;t = —d;(zi(t)) [al x;(t Zb” )g; (z(t — 045))
- \/ 0ijg;(x;(t — 035)) — /\ vijg;(z;(t = 0;))
—\/ T8 — \ Hii - Ji(w], t>0, (2
J=1 J=1
where 1 = 1,2,...,n

B. Some definitions and lemmas

Definition IL.1 ([10]). For g € C"([tg,00),R"™), the frac-
tional derivative of f in sense of Caputo with ~y-order can
be given by

1 LogM(s)
cnY —
W90 = o, T

for0<n-—-1<~vy<n,nezr.

Definition IL2 ([10]). The types of Mittag-Leffler mappings
can be described by

):kzz()r(,yk+l)7 E%ﬂ():kzzor(’)’k‘Fﬂ)’

where z € C, v, 5 > 0.

(Hz) There exists L7 > 0 satisfying |g; () —

d
Lemma IL.1 ([10]). a[z'yE%WH(/@z”)] = Z’Y_lE%,Y(HZ’Y),
where v, K,z € C.

1
Lemma IL2 ([42]). tlim By 41 (—Kt7) = — and
— 00 K
VEy y41(—kt7) < L for k>0, v € (0,1, t <0.
Lemma IL3 ([20]). If ¢, & > 0 and v € (0,1], then
tll>nolo E’Y(_Kt’y) = Oa
c
: -1
tl_l)rgo (t—s)"""Ey[—k(t —s)"]ds = 0.
0
ITII. S-APO, OF FOCGNNSs
Let |z = 1131_El<)(n|1‘,‘| for any x = (z1,22,...,7,) €

R™. Set g = sup|g(t)| and g =
>0 =

function ¢ defined on [0, +00).

Definition IIL1 ([38, 1. Assume that g €

C([to, +00),R™) and there is a positive constant w

ensuring that tligl lg(t + @) — g(t)|lL = O, then g is
—+oo

S-APO .

In FOCGNNSs (1), let the assumptions below hold.

gg lg(t)| for bounded

(Hl) bz’j, J; are S-APO,, and aj(t—|—w) = O'j(t) with @ > 0,

,j=1,2,...,n
9;(y)| < Lijz—
yl.Vo,y eR, j=1,2,...,n

I N -
X {Li + Z (bij + [9i5] + Vij|)Lgdj:| <
j=1
1, i=12,....n
Let Sp={z € C([0,400),R™) : 2z is S-APO, with
vi(s),s € [—0,0]}. Then S, is Banach space with norm
o = A(t)].
I2llo0 = sup max |pi(?)]

0< vy =

Consider the system:
{ Dya(t) = —az(t) + b(t) f(2(t — 0)),
Z(S) = (,0(5), s € [_07 0]7

where a € R is a positive constant, b(t) € C(R,R™*") is S-
asymptotically w-periodic function, there exists L9 > 0 such
that g(x) € C(R™,R™) satisfies the following condition

lg(x) =gl < L7l —y)llh, Yo,y € R™
For each ¢(t) € S, it gets g(¢(t)) € S. Then, we research

t>0,
3)

{ °DJz(t) = —az(t) + b(t)g(d(t — o)), t >0, @
z(s) = ¢(s), s€[-0o,0]
Via [10], (4) is depicted as
2(t) = 220 = (0) B, (—at?)
+ fo (t =) Ey 5 [—a(t — s)7] 5)
xb(s)g(p(s —o))ds, t>0
2(s) = 2%0) = p(s), s € [-0,0].

Based on Egs.(5), let P : ¢ — 2% (i.e., P = 2%),¥¢ €
Se. If operator P owns a sole fixed point ¢* € S, then
¢* = P¢* = 2", From Egs. (5), ¢* is the unique S-APO,
of Egs. (3).
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According to FOCGNNs (1) and Egs. (4), the following
system should be considered

CDgPi(t) = —Ap;(t) + Al (44(t))
+wa )g; (@ (t — 05(1))

+ \/ 94595 ( (
+ /\ Vljg_]

+ \/ Ti; B + /\ H;;B; + Ji(t),
j=1 j=1
pi(s) = pi(s), s¢€ [_07 O]v

for any d) = (¢1, d)Qa ) (bn)T
Define the following operator
P:¢— 2% VoeSy
T
((Pd))h (P¢)27 LR ) (P(b)n)

:(zf7z§’7...,zﬁ)—r = 2%,

—04(t)))
—0;(1)))

t>0,

i=1,2...,n

Pp=
(6)
where
(P9)i(t) = pf = 0i(0)E, (=)

+ fo (¢ A=A = 8)7]

W@ +Z%
xg; (9 (s - oj<s>>>
+\/ g (90(s — 0;(s)))

j=1
n

+ N viig5 (0] (s
j=1

+ \/ Tijﬁj + /\ Hi]ﬂj + Jz(S)} ds,
Jj=1 j=1

(Po)i(s) = ! = pi(s),

where ¢ = 1,2,...,n. Same as the discussion of Egs. (5),
we can conclude that if ¢* € S, is the sole fixed point of
operator P, then ¢* = P¢* = 2% is the sole S-APO,, of
Egs. (1).

Remark IIL1. If v = 1 in system (1), then it is a classical
integer-order model:

'ylE

(N

a;(s)))

t>0,

s € [—0o,0],

d%@ = —ai(pi(®) + Z bij ()g; (P} (t = 05(t)))
+V 9ug; (9 0 = o5(4)
+ /\ Vijg; p] \/ TZJBJ

+ \ HigBj+ Jit), t>0,i=1,2,....n
j=1
which is widely researched in literatures [28, 30, 33, 43—
], such as stability [28], exponential stability [30), ],
global stability [33], synchronization [50, 44, 45]. Therefore,

(Hy) It holds that |A"(x)

the results in this paper enrich these studies in mono-
graphs [28, 30, 33, 43—45] to a certain extent.

Theorem IIL1. System (1) owns a sole S-APO, if (Hy)-
(H3) and the following assumption are fulfilled.

— AM)| < Ll — yl for some
L})>0,Vz,yeR, i=1,2,...,n

Proof: In the first place, one shows P : S, — S. For

any ¢ = (¢1,¢2,...,0n)" €S, €>0,ithast >t; >0
so that
|pi(t + ) — i(t)] < e,
|9i(t + @ — 0s(t + @)) — ¢i(t — 0i(t))]
= |pi(t + @ —0i(t)) — it — oi(t))| < e,

|bij (t + @) — b ()] <€,
Ji(t)] <,

Besides, ||¢|loco < 400 since ¢ € S.
According to Egs. (7), for t > 0, it follows

(Po)i(t + @) = @i(0)Ey(=A(t + @)7)
t+w .
—|—/O (t+w—s)

X By [=A(t+ = )] [AR (64(5))

|J;(t + @) — i,j=1,2,....n

+ Z bij (s)g; (0] (s — 0(s)))
i=1

+ \/ 4595 (¢?(5 —0;(s)))

+ /\ vijg; (05 (s — 0;(s)))

+ \/ T%jﬂj + /\ Hijﬂj + Ji(S)] ds
j=1 j=1

= @i(0)Ey(=A(t + @)7)

(t = 5) " By [=A(E = )]

[Ah(ﬁbi(s‘f'w))
+§jmxs+wwﬂ¢<&+w—ox@»
+ \/ 191]9](‘2s (5 +w - U]( )))

+ %&+AMM

=1 7j=1
+Ji(s+ w)} ds. (3
So,
(P@)i(t + @) — (Pg)i(t)
= i(0)Ey(=A(t +@)7)

—@i(0)Ey(=At7)
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+/0 (t— S)W_lE%v[_)‘(t —s)7]
X [Af (pi(s + @) — Al (p:(s))

+ Z bij (s +@)g; (65 (s + @ — 0(5)))

Jj=1

S hutoetto ()
+ \/1192ng (s + @ —0j(s)))
- \n/ 9195 (6] (s — 75(5)))

+ /\ visg; (8] (s + @ — 0;())
_J[\l vij9; (8] (s — 0;(s)))
+Ji(s + @) — Ji(s)] ds

0
[ = B e )

X [A?(qﬁi(s—i-w))
+ Z bij(s +@)g; (6 (s + @ — 05(s)))
+ \/ 05595 (8" (s + @ — 0;(5)))

+ /\ ’/wga 5+w—0ﬂ(5)))

+ \/ T8 + /\ HijBj + Ji(s + w)}ds
= Aii@) + )\i2('5)]:L Ais(t) + Aia(t)

+Ais (1) + Ais(t) + Xir(t) + Ais(t)

Fio(t) + Ai1o(t) + A1 (8) + X2 (t)

+ i3 (t) + Ai1a(t).

where

A () = @i (OB, [-A(t + )] — B, (=A7)},

Aialt) = / (t— ) By A [-A(t - 5)]

{AM[0i(s + )] — Af[gi(s)]}ds,

Nis(t) = / (t— ) By A [-A(t - 5)7]
Z ij 5+w _bZJ( )]

X gj [¢h(s +w— aj(s))]ds,

Nio(t) = / (t— 5" E, ,[=A(t — 8)7]
{/\ vijg; [ (s + @ — 0j(s))]

]:
n

- A ninlofls —os(9) b

Nir(t) = /0 (t=8) " By [~ A(t—3)") [Ji(s+)—Ji(s)] ds,
0
Ais (1) :[ (t =) By [ A(t = )"]AT (¢1(5 + ) ) ds,

0
Nolt) = / (t— ) By [-A(t - 5)]

Xzbm s+w)gj(¢> (SJFW*UJ( )))dsv

0
Ao (t) = [ (t— )7 By [=A(t — 8)7]

X \/ V595 (o s—&—w—aj(s)))ds,

9) 0
A (t) = / (t— 5)17LE, L [-A(t — 5)7]

X /\ viig; (o s—&—w—aj(s)))ds,
0 n
)\m(t):/ (t—s) 7 E, L [-A(t — s)? \/ T;;B;ds,

0
Aors (1) = / (t— sy E, ,[=A(t - s) /\ Hy;8;ds,
_w A
0
Aia(t) = / (t—8) " E, L [-A(t - 5)]
x Ji(s + w)ds,

where t > 0,i=1,2,...,n
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For any € > 0, there is 5 > ¢; satisfying
i ()] <, (10)

There is a fact that £, ,[—At?] > 0 for ¢ > 0. According to
assumption (Hy), it obtains

I&at(t)\
‘ /0 (t = )77 By [= (= 8)H{AT[¢i(s + )]

VE>ty, i=1,2,...,n.

IN

~AMgi(s)] s + / (b= s) 1B, [-A(t — )]
X {AN[i(s + )] — Alfo(s)]ds|

t1
2L 16 / (t— 5)7 LB, L [-A(t — 5)7]ds

IA

+L)e / (= S [t — 5)7]ds

t1

IN

t1
2ol [ (=97 B A = s ds + L
0
X (t — tl)’yE%,H_l[*A(t - tl)’y],

VvVt > t1,1 = 1,2,...,n. By Lemmas I1.2-I1.3, there exists
t3 > to so that

2L
A2 ()] < >\L €,

VE>tsi=1,2,...,n.  (11)

In line with Corollary 1 in paper [26], there exists t4 > t3

such that
2 n B
Az ()] < X Z(Lgdjl\aﬁlloo +19;(0)])e, (12)
j=1
297 g+
Xia(t)] < Xwale]e, (13)
j=1
2 n
is(t)] < 5 > 0L dje, (14)
j=1
2 n
s (0] < 5 > v Lidje, (15)
j=1
2 A
|Ai7(t)] < 36 [Nig(t)] < Li ||#]lot, (16)
Nio ()] <> Ibis L9 ]16]l 00 + 195 (0)]e, (17)
j=1
Aao()] < [Zwijbﬁjnqsnm
j=1
T\ |z9ij|gj<o>|}, (1)
j=1
Ao (0)] < [Dwgdjna»noo
j=1
+Anmmmﬂa (19)
j=1

i ()] < \/ 1T3511851e, (20)
j=1
Nia(t)] < N\ [Hijl|Bsle, 1)
j=1
‘)\i14(t)| < jie, t>ty, 1=1,2,...,n. 22)

From Egs. (10) to Egs. (22), a sufficiently large M exists to
guarantee that

[(P9)i(t + @) — (P¢)i(t)| < Me,

namely, P¢ € S.

Subsequently, the contractility for operator P will be
stated. For ¢,v¢ € S, by Egs.(7) and Lemmas II.1-1L.2,
it gets

t>ti=1,2,....n,

(Po)(t) = (PU)(1)
- / (t— )" By o[-t — 5)7]
A (¢i(s)) — AT (wi(s))

a;(s)))

X

—

+ 2"; bij (s)g; (&) (s —
- Z B (513 (815 — 73(5))
¥ \/ 91305 (815 — 05(5))
- \Zﬁijgj (¥} (s = a;(s)))
« Ao (8= ()
- ;\Vijgj (s — i(5)))|ds

[Lf‘ + i (l_)” + |9i5] + \l/z‘j|>

Jj=1

IN

xﬁ@h¢—wu
t

x / (t — 8)77 B, [=A(t — 5)7]ds
0

1y <=/

N {Li + ; (bij + 9] + |Vij|)

xL?dj] ¢ =)o, t>0

IN

(23)

for i =1,2,...,n. By means of assumption (Hy), it gets

1 "
|P6(t) = P®)lloe < max < [L? + 3 (b + 1941
£ 2

+|Vij|)L§dj} ¢ — Yoo

Volume 32, Issue 1, January 2024, Pages 12-20



Engineering Letters

Jax Villp = ¢lloo-

So P has the feature of contraction, which admits only one
¢* = P¢* and ¢* is S-APO, of model (1). This completes
the proof.

Remark IIL.2. In view of assumption (H) and the ex-
pression A" (p;i(t)) = Api(t) — a; (pI'(t)) (i = 1,2,...,n),
we can see that there is a close relationship between
LXi = 1,2,...,n) and \. To be precise, we need a; is
a nondecreasing function as d; > 0 for i =1,2,...,n.

Remark IIL.3. The assumption (Hs) in literature [48] de-
mands the boundedness of function g;(j = 1,2,...,n),
which is very restricted. Whereas, we remove it in this paper.
For this reason, compared with literature [48], the present
text possesses apparent advantages.

Remark IIL4. In light of assumption (H3) in Theorem
111.1, it is worth noting that the Lipschitz constants L? and
L)i,j = 1,2,...,n) respectively in conditions (Hz) and
(Hy) and the coefficients of Egs. (1) are preferably smaller
positive constants, in contrast, A is a larger positive constant.

Remark IIL5. Assumptions (Hs)-(Hy4) in Theorem I11.1
imply that the uniqueness of solution to Egs. (1) remains un-
affected by time-varying delays. However, in order to achieve
the S-APO, for Egs. (1), delay o;(t)(j = 1,2,...,n) is
required to be periodic. Naturally, there is an open problem
whether the conclusion is valid in case delay o;(t)(j =
1,2,...,n) is S-asymptotically w-periodic.

IV. GLOBAL ASYMPTOTICAL STABILITY (GAS)
Lemma IV.1 ([47]). Let us study the following FODEs

Diw;(t) < —a;w;(t) +b; ij —o;(t)], t>0,
wi(t) = ¢i(t) 20, te [ o, 0] U—Irgixniggl%( )i
and
‘Dpi(t) = —a;ipi(t) + b; ij [t—o;(t t> 0,(24)
pi(t) =¢i(t) 20, te [ a, O]
where w;,p; > are continuous on [0,+00), i =1,2,...,n
If a; > 0 and b; > 0, then w;(t) < pi(t), ¥t > 0, i =

1,2,....n

Lemma IV.2 ([20]). Assume that ('Ij

= Sup;>q g;i(t) <
n

b,
1 = 1,2,...,n) and min a; > max l_+ in
1<i<n 1<g<n 1 — Uj

system (24), then system (24) is GAS.
A. Stability result for FOCGNNs

Set

LY = max LY, L*= max L}, b; = max bij,

1<j<n 1<i<n ¢ 1<j<n

Vin = max [J;], i = max |vy|, d= max d;

fort=1,2,...,n

| (H;) A\> L+ max

Lemma IV.3 ([38]). Let * € CY([0,4+),R). Then
“Dglz(t)] < sgn(x(t))Dyx(t) for t >0 and v € (0,1).

Theorem IV.1. Model (1) is GAS when (Hs), (Hy) and
(Bi* + 7975* + Vi*)LgJ

1<j<n 1-— o—j
are fulfilled.

Proof: Let u = (uj,ug,...,u,) and v =
(v1,v2,...,v,)" solve model (1) and ¢; = u; — v;,i =
1,2,...,n. So

Dyai(t) = —)\Qi( )+ Aﬁ( i(t) — AJ (vi(t))

+wa HOEA0))
Jj=1

=D bii ()9 (V] (¢ — 05 (1))
=1

+\V Y95 (ul (t = 0;(1)))
j=1

=V 9395 (W) (t = o5(1)))
j=1

+ /\ vigg; (uh(t — 0;(1)))
j=1

— N\ viagi (W0t = 05(1)), >0 (25)

<
Il
N

By Lemma IV.3 and Egs. (25), it has

Dy lai ()|

sgn(qi(t))Dyai(t)

—Aqi(t)sgn(gi(t))

sgn(ai (1) [ A (ui(t) = AP (vi(0) ] + sen(as(1))

XY i) {gj (ul(t =05 (1))) — g; (V] (t - Uj(t)))]
j=1

+sgn(g;(t))

%\ D g5 (= 03(8))) = g5 (0] (¢ = 05() |
Jj=1

sgn(at))

X /"\ Vij [gj (uf (t

o5(1)) = 95 (v}t = o5(1))]

IN

(_A ‘QZ Z bz* + 191'* + Vi*)

x L7d|q;(t — Uj(t))\,
Then

t>0,i=1,2,....,n. (26

+ Z(Bz* + Dis + Vix)
j=1

< L9dp, (t - o5 (1)),

Dypi(t) = (~A+ L)pi(t)

t>0,

pl(s):|q1(s)| 207 s € [70'70]77::1a25"'an
By (Hs), Lemmas IV.l and IV.2, tlim lg:(t)] <
—00

tlim p(t) = 0,4 =1,2,...,n. It obtains GAS of Egs. ().
— 00
The proof is end. u
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Summarize TheoremsIII.1 and IV.1, one obtains

Theorem IV.2. System (1) admits a unique globally asymp-
totically stable S-APO, if (Hy)-(Hs) are fulfilled.

Remark IV.1. Hypothesis (Hs) illustrates that the global
asymptotic stability of Egs. (1) depends on delay o, con-
cretely, it demands dj <lforj=12,...,n

Remark IV.2. According to TheoremIII.1 and Theo-
rem IV.1, we can see that activation functions g;(-) and A, (-)
are very important.

Remark IV.3. For the effectiveness of condition (Hs), it
is well worth paying attention to the following aspects.
On one hand, the coefficients (b;;,3;;,v;;,d;) and Lipschitz
constants(L?,Lf‘)(i,j = 1,2,...,n) should be selected
smaller positive constants. For anothen the delay &j‘(j =
1,2,...,n) term should optimally be close to 1 and X should
be a greater positive constant.

V. NUMERICAL EXAMPLES

Example V.1. We discuss

DY*zi(t) = —Az(t) + Al (z(t))
2
+D_bis()g (2] (¢ = o5(1)))
2
+\/ Dij0 (2] (t = 05(1)))
J; )
+ /\ vijgj (2] (t — o;(t))) + \/ T, 8;
2
+ /\ HijB; + Ji(t), t>0, 27)

where z;(s) = @;(s) for s € [-1.02,0] with o;(t) = 1+

0.02cost, Ji(t) = 1+sinv/3t, f; = 0.1, a;(zi(1)) = 2zi(t),
di(s):m’
bia(t) bia2(t)
bi;(t) = <b21(t) b22(t)>
0.2+ 0.1sint 0.3 cos /5t
< 0.3sin /5t 02+01COS75)
O11(t)  1a(t) 0.10.2
Vi5(t) = (19;1(75) ﬂzz(t)) <02 04)
Tii(t) Tia(t)
(T2 (t) T22(t)> =701
via(t) va(t)) (0405
vij(t) = (y; (t) yzzt))<0101>
Hiy1(t) Hia(t)
= (5l Taaty) =m0
fori,j=1,2 and
g1(z1(t)) = 0.1]sin(z1(2))], ga2(22(¢)) = 232222

Taking N = 12, it follows from a direct calculation
and MATLAB tool that LY = 01, L = 0.04, L* =
maxi<;<a L} ~ 10.0198. Evidently, assumptions (Hi),
(H2) and (Hy) hold. Besides, for i =1, one has

1[ LI _
NEEDD (blj + 9]+ |u1j|)L§dj] € (0.8617, 0.8650)
=

and if 1 = 2, then

1[ L -
3 Ly+) (b2j+192j|+|u2j)L§dj} € (0.9267,0.9300).
L ]:1
Furthermore,
Lt omax S0 et ++” LI 10,2025 < 12,
1<j<n £ 1—]

As a consequence, system (27) possesses a single S-
asymptotic w-periodic oscillation, as well as global asymp-
totic stability, see Figures 1-4.

" timet °

I I
0 1 2 3 4 .. 5 6 7 8 9 10

timet

Fig. 2: State variable z5(t) of Egs. (27)

15

10

zl(t) with initial value -15

z,(t) with initial value 15

-10

-15

I I I
0.5 1 . 15 2 25

timet

Fig. 3: Global asymptotic stability of z;(¢) of Egs.(27)
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20

10
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-20
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-30
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timet

25

Fig. 4: Global asymptotic stability of z2(t) of Egs.(27)

VI. CONCLUSIONS AND FUTURE WORKS

The present paper learns S-APO, in FOCGNNs via ex-
ploiting several crucial pivotal properties, in accordance with

the

Volterra integral expression corresponding to FODEs

depicted by Mittag-Leffler function E., g(z), which is a gen-

erali

zed formulation of the Volterra integral equation corre-

sponding to the integer-order differential equations expressed
by the exponential function e®. Furthermore, FOCGNNs is
GAS. However, there are several outstanding topics that are
worth addressing in the future, highlighted below.

b

2)

3)

4)

5)

[1]

[2]

[3]

[4]

[7]

[8]

[9]

The other cases, such as v; € (1,2] (i = 1,2,...,n),
should be discussed.

It is meaningful to take the Mittag-Leffler Euler differ-
ences for Reimann-Liouville nonlocal derivatives into
consideration.

Some other dynamical behaviors of FOCGNNs (1) can
be taken into further consideration, such as, Mittag-
Leffler stability, (pseudo) almost period, (pseudo) al-
most automorphism, etc.

We can also research dynamical behaviors of impulsive
or stochastic FOCGNNS.

Given that biological models are not only affected
by time but also spatially related, it is of interest to
consider fractional-order parabolic CGNN:Ss.
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